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Preface

This book deals with certain important problems in classical and quantum
information theory which is basically a subject involving the proof of coding the-
orems for data compression and the efficient transmission of information over
noisy channels. By coding theorems, we mean proving the existence of codes
that would achieve maximum possible data compression without distortion or
with an admissible degree of distortion or would enable us to transmit data over
a noisy channel so that the input message can be retrieved from the output to an
arbitrary degree of accuracy (ie with arbitrarily small error probability) when
the input data strings that are coded are made sufficiently long. In classical
information theory, the important problems discussed in this book are as fol-
lows. First, the construction of no-prefix and uniquely decipherable codes from
a probabilistic source and properties of the minimum average length of such
codes with relation to the entropy of the source. Second, the proof the specific
form of the Shannon entropy function based on fundamental properties that
the entropy function of a source should possess like the conditional additivity
of the joint entropy of two dependent sources, monotone increasing property
of the entropy as a function of the number of alphabets in the source under a
uniform distribution and continuity of the entropy as a function of the source
probability distribution. For estabilishing properties of the minimum average
code length, we require the Kraft inequality regarding the codeword lengths.
The Kraft inequality is a relationship between the lengths of the codewords of
the different source symbols and the size of the encoding alphabet. The validity
of this inequality implies the existence of a no prefix code with the specified
codeword lengths, the no prefix property of a code implies unique decipher-
ability which in turn implies the validity of Kraft’s inequality. The other fun-
damental result in the explicit construction of codes is optimal Huffman code
which is a no prefix code of minimum average length. Then we come to the
fundamental coding theorems of classical information theory namely Shannon’s
noiseless and noisy coding theorems. The former states that if data compression
is carried out based on encoding long strings of iid or ergodic data, then the
best achievable compression is when the code rate equals the source entropy
in the case of iid data and the source entropy rate per symbol in the case of
ergodic data. These theorems are established here using respectively the weak
law of large numbers and the Shannon-Mcmillan-Breiman theorem the proof
of which involves use of the ergodic theorem and the Martingale convergence
theorem. These theorems show that when the source probability distribution
is highly non-uniform, then significant data compression can be achieved, ie, if
the source alphabet size is a, then without compression we require a” = 270920
memory places to store n-long data strings while with compression we require
only 27 (X) memory with negligible error probability during retrieval provided
the data string length n is made sufficiently large. In other words, we are able
to achieve data compression because H(X) < logza for a non-uniform source
and hence 2"7(X) << ¢, Data compression is achieved because the weak law
of large numbers enables us to neglect several data strings which have negligible
proability of occurrence when the string length is made sufficiently large. This

X1



Xii

Classical and Quantum Information Theory for the Physicist

noiseless coding theorem of Shannon is thus a probabilistic result for it tells
us that if we desire asymptotically zero distortion during decoding, then the
maximal compression that one can achieve is obtained with an encoding rate of
H(X)/logaa < 1, ie, when the n-length strings of the alphabet A of size a are
encoded into nH (X)/logaa length strings of the same alphabet or equivalently,
when m-length binary strings that represent the iid source data are encoded into
mH(X)/logsa length binary strings. The compression per bit achieved equals
H(X)/logaa and the converse of this data compression theorem tells us further
that we cannot do better. Shannon later on extended this result of his to reduce
the data storage even further or equivalently increase the compression even fur-
ther when a certain maximal distortion is allowed. This theory of Shannon is
known as rate distortion theory. A simple proof of this result based on just the
WLLN as in the case of the noiseless distortionless data compression theorem by
exploiting properties of typicality and of sequences like for iid bivariate sequences
{(X;, W)}, the number of jointly typical sequences of length n is approximately
2nH(XW) if f17;} is given to be typical, then the number of {X;} sequences
for which {(X;, W;)} it typical is approximately 27 (X W) the probability of a
typical sequence is approximately 2= (X)_ Given a typical sequence {W;}, the
probability of {(X;, W;)} being typical is approximately 2~ "#XIW) the num-
ber of such conditionally typical sequences is approximately 27 (XIW) - Given a
typical {W;}, assuming that {X;} has the same iid distribution as {X;} but is
independent of {I;}, the probability that {(X;, W;)} is typical according to the
distribution of {(X;, W;)} is approximately 2 "H(X) gnH(X|W) — o=nl(X:W)

The rate distortion theorem reduces compression per bit from H(X) to
min I(X : W) = H(X) — maxzH(X|W) where the maximum is over all joint
conditional distributions p(W|X) subject to the average distortion condition
doxw AX, W)p(X, W) < D. In the case when {X;} is not necessarily iid but
is ergodic, the same compression result holds but the simplest proof involves
the use of large deviation theory. We’ve adapted our proof from the book by
A.Dembo and O.Zeitouni on ”Large deviations, Techniques and Applications”.
There are more recent results in noiseless data compression and rate distortion
theory namely the extension of these results in the presence of available side
information. Let {Y;} be the available iid side information so that X;,Y; are
correlated for each 4, but {(X;,Y;)} is an iid bivariate sequence. Then, we can
encode {X;} with a rate smaller than H (X)) and still obtain asymptotically zero
distortion during the decoding process provided that the decoder makes use of
the side information {Y;} for data recovery through its encoded form. In short,
{X;} is encoded into an index i taking 2"%1 values, {V;} is encoded into an
index s taking 2" values and the indices (i,s) are together used to decode
{X;} correctly with asymptotic zero error probability provided that the code
rate pair (R, R2) falls within a region with the rate region for R; being much
smaller than H(X). It should be noted that the rate region for (R, Rg) here is
dictated by an auxiliary r.v U which tells us how much information about Y
can be extracted for utilization in reducing the uncertainty in X. The resulting
reduced uncertainty in X can then be completely removed by encoding {X;} at
the appropriate reduced rate R;.
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The next important development involves using the side information in rate
distortion theory to reduce the encoding rate even further than minl(X : W),
namely to min(I(X : W)—I(Y : W)) when {Y;} is the side information available
so that X;,Y; are correlated but {(X;,Y;)} is an iid bivariate sequence. The
above minimum is over all conditional distributions p(W|X) so that the joint
distribution (Y, X, W) is p(W|X)p(X,Y), ie, Y — X — W forms a Markov
chain and also over all decoders X™ = {f(Y;, W;)} with p(W|X) and f(Y,W)
being subject to the maximum allowable distortion constraint Ed(X, f(Y,W)) <
D. The idea in obtaining such a reduction in the encoding rate is that we use
side information Y™ = {Y;} in the decoder to obtain successful decoding with
allowable distortion D by partitioning the code index space s € {1,2,...,2"f}
of the input sequence into 2"%2 disjoint bins and showing that if the bins are
selected appropriately, then the index of the bin is sufficient to yield the required
estimate of the source word X™ upto a distortion level D. In proving this result,
we make heavy use of the LLN in the form of properties of typical sequences
and a fundamental result that if Y — X™ — W™ is a Markov chain, then
joint typicality of (X™, W™) implies joint typicality of (Y™, X" W") and in
particular, joint typicality of (Y™, W™). The number of bins 2"%2 required for
successful decoding is much smaller than 272 with Ry ~ I(X : W) which yields
the desired reduction. Without the side information, Y™ available, we would
not be able to decode with reduced rate because our method relies on decoding
the s index in such a way that (Y™, W"(s)) is typical for some s € B(i) with
the size of the bin B(i) being approximately on(Ri—R2)  Ag in the noiseless
coding theorem and in all the other important results of information theory,
it its the random coding argument that works here too, namely, our encoding
for getting the index s and the bin index i are based on random codes for
which we prove that the average error probability over all the random code
ensembles converges to zero and hence there must exist one non random code
for which the error probability converges to zero. The random coding argument
is the classic approach initiated by Claude Shannon. We then prove again
using Shannon’s random coding argument the noisy coding theorem which states
that for a DM channel specified by single symbol transition probabilities, if the
rate of encoding is smaller than the channel capacity, then the decoding error
probability converges to zero as the string size for encoding goes to infinity
and conversely. The direct part of this theorem is true even for finite memory
channels satisfying the m-independence condition but the converse is not true
in general for non DM channels. All the converse results in information theory
are proved using Fano’s inequality which states that conditional uncertainity of
the source message given the output is upper bounded by the number of source
bits times the decoding error probability a and hence if the decoding error
probability converges to zero, then the conditional uncertainty of the source
message given the output per bit must also converge to zero. From this one
obtains at once using properties of the joint and conditional entropy functions,
the required upper bound on the maximum rate of information transmission for
asymptotic error free decoding.

The other results that we prove here including the coverse are (a) distributed
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source coding in which given several correlated sources, if we encode each source
sequence separately but jointly decode them exploiting their correlations, then
we can compress to even less than the individual source entropies, namely to
the conditional entropy of each source given the others. This is the famous
Slepian-Wolf theorem. (b) Multiple access channel theory in which independent
information form different sources is transmitted over multiple channels and the
receiver a noise corrupted version of a function of these different inputs. Then
the problem is to calculate the optimal rate region for the different message
inputs for asymptotic error free decoding. (¢) Broadcast channel in which mul-
tiple information from m sources arriving at rates Ry, ..., R, are encoded into a
single input sequence which is received by several receivers m in number via re-
spective channels connecting the source to their receivers after getting distorted
by channel noise. The i*" receiver must then decode the i*” message from his re-
ceived signal for each i = 1,2, ...m. The objective is to determine the rate region
here, ie the set of allowable rate m-tuples (Ry, ..., R;,) for error free decoding
at each of the m receivers. We determine the rate region here for the special
case of a degraded broadcast channel in which each receiver receives noise cor-
rupted signals only from their previous receivers in a sequence, ie, the set of all
receivers is arranged in a sequence and each receiver receives signals only form
the previous receiver while the first receiver receives signals from the channel
connecting him directly to the source. Such a degraded broadcast channel puts
severe restrictions on the nature of of the conditional probability distribution
of the outputs given the input and this restriction makes it easy to evaluate
the rate region. All these rate regions are evaluated as usual using the random
coding argument. (d) Relay channels in which information goes from the main
transmitter to the main receiver both directly and via an intermediate relay re-
ceiver and transmitter. The relay channel transmits additional bin information
as earlier at a lower rate and hence the capacity region of the overall system
can be enhanced as compared to the situation without relay. Finally, we dis-
cuss (e) the capacity region for a multi-terminal network with causal feedback
which generalizes al the above mentioned situations, namelu that of multiple
access, broadcast and relay channels. Here, there are m nodes with each node
containing a transmitter, a receiver and an encoder. Each ordered pair of nodes
is connected by a directed noisy channel, ie, any node can transmit signals to
any other node. The encoded source symbol at time k at each node is a function
of the messages to be transmitted from that node to all the other nodes as well
as of the received signal at that node upto time £ — 1. The decoder at node
i of the message sent from the node j the given node ¢ must be a function of
the total received output at node 7 and the set of messages sent from node i to
all the other nodes. The problem is to determine the size of the message set to
be transmitted from each node to every other node so that error free decoding
is achieved in the limit as the string size goes to infinity. The direct part of
the achievability region does not have a proof while the converse part, namely
necessary conditions on the rate region given that

The other topics covered in this book deal with the following kind of prob-
lems. (1) Design of quantum neural networks for tracking a given desired prob-
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ability density function (pdf). Here we exploit the fact that since the generator
of the Schrodinger evolution group is i times a Hermitian operator whenever
the potential is a real valued function, it follows that the evolution operator is
unitary at every time and hence the wave function at each time has a modulus
square that integrates to unity so that the modulus square wave function is
indeed a pdf. In other words, the Schrodinger equation naturally generates a
family of pdf’s parameterized by the time variable. This suggests that we can
introduce a set of time varying control parameters into the potential with the
time variation being controlled according to an adaptive algorithm so that the
modulus square of the resulting wave function tracks the given pdf. This enables
us to generate pdf’s that are correlated with another signal/pdf by a training
process. It finds application in predicting a given high dimensional pdf from a
lower dimensional signal/pdf based on the trained Schrodinger potential. The
idea here is to use the fact that the lower dimensional signal is correlated with
the higher dimensional signal with the latter being modeled by the expected
value of the position variable w.r.t. the modulus square of the wave function
and to incorporate an error energy term in the adaptive dynamics of the control
parameters involving the error square between the lower dimensional signal and
a constant times the higher dimensional signal or more generally the predic-
tion error energy square when the prediction is of the higher dimensional signal
based on present and past samples of the lower dimensional signal. This error
energy term is to be added to the error energy between the desired pdf and the
modeled pdf obtained as the modulus square of the wave function. Such a quan-
tum neural network also enables us to achieve data compression by compressing
an entire one parameter family of pdf’s into the time variation of a finite set
of parameters. The connection between information theory and such a quan-
tum neural network (qnn) is as follows. We can introduce random parameters
into the Schrodinger equation and then assess how much information we have
gained from the qnn by transforming a low dimensional signal/pdf into a high
dimensional one by evaluating the Von-Neumann entropy of the average density
operator at time t. This average density operator is p(t) = E(|(t) >< ¥(¢)|)
where [¢(t) > is the wave function ket at time ¢. Equivalently in the position
domain

ot 0.q') = Bt )i (t ¢)) = / Bt g, W)t ¢ w)dP(w)

Even if random parameters are not introduced, we can calculate the empirical
pdf of he parameters based on time averages:

T
po(w) =T~ / 5w — 6())dt

and using this empirical pdf, evaluate the final density matrix as

oty d) = / Bty 4,0)P(t, ' 0)po(w)dw
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where 1 (¢, ¢, w) is the wave function obained by solving the stationary Schrodinger
equation with the parameters 6 fixed at w. In short, the time varying low dimen-
sional pdf given as input to the qnn generates a rapid parameter variation which
can be modeled as a random variable vector with a probability distribution that
causes entropy to get pumped into the qnn. This gain in information while
transforming a lower dimensional pdf to a higher dimensional one can therefore
be assessed by computing the Von-Neumann entropy of the transformed state,
by modeling the rapid parameter variations as a random parameter vector.
(2). The other kind of problem discussed in this book involves computing
the entropy pumped by a quantum noisy bath into the dynamics of a quantum
field or a quantum superstring. Here, the idea is first to set up the Hamil-
tonian of the field or the superstring in terms of Boson and Fermion creation
and annihilation operators and then to consider the interaction Hamiltonian
between this field or superstring and certain classical or quantum gauge fields.
The dynamnics of these gauge fields can usually be expressed as superposition of
the creation and annihilation processes in the Hudson-Parthasarathy quantum
stochastic calculus theory. The dynamnics of the wave functional of the field or
the superstring is then obtained using such a quantum noisy Hamiltonian in the
form of the celebrated Hudson-Parthasarathy-noisy Schordinger equation and
one can contract this equation by tracing out over the bath variables to obtain
the GKSL master equation for the mixed state of the field or superstring state
alone. From this mixed state, we compute the Von-Neumann entropy and then
evaluate its rate of increase with time and hence derive conditions on the Lind-
blad operators that guarantee monotonic entropy increase in accordance with
the second law of thermodynamics. (3).The next problem discussed here in-
volves calculating the quantum corrections in powers of Planck’s constant to the
classical Fokker-Planck or more generally to the Kushner-Kallianpur stochastic
filtering equations for the conditional probability density of the current state
given measurements upto to the current time. To evaluate such corrections and
make an analogy with the classical case, we must express all the quantum dy-
namical equations for the density matrix like the quantum Liouville equation
the Belavkin filter equation etc. in terms of probability densities. However, in
the quantum scenario, non commuting variables like position and momentum
do not have joint probability densities as they are not simultaneously measur-
able and hence we must replace the quantum mixed state density matrix by
the complex Wigner distribution function. The Wigner distribution function
is complex function of the position and momentum variables whose marginals
coincide with the probability densities of the position and momentum individu-
ally. Thus by transforming the quantum state/filtered state dynamics into the
Wigner distribution language, we can get an idea of how much quantum correc-
tions in powers of Planck’s constant does quantum mechanics introduce into the
evolution of a classical probability density. The classical joint probability den-
sity is herein replaced by its quantum analogue namely the Wigner distribution
function which although is not a joint probability density, has properties simi-
lar to a joint probability density in that its marginals are probability densities
and expected values of quantum observables in the mixed state can be evalu-
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ated in terms of integrals in position-momentum phase space using the Wigner
distribution function. The crucial idea behind using the Wigner distribution
in quantum mechanics to draw an analogy with the classical Fokker-Planck
equation is that the Wigner distribution gives a complex function representa-
tion of the density operator which enables one to express the quantum laws
of motion satisfied by the density operator as partial differential equations or
stochastic partial differential equations satisfied by the Wigner distribution. Fi-
nally, we discuss a class of problems in quantum information theory that provide
non-commutative generalizations of the corresponding problems in classical in-
formation theory and statistics. These problems are as follows. (1) The Cq
channel coding theorem and its converse. Here, we have an input alphabet and
strings of this input alphabet are encoded into corresponding tensor products
of quantum states. The Cq channel is thus specified by the assignment of a
density matrix to each input alphabet and hence a tensor product of density
matrices/states to each input string. Such a Cq channel is thus seen to be a
quantum generalization of the classical discrete memoryless channel. The mem-
oryless property is characterized by the tensor product. Suppose that there are
N (n) input strings of length n to be transmitted. Then the asymptotic rate of
transmission is R = limlog(N(n))/n. We introduce N = N(n) detection oper-
ators Y1(n), ..., Yy (n) which are all positive operators summing to the identity
operator on the tensor product Hilbert space. If ¢ (n) is the input string trans-
mitted corresponding to the message k = 1,2, ..., N(n), via the tensor product
quantum state W (¢g(n)), then the probability at the received end of making the

correct decision is Tr(W (¢x(n))Yx(n)). The average decoding error probability

is therefore N(n)~! ZkN:(T) Tr(W(¢r)(1 — Yr(n))) and the problem is to deter-

mine conditions on the rate of transmission R so that this decoding error proba-
bility converges to zero as the string length n goes to infinity. The direct part of

the Cq coding theorem states that a sequence of codes (d)k(n))g:(’f), n=12..

exists along with detection operators (Yk(n))kN:(T), n =1,2,... for which the de-
coding error probability converges to zero iff R < C' where C' is the Cq channel
capacity defined as the maximum of the Cq mutual information of this chan-
nel, namely of H(Y , p(z)W(x)) — >, p(x)H(W (z)) over all p(.) where W (x)
is the quantum state into which the input alphabet x is encoded and {p(x)}
is a probability distribution over the input source alphabet. The direct part
of this Cq coding theorem is proved using the random coding argument, ie,
by choosing a random code ¢(n) = {¢r(n)}r whose components are iid with
pdf p(.), constructing detection operators as functions of this random code and
proving that the average decoding error probability over all the random code
ensembles converges to zero when R < C' and hence concluding the existence a
non random code along with detection operators for which the error probability
converges to zero. Here, we prove that the average decoding error probability is
bounded by a quantity expressed in terms of the Cq relative Renyi entropy and
by taking the limit of this relative Renyi entropy after noting that the limit of
the relative Renyi entropy equals the quantum mutual Cq mutual information,
we obtain the desired sufficiency result. For the converse, we upper bound the
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probability of no error occurring by a quantity similar to the relative Renyi
entropy by making use of the monotonicity of the relative Renyi entropy under
TPCP maps, ie, under quantum operations. We also supply a proof of this
monotonicity of the relative Renyi entropy by making use of monotoncity of
operator convex functions under TPCP maps and more generally under linear
contraction maps on the space of matrices. The proof of the converse also makes
use of an important matrix inequality, namely the reverse Holder inequality for
positive matrices. Finally, we discuss the quantum binary hypothesis testing
problem for tensor product states and prove the quantum Stein lemma in this
context, namely that given that the false alarm probability converges to zero as
the number of tensor components goes to infinity, the probability of missing the
target will converge to zero at an exponential rate equal to the negative of the
relative entropy between the two states and we cannot do better. The quan-
tum Stein lemma is thus a non-commutative generalization of the classical Stein
lemma involving the asymptotic rates of the error probabilities for an infinite
sequence of iid random variables. In this book, we also discuss some examples
of Cq channels arising in quantum filtering theory like a source alphabet being
encoded into the initial system state which gets transmitted over a quantum
noisy channel specified by the Hudson-Parthasarathy noisy Schrodinger equa-
tion along with non-demolition measurements and from these measurements at
the received end, we have by application of the Belavkin filter an evolving es-
timate of the quantum state on which by taking repeated measurements, we
wish to extract the input alphabet that was encoded in to the initial quantum
state. Repeated measurements cause the state collapse postulate to be appli-
cable so that in between measurements, the filtered state evolves according to
the Belavkin quantum filter and just after each measurement, the state gets
collapsed.

Author



Chapter 1

Quantum Information
Theory, A Selection of
Matrix Inequalities

1.1 Monotonicity of quantum relative Renyi En-
tropy

Statement of the result: Let 0 < s < 1 and let K be a TPCP map acting on
the convex set of states in a finite dimensional Hilbert space. Then, for any two
states +p, o, we have

Tr(K(o)*K(p)' =) = Tr(c°p' )

More generally, let f be an operator convex function. Define the linear operator
A, , on the vector space of matrices by

RDpo = RpL;1

where
Ry(X)=XY,Ly(X)=YX

Thus,
A, (X)=0"1Xp

Note that for any two matrices X,Y, Rx and Ly commute:
RxLy(Z)=LyRx(Z)=YZX

Then, we have the inequality
Define the linear operator K, , on the space of matrices by

K, (X)=K(o) " (K(cX)



Classical and Quantum Information Theory for the Physicist

Define the following inner products on the space of complex matrices of appro-
priate size:

<Y, X >g=Tr(Y'K(0)X)), <Y, X >,=Tr(Y"oX)

Note that the sizes of the matrices in both the cases will generally differ. For
example if K is the partial trace operation Try on C"*"@C™>*™ then in the first
case, Y, X will be in C"*"™, while in the second case, they will be in Cr™>nm,
Now, let K be the partial trace operation as defined here. Then for Y € C™*"™
and X € Crmxnm

<Y, Ko r(X) >g()= Tr(Y*K(0X)) = Tr(Y*Try(0 X))

=Tr(Y*®@DoX)=<Y ®1,X >,

This means that relative to the inner products < .,. >g) and < .,. >, on
Cm>™ and C"™*"™ respectively, the adjoint of K, is given by K . where

K, (Y)=Y®&l
ie
< YP,KUVT(X) >K(e)=< K:,’I"(Y)’X >5

Further,
Ka,rAp,aK;,r (Y) =

=K, 0, (Y ®I)=
K(o) 'K(oA,,(Y ®1))
— K(o) 'K (Y @ I)p) = K (o) \Tra((Y & I)p)
= K(0)"'Y.Tra(p) = K(0) 'YK (p) = Ak (p), k(o) (Y)
Thus, when K is theT'ro operation (partial trace), then
KorBpoKar = Bk(p) k(o)

Therefore from the operator convexity of f,

F(Ak). k() < Korf(Dp o) K5,

where K is the partial trace operation. This means that for any matrix X,

<X, f(Ar ),k (0)(X) >k@)<

< X, Ko,rf(Ap,U)K:’r(X) >K(0’)

=< K:’,T(X)’ f(APJ)K;,r(X) >0
=< XL, f(Aps)(X®I) >,

or equivalently,
Tr(X*K(0)f(Ax(p),x()(X)) <
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Tr(X* @ Do f(A,e) (X ®I))
In general, if K is any TPCP map, it has the Stinespring representation
K(p) =Tr2(U(p @ po)U™)

where pg is a state in a different Hilbert space and U is a unitary operator. In
this case, application of the above result gives

Tr(X"K(0) [(Ak (p).k(0)) (X))

=Tr(X*Try(U(o @ po)U™) f(ATry (U (p000)U*), Trs (U (ecp0)U+)) (X))
STr((X* @ D)(U(o @ po)U") fF(AU(p@p0) U+ U(0@po) = ) (X @ 1))

Taking
flz)=—-2'"%0<s<1

and observing that
<Y, f(AaB)(X) >p=Tr(Y*Bf(Aap(X)) =
~Tr(Y*B*XA'™%)

gives us the monotonicity of the quantum relative entropy under any TPCP
map K:

Tr(X*K(0)’XEK(p)'~*) 2 Tr(X* @ DU(0® @ p")U(X @ U (p'~* @ p5)U")
for any matrix X of appropriate size and therefore, taking X = I gives us

Tr(K(o) K(p)'=%) > Tr(c®p'~*),0< s < 1

1.2 Problems

[1] Show that if @ is a doubly stochastic matrix, then it can be expressed as a
convex linear combination of permutation matrices Uy, k = 1,2,...,r, ie

Thus, if p is any probability distribution on the states and H the entropy map,

then
H(Q(p)) = H(Y_ t(k)Uyp) >Z H(Uyp) = H(p)

k

since if U is any permutation, then H(Up) = H(p).

[2] This problem deals with the relationship between a TPCP map acting
on a mixed quantum state and the corresponding stochastic matrix acting on
the probability vector that forms the set of eigenvalues of the quantum state.
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Let K be a TPCP map in a Hilbert space. Then, if p is a state with spectral
decomposition

P:Z|€k > p(k) < ex|

then

o=K(p) =Y peK(Jer >< exl)
k

Writing the spectral decomposition of o as

o= |fr>q(k) < fil
k
it follows that
= 3 < flKlles ><eiDIf > s = 3 Qi

J

where
Qrj =< frlK(le; ><e[)|fi > k5 =1,2,...n

It is easily seen that

ZQM =Tr(K(lej >< ej|) =Tr(le; >< e;]) =1

> Quj =< ol K1)\ fi >
J

This need not be one in general but it is one if K is a pinching, ie, a PVM and
not only a POVM. In that case @ is a doubly stochastic matrix and it follows
that

H(o) = H(K(p)) = H(q) = H(Q(p)) > H(p) = H(p)

which proves the monotonicity of quantum entropy under pinching operations.



Chapter 2

Stochastic Filtering Theory
Applied to Electromagnetic
Fields and Strings

2.1 M.Tech dissertation topics

1.Filtering theory for quantum strings.
2.Verification of quantum coding theorems using MATLAB.
3.Filtering theory for fluid velocity fields in curved space-time.
4.Quantum neural networks using mixed state evolution.

2.2 Estimating the time varying permittivity and
permeability of a region of space using non-
linear stochastic filtering theory

The Maxwell equations are

curlE = —(u(t,r)H(t,r)) ¢, curlH = J(t,r) + (e(t, ) E(t, 7)) 4
div(e(t,r)E) = 0,div(p(t,r)H) =0
From these equations, we derive
—V2E+V(divE) = —pu(J+(€B) 1) = V(pe) x H— (V) x Hy— p(J ¢+ (eE) 1)
~V2H + V(divH) = curlJ + e (uH) 1) + V(es) x E+ (Ve) x By — e(uH) 41)
e.divE + (Ve, E) = 0, p.divH + (Vu, H) =0
or equivalently,

divE = —(Vlog(e), E),divH = —(Vlog(p), H)
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writing

P p

e(tr) = co(1+ 3 0l fulr) it ) = po(L+ 3 B (£)gu (1))

k=1 k=1

where 65 (t)’'s are of the first order of smallness, we find that these equations
can be expressed as

(V2=0)0(t,m) = D (Or () (Ar(r)o+Bi(r) (V) +Fo(t, 7)+ ) O (8) Fri(t, r)+63, (1) Fa,
k k

+ ) (01O CK(r)$(E) + 04 () Dr(r)d (8) + () Er(r)9" (¢))
k

where Ay, By, Ck, Dy, E), are matrices of appropriate size that depend only on
the spatial coordinates. Fy, Fip, For are source functions depending on the
current density J and its first order space-time derivatives. Here,

'(/)(t, T‘) = [E(t7 T)T7 H(tv T)T]T

is a six dimensional vector valued function of the space-time coordinates. Here,
second order of smallness terms in the functions 0, and its derivatives have been
neglected. Again, after some manipulations it can be brought to the standard
form

Ofp(t,r) = V2P(t,r) + Y Ok(t) Ex(r) V(L)

k

+ 3 Ok (0)(AR(r)y + Bi(r)(V @) + Fo(t, )
k

+ ) Ok () Fu(tr) + 0 (0 Far(t, 7)) + D (04 () Cu(r)b(t) + 05 (8) Di(r)y' (1)

k k

and we are now in a position to apply stochastic filtering theory to this equation
after defining a measurement model for estimating the functions 6x(¢) on a
real time basis. The stochastic dynamics of the j(t)’s must however first be
specified.

2.3 Filtering theory for quantum superstrings
The Bosonic string has the Lagrangian

Lp = (1/2)0,X"0*X,,
and the Fermionic string has the Lagrangian

Ly = 7i7/_)paaa7/}
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where
b ="y
with
P’ = o9, pt =ioy
Then

(") =I1,p°p" = o3
and hence, writing
Y= [,y
we get using
p°(p°00 + p'On)

= 0y.1 + 0301
that
Lp = —i(Y- 049 +¢40-v4)
where
0y = 0y + 01,
O_ =0y — 04

Thus, the Fermionic string equations are

04— =0,0_¢1 =0

These have solutions

Yo = Z S, exp(in(r — o))

Yy = Z Stexp(in(t + 03))

The Fermionic Lagrangian is given by
Le=-i [ (W-0.0 +0,004)do

and this vanishes when the equations of motion hold. The canonical momenta
are

P = 8Ly /500t =1,
Py =06Lp /60004 = ¥4
So the Hamiltonian density is

Hp = P_0op— + P00 — LF

= —Y_01p- + 0Py

and when the equations of motion hold, this equals

Hp =_0_t_ +11 0194
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and the Hamiltonian is given by

Hp

S, .S=, +St.5T,)

[ (w—a—lb— + w+a+’¢+)d0'
n(

The canonical anticommutation relations are
Wa_ (Ta 0)7 PE (T7 0-/)]4- = Z(S(U - OJ)
W4 (r,0), P_?_(T, o)y = ibapd(o — ')

and these result in

[ (r,0), 0% (7, 0")] 3 =

dapd (o — '),
[wi (Ta U)a dji (7_7 J/)]+ =
dapd(o — ')

Thus,
[S;a’ S;Lb]Jr = abé(n + m),
[S:Lraa S:rnb]-F = 5ab5(n + m)7
and of course
[S;av Sv_:zb]-i- =

Note that actually v is the shorthand notation for ¥**. in other words, v has
a vector index as well as a spinor index. Thus the Fermionic Lagrangian is
actually

&ﬂpa awu
=T o e,
+yhto vy,

The supersymmetry transformations that leave the sum of the Bosonic and
Fermionic actions invariant are

SXM = e,
St = p™edo X P

Where € is an infinitesimal Fermionic parameter. We now add supesymmetry
breaking terms by introducing current and vector potential sources just as the
charge and current sources add interaction terms to the electromagnetic field
action and the vector potential sources add interaction terms to the Dirac action
for the electron-positron field. These source terms are

eAatp™1,
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and
Ji 0o XM
After addition of these, the superstring equations become
X" =J7,,

ip“Oath = eAqp™i)
Another kind of supersymmetry breaking term arises when the Fermionic cur-
rent field 1 p®1) interacts with the bosonic string field. The resulting interaction
term is given by

f;ﬂzpaw-aaXu

where f,,(7,0) is an external random source field.

Superymmetry current: Consider a local supersymmetry transformation:
XM = eyt
oYH = ped, XH

where now the supersymmetry Fermionic parameter e is local, ie, it depends on
(1,0). Under such a transformation, the Bosonic Lagrangian changes by

0" X"0,0X,,
and this contains a term involving the derivatives of €. This term is given by
O X" (90}
Likewise the change in the Fermionic Lagrangian contains a term
P ppP (05€)0a X,

The other terms in the sum of the Bosonic and Fermionic Lagrangian that do
not involve derivatives of € cancel out after integration over the 7 — o space
which is precisely the manifestation of global supersymmetry. The equations of
motion imply therefore that the sum of the terms involving derivatives of € after
integration should cancel out and this is precisely the condition of conservation
of the supersymmetry current when the equations of motion hold:

dpJ? =0
where
JP = (0aX,)ppPy*

or equivalently,
T = (09X,  p 9t

We can include a term in the superstring Lagrangian involving the interaction
of this supersymmetry current with a stochastic c-number field and then write
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down the equations of motion. Note that for each a = 0,1, J¢ is a two compo-
nent spinor and hence such a coupling term will have the form

AL = BoJ* = BLp"J,
The resulting modified equations of motion are
OX* = 03(Bap” p™y),

p*Oatp" = p*p” Bo0p X*

Note that here B, (7, 0) is a stochastic spinor field. We are now in a position to
evaluate the magnitude of the supersymmetry breaking terms in the equations
of motion. The supersymmetry breaking term in the Bosonic equation of motion
is given by

93 (Bapﬁpaw#)
In this equation, we substitute in " its expression corresponding to the free
Fermionic field

Y (ro) =Y S (n).exp(in(r — o))

where
[ (n), S (m)]4 = apnund(n +m)

and then compute its mean square value in a Fermionic Coherent state. We
have

Bap®pt ot =
Bap®p® ZS“ n)e,(t — o)

where
en(7) = exp(inT)
Then,
1 = 95(Bap’ p™i*)
= Bt Y S el — )
+iBap” pPugp Z nS*(n)e,(r — o)
n
where

((ua)) = (1, -1)7

The average value of f*9yX,, over the string gives us the ”four power” pumped
into the string by the supersymmetry breaking forces. Writing

—zz ay(n)/n)e,(t — o)
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gives

80Xu = Zau(n)en<7— - U)

and therefore we evaluate

(2m)~! i fH(r,0)00 X, (T, 0)do

—T

— Bao(m)p" 3 (), (~n)

+iBa(1)p? 0 us 3 nSH (n)a (—n)

assuming that B, is a function of only 7, an approximation which states that
the stochastic field B, does not vary too rapidly over the length scale of the
string. To evaluate the quantum average of this supersymmetry breaking four
power, we have to compute the quantum average

< S*(n)a,(—n) >

in a coherent state of the Bosons and Fermions. To evaluate the quantum
average of the square of the four power, we have to evaluate the quantum average

< 8% (n)S" (m)a,(—n)a,(—m) >

in a coherent state of the Bosons and Fermions. Assume that |¢(u) > is a
coherent state of the Bosons so that

an(n)|(u) >= upu(n)|d(u) > n >0,

and that |t(v) > is a coherent state of the Fermions so that

SH )Y (v) >= v (n)[¢(v) >

Problem: Write down the classical superstring string equations in the pres-
ence of an external string gauge field with random forces incorporated into the
gauge field and by taking discrete measurements at a finite set of points on the
string over a continuous time interval, develop the Kushner-Kallianpur stochas-
tic filtering equations for estimating the string field at all points. Generalize this
to the quantum superstring case by setting up the Hamiltonian of the super-
string in terms of the Bosonic and Fermnionic string creation and annihilation
operators and assuming the quantum noisy gauge field to be given by a su-
perposition of creation and annihilation processes in the sense of Hudson and
Parthasarathy with coefficients dependent on the superstring or equivalently on
the Bosonic and Fermionic creation and annihilation operators.
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2.4 Study project:Reduction of supersymmetry
breaking by feedback

Problem: Write down the superstring equations in the presence of supersym-
metry breaking Lagrangian terms. Then write down the superstring equations
in the absence of supersymmetry breaking terms. Apply feedback forces to the
former set of equations with the feedback terms being based on the error be-
tween the superstring values of the two solutions at a discrete set of spatial
string points with the feedback forces being designed to reduce the discrepancy
between the two solutions. Now in the broken supersymmetry dynamical equa-
tions, take random forces into account and obtain EKF based filtered estimates
of the superstring field values based on noisy output data collected at a discrete
set of string points and for feedback, use the error between the desired unbro-
ken supersymmetry field solutions and the EKF based estimate of the broken
supersymmetry field with the feedback coefficients being designed to reduce the
error.



Chapter 3

Wigner-distributions in
Quantum Mechanics

3.1 Quantum Fokker-Planck equation in the Wigner
domain

Since @, P do not commute in quantum mechanics, we cannot talk of a joint
probability density of these two at any time unlike the classical case. So how to
interpret the Lindblad equation

i0yp = [H,p] — (1/2)(L"Lp + pL*L — 2LpL")

as a quantum Fokker-Planck equation for the joint density of (Q, P) 7 Wigner
suggested the following method: Let p(¢,Q, Q") =< Q|p(t)|Q > denote p(t) in
the position representation. Then p(t) in the momentum representation is given
by

.. P) =< Plo(o)| P >= [ < PIQ>< Qlo(0]@’ >< Q1P > dQiq)

= [ 0(.Q.@)cap(~iQP + iQ'PaQiQ’
p(t,Q, Q) is the probability density of Q(¢t) and p(¢, P, P) is the probability

density of P(t). Both are non-negative and integrate to unity. Now Wigner
defined the function

W(t,Q,P) = /p(t, Q+q/2,Q — q/2)exp(—iPq)dq/(2m)

This is in general a complex function of @), P and therefore cannot be a proba-
bility density. However,

/W(t,Q,P)dP = p(t.Q,Q),

13
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is the marginal density of Q(t) Further, we can write

W(t,Q,P) = / p(t, Py, Py)exp(iPL(Q+q/2)—iPa(Q—q/2))exp(—iPq)dPidPydg/ (2

— = /ﬁ(t, Pl,PQ)G.%p(Z.(Pl — PQ)Q)5((P1 + PQ)/2 — P)dPldPQ/(27T)

so that
/W(t, Q, P)dQ = /ﬁ(t, Py, Py)o(Py — Po)o((Py + P2)/2 — P)dPdPs

= j(t, P, P)

is the marginal density of P(t). This suggest strongly that the complex valued
functionW (¢, @, P) should be regarded as the quantum analogue of the joint
probability density of (Q(¢), P(t)). Our aim is to derive the pde satisfied by W
when p(t) satisfies the quantum Fokker-Planck equation. To this end, observe
that

P2, p)(@Q) = (~ / (@ QYH(Q)AQ + / P(Q.Q1(Q)dQ

- / (—p1 + p22)(Q.Q)NQ)dQ

which means that the position space kernel of [P? p] is

[PQ,p](Q,Q/) = (_p,ll + P,22)(Q7Q/)

Also
U, pl(@Q,Q") = (U(Q) —U(Q"))p(Q,Q")

Let the Lindblad operator be given by
L=aQ +0bP,abeC
Then, -
L*Lp(Q, Q) = (@Q + bP)(aQ + bP)p(Q, Q")
= |a|2Q2P(Q; Q/) - ‘b|2p,11(Q7 QI) - iapr,l(Q, Q/)
—iab(p(Q, Q") + Qp1(Q, Q"))
How to transform from W(Q, P) to p(Q,Q’)?

W(Q,P) = /p(Q +q/2,Q — q/2)exp(—iPq)dgq

gives

/ W(Q. P)exp(iPg)dP/(27) = p(Q +4/2.Q — /2)
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or equivalently,

/ W@+ Q')/2. P)exp(iP(Q — @')dP/(2r) = p(Q. Q)
So
1(Q.Q) = / (1/2W L (Q+Q')/2. P)+
PW((Q+Q)/2. P))exp(iP(Q—Q'))dP
Also note that

Qr(Q.Q') = / QW((Q +Q)/2. P)exp(iP(Q — Q'))dP =
- / (Q+Q)/2) + (Q— Q)/2W((Q +Q)/2 P)eap(iP(Q — Q'))dP

/(((Q+Q’)/2)W((Q+Q’)/2,P)+(i/2)W,2((Q+Q’)/2,P))ewp(iP(Q—Q’))dP
on using integration by parts. Consider now the term
U(Q) - U(@))r(Q,Q)

In the classical case, p(Q, Q') is diagonal and so such a term contributes only
when @’ is in the vicinity of Q). For example, if we have

P(Q. Q) =p1(Q)5(Q" — Q) + p2(Q)5"(Q - Q)
then,
U(Q) -U(@)p(Q, Q) = p2(Q)UQ") = U(Q))0"(Q - Q)
or equivalently,

/ (@) — U(Q)(@ Q) f(Q)dQ =

—0q (p2(Q)U(Q") = U@ F(Q))le=q
= —p2(QU(Q)f(Q)
which is equivalent to saying that
U(Q) -U@)r(Q,Q) = —p2(Q)U"(Q)3(Q - Q)
just as in the classical case. In the general quantum case, we can write
[ r@.@)@)i = 3 m(@a(@)
n>0

This can be seen by writing

£@Q)=>f"Q@Q - Q)"/n!

n
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and then defining
[ Q@)@ -@ra@/n =@

Now, this is equivalent to saying that the kernel of p in the position represen-
tation is given by

an Q)5 (Q - Q)

and hence
/ U(Q)-U(Q)p(Q.Q) (@i
AL / 5(Q-Q)(U(Q)-U(Q)H(Q)de!

=X (@12 (U(Q) - V@U@=

= Y @ (L) vV @@
k

n>0,1<k<n
Thus,
U(Q)-U@)r(Q.Q) =
> m@1 ()@ - Q)
n>0,1<k<n
This is the quantum generalization of the classical term

which appears in the classical Fokker-Planck equation. Another way to express
this kernel is to directly write

U(Q) -U(@Q)p(Q,Q) =D U(Q)Q - Q)"p(Q,Q")/n!

n>1

From the Wigner-distribution viewpoint, it is more convenient to write
UQ)-U@=U(Q+Q)/2-(Q-Q)/2)-U((Q+Q)/2+(Q—-Q)/2)
==Y UEHI(Q+@)/2)(Q - )"V /(2k + 112

k>0
Consider a particular term U™ ((Q+Q")/2)(Q—Q")"p(Q, Q") in this expansion:
UM ((Q+Q)/2)(Q-Q)"r(Q. Q")
= U((@+@)/2(@-Q)" [ W(Q+Q)/2 Phean(iP(Q-Q)dP

g / U™ (Q + Q) /2)0pW(Q + Q) /2. P)eap(iP(Q — Q) dP
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and thus
(U(Q)-U@)p(Q,Q") =

—2/czp(iP(Q—Q’))Z(i/Q)Q'““((2k+1)!)*1(U(2k“>((Q+Q’)/2)3§>'“+1W((Q+Q’)/27P))dP

k>0

Also note that
p,ll(Q7 Q/) =

2, / W((Q + Q)/2. P)exp(iP(Q — Q'))dP

~ [(@mwnQ+Q)/2p)
CPPW((Q4Q)/2, P)HPW L (Q+Q) /2, P))eap(iP(Q—Q'))dP
and likewise,

p22(Q.Q) = / (1)W1 (Q+Q)/2, P)

—P*W((Q+Q")/2,P)~iPW1((Q+Q")/2, P))exp(iP(Q—Q"))dP
3.2 The noiseless quantum Fokker-Planck equa-
tion or equivalently, the Liouville-Schrodinger-
Von-Neumann-equation in the Wigner do-
main
ip'(t) = [(P*/2m + U(Q)), p(t)]

is equivalent to
iat(W(tv (Q + Ql)/27 P)) =
(—iP/m)W1(t, (Q + Q/)/Qv P)
+2(i/2 2k + D) THUEI(Q + Q1)/2)0F T W (H (Q + Q) /2, P))
k>0

or equivalently,

O,W(t,Q,P) =
(_ip/m)W,l(t> Q7 P) + U/(Q)aPW(t7 Q= P)+
23 (i/2)* T (2k + DY) THU (0P W (£, Q, P))

k>0
This can be expressed in the form of a classical Liouville equation with quantum
correction terms:

W(t,Q,P) = (=P/m)ogW(t,Q, P) + U'(Q)0pW(t, Q, P)

2 (DM + ))UEHD @O W (1, Q, P)

k>1
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The last term is the quantum correction term.

Remark: To see that the last term is indeed a quantum correction term, we
have to use general units in which Planck’s constant is not set to unity. Thus,
we define

W(Q,P) = C/p(Q +q/2,Q — q/2).exp(—iPq/h)dq

For [W(Q, P)dP = p(Q,Q), we must set
2rhC =1
Then,
p(Q+4/2.Q~a/2) = [ W(Q.Pleap(iPa/h)aP
Thus, with P = —ihdg, we get
[P?/2m, p)(Q, Q') = (h*/2m)(—p11(Q, Q") + p.22(Q, Q"))

— (h2)2m)(~ 02, + 03) / W@+ Q)/2. P)exp(iP(Q — Q)/h)dP

= (—ih/m) / PW.((Q+Q')/2, P)exp(iP(Q — Q') /h)dP
Further,
UQ)-U@))p(Q,Q) =D _ 27 ((2k+1)) U ((Q+Q")/2)(Q—-Q)* ' p(Q, Q")

k>0

- / | > 27 (2k41)) T (ih) UK (Q+Q) /2) 03T W (Q+Q) /2, P)exp(iP(Q—Q') /h)dP
k

and hence its we get from the Schrodinger equation
ihdyp = [H, p] = [P?/2m, p] + [U(Q), ],
the equation
ho W (t, Q, P) = (—ih/m)PW,((Q + Q')/2,P)
+ihU' (Q)OpW (£, Q, P)+ih Y _(~1)F2 2 n?*((2k+1)) ' UCH D (Q)op ' W (¢, Q, P)
k>1

or equivalently,
atW(ta Qv P) = (—P/m)@QW(t, Q»P) + U/(Q)aPW(tv Q7 P)

+ D (=R /(2R + D)) TTUBH(QIFT W (¢, Q, P)
E>1
which clearly shows that the quantum correction to the Liouville equation is a
power series in h? beginning with the first power of h%2. Note that the quantum
corrections involve 8123k+1W(t, Q,P),k=1,2,... but a diffusion term of the form
0% W is absent. It will be present only when we include the Lindblad terms for
it is these terms that describe the effect of a noisy bath on our quantum system.



Classical and Quantum Information Theory for the Physicist

3.3 Construction of the quantum Fokker-Planck
equation for a specific choice of the Lindblad
operator

Here,

H=P?2m+U(Q),L=yg(Q)

Assume that g is a real function. Then, the Schrodinger equation for the mixed
state p is given by
Oup = —ilH, p] — (1/2)6(p)
where
0(p)=L"Lp+ pL*L — 2LpL*

Thus, the kernel of this in the position representation is given by
0(0)(Q,Q") = (9(Q)* + 9(Q')* — 29(Q)9(Q))p(Q, Q)
= (9(Q) — 9(Q))*p(Q. Q")

More generally, if

0(p) =Y (LiLip + pLi.Li, — 2LipLy)
k

where
Ly, = gx(Q)

are real functions, then

0(p)(Q, Q") = F(Q,Q)p(Q, Q)

where

FQ,Q) = (9r(Q) — 9:(@))?

k
We define
G(Q.9) =F(Q+¢/2,Q —q/2)
or equivalently,
F(Q,Q)=G(Q+Q)/2,Q-Q")
Then,
0(p)(Q. Q) =G(Q+Q)/2,(Q - Q)p(Q,Q") =

D G(Q+Q)/2)(Q-Q)" / W(Q+Q")/2, Pexp(iP(Q — Q') /h)dP

n>0

=3 Gal(@ + Q) /2)(ih)" / PRW((Q + Q')/2. P)exp(iP(Q — Q')/h)dP

n>0
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and this contributes a factor of

—(1/2) Y (ih)"G(Q)IpW(Q. P)

— (~1/2)Go QW (Q. P) — (ih/2)G1(Q)DpW (Q, P) + (h/2)G(Q)02W (Q, P)
~(1/2) 3 (h)" G (Q)IEW(Q, P)

n>2

The term (h?/2)G2(Q)0%W (Q, P) is the quantum analogue of the classical dif-
fusion term in the Fokker-Planck equation. Here, we are assuming an expansion

ie,

GTL(Q) = n'ilagG(Qv Q)|q=0

More generally, consider a Lindblad operator of the form

L= Z gn(Q)P

n>0

Let us see what the corresponding Lindblad terms contribute to the mixed state
evolution. First note that L*L can be also be expressed in the form

L'L=Y P'3.(Q)gm(QP™ = h.(Q)P

n,m
on using the commutation relation
[Q,P] =ih

Then
(L*Lp)(Q, Q") Zh (—ihdg)"p(Q, Q')

and in the Wigner domain, this contributes a term

h ! (Q)(1/2)™ (ih)™ (—ih)™ (1/2)* (i/h)™~ }“( >5P (P"*o5W (Q, P))
Likewise

PLELFQ) = 3 (—ih)" / P(Q. Q@O0 F(Q')AQ!

=3 [ (@ @ @)@
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yielding
(PL*L)(Q, Q") =Y 1" (p(Q, Q) (Q"))

= Zh"( ) P(Q, Q)05 " hn(Q')
A typical term in this expansion has the form

(95 p(Q. Q"N F(Q")
= (05p(Q, Q)Y _n!T M((Q+@)/2)(Q - Q)/2)"

n

Again a typical term in this expansion has the form

FUQ+Q)/2)(95p(Q,QN(Q — Q)"

and this contributes in the Wigner distribution domain, a term
EN o vns i k—ran s mk_r ar
1@ (£ -iny = op Pt Q. )

3.4 Problems in quantum corrections to clas-
sical theories in probability theory and in
mechanics with other specific choices of the
Lindblad operator

Consider the Lindblad term in the density evolution problem:
0(p) =L"Lp+ pL*L —2LpL")

where

L=g0(Q) +q(Q)P

We have
L* = go(Q) + Pg1(Q)

L*Lp(Q) = go+Pag1)(go+g1 P)(Q)

= |90(Q)I*¥(Q)+Plg1(Q)* P (Q)+5og1 P (Q)+Pgrgov (Q)

Now, defining
l91(Q)> = f1(Q), 190(Q)° = fo(Q),

we get

PA(Q)PY(Q) = =00 L(Q)Y(Q) = —f1(Q)¥'(Q) — f1(Q)¥"(Q)

21
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Pg1(Q)g0(Q)¥(Q) = —i(9190) (@)¥(Q) — 91(Q)90Q)¢"(Q)

Likewise for the other terms. Thus, L* L has the following kernel in the position
representation:

L'L(Q, Q') = —f1(Q)"(Q = Q) + £2(Q)d"(Q = Q) + f3(Q)d(Q — Q')

where f1(Q) is real positive and fa, f3 are complex functions. Thus,

L'Lp(Q,Q") = —f1(Q)0%p(Q, Q") + 2(Q)9ap(Q, Q") + f3(Q)p(Q, Q")

PL*L(Q. Q) = / P(Q.Q") L L(Q".Q)AQ" = — 3 ((Q. Q) F1(Q))—
Do/ (p(Q- Q) 2(Q)) + p(@: Q) f(Q)

Likewise,
LpL*(Q,Q") = 91(Q)51(Q")9q0q p(Q,Q") + T

where T contains terms of the form a function of @, Q' times first order partial
derivatives in @, Q’. Putting all the terms together, we find that tbe Lindblad
contribution to the master equation has the form

(—1/2)0(p)(Q, Q) = (f1L(Q)F%+11(Q")0)p(Q, Q") ~91(Q)51(Q)D0q P(Q. Q')+
hi(Q, Q")p(Q, Q")+ h2(Q, Q)0 p(Q, Q") + h3(Q, Q)p(Q, Q')
3.5 Belavkin filter for the Wigner distribution
function
The HPS dynamics is
dU(t) = (—(iH + LL*/2)dt + LdA(t) — L*dA(t)")U (1)

where
L=aP+bQ,H = P?/2+U(Q)

The coherent state in which the Belavkin filter is designed to operate is
|6(u) >= eaxp(—|u*/2)|e(u) >, u € L*(Ry4)

The measurement process is

Then,
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where
Ji(X) =U(t)" XU(?)

Note that
¢L +cL* = ¢(aP + bQ) + c(aQ + bP) = 2Re(ac)Q + 2Re(bc) P

Thus, our measurement model corresponds to measuring the observable
2Re(ac)Q(t)+2Re(bc) P(t) plus white Gaussian noise. Let

m(X) = E(e(X)10(t)), 10(t) = 0(Yo(s) : s <)

Let
dmy(X) = Fy(X)dt + G¢(X)dY,(¢)
with
Fy(X),Gi(X) € mol(t)
Let

dC(t) = f(t)C(t)dY,(t),C(0) =1
The orthogonality principle gives
E[(j:(X) = m(X))C(t)] =0

and hence by quantum Ito’s formula and the arbitrariness of the complex valued
function f(t), we have

E[(djt(X) — dme(X))[no(t)] = 0,
E[(j:(X) — me(X))dYo (t) [0 (2)] + E[(djie (X) — dme (X)) dYo(t)[n0(2)] = 0
Note that
djy(X) = ji(00(X))dt + ji(01(X))dA(t) + je(02(X))dA(t)"

where
00(X) =i[H,X]— (1/2)(LL*X + XLL* —2LX L"),

0(X)=—-LX+XL=[X,L],6,(X)=L"X — XL"=[L", X]
Then the above conditions give
7 (00(X)) + 7 (61 (X)) u(t) + 7 (02(X))u(t) =
Fi(X) 4+ Gy(X)(cu(t) + cu(t) — m (L + cL™))

and
—m(X (€L + cL*)) 4+ m(X)me (€L + cL*) 4+ m (01 (X))e

~Gy(X)|e* =0
This second equation simplifies to

Gi(X) = |e| 2(—=m¢(cX L* + LX) + 7 (eL + cL*) (X))
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Then,
dm(X) = (e (00 (X)) + e (61 (X) )u(t) + e (62(X))u(t))di
+G(X)(dY,(t) + me (€L + cL* — cu(t) — cu(t))dt)
In the special case when ¢ = —1, we get

dmy(X) = (me(60(X)) + 7 (62 (X))u(t) + m(02(X))u(t))dt
+H(m(XL* + LX) — my(L + L*)my(X))(dY, (t) — (me(L + L) — 2Re(u(t)))dt)

Consider the simplified case when u = 0, ie, filtering is carried out in the
vacuum coherent state. Then, the above Belavkin filter simplifies to

dry(X) = (00 (X ))dt+(my (X L*+ LX) —mp(L+L)me (X)) (dYo (£) — e (L+L*)dt)

Equivalently in the conditional density domain, the dual of the above equation
gives the Belavkin filter for the conditional density

9/ (£) = 65 (p())dt-+(L* p(t)+p(t) L—Tr(p(t)(L+L*))p(t)) (AYo ()~ Tr (p(t) (L+L*))dt)

where
03(p) = ~ilH, ] — (1/2)(LL"p+ pLL* — 2L*pL)

Now let us take
L=aQ +bP,a,beC

and
H=P?/2+U(Q)

and translate this Belavkin equation to the Wigner-distribution domain and
then compare the resulting differential equation for W with the Kushner-Kallianpur
filter for the classical conditional density. We write

(1.0, Q') = / Wt (Q + Q')/2, P)exp(iP(Q — Q)P

Note that the Kushner-Kallianpur filter for the corresponding classical proba-
bilistic problem

dQ = Pdt,dP = —U’'(Q)dt — yPdt + ocdB(t),
dY (t) = (2Re(a)Q(t) + 2Re(b)P(t))dt + odV (t)
where B,V are independent identical Brownian motion processes is given by
dp(t,Q, P) = L*p(t, Q, P)+((aQ+BP)p(t,Q, P)

—(/(OéQJr/BP)p(tQP)deP)p(tQ7P))(dY(t)—dt/(aQJrﬁP)p(t,Q,P)deP)

where
a = 2Re(a), 8 = 2Re(b)
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where
L*p = —Pdqp+U'(Q)9pp +~.0p(Pf) + (07 /2)0pp

Let us see how this Kushner-Kallianpur equation translates in the quantum case
using the Wigner distribution W in place of p. As noted earlier, the equation

p'(t) = —i[H, p(t)]
is equivalent to

atW(tv Qv P) = (_P/m)aQW(t’ Q» P) + U/(Q)aPW(tv Qv P)

+ Y (R HR(2k + D)) TTUCH(@QOFT W (1,Q, P) — - — (a)
k>1
while the Lindblad correction term to (a) is (—1/2) times
LL*p+ pLL* —2L*pL
= (aQ + bP)(aQ + bP)p + p(aQ + bP)(aQ + bP) — 2(aQ + bP)p(aQ + bP)
which in the position representation has a kernel of the form
~Ib2(03 + 08 + 20000") — 1aP(@ - Q')
+(1Q + 2Q" + ¢3)0q + (caQ + ¢sQ" + ¢6)dg]p(t,Q, Q")
This gives a Lindblad correction to (a) of the form
(01/2)05W (t,Q, P) + (05/2)03W (t,Q, P)

Thus, the master/Lindblad equation (in the absence of measurements) has the
form

W (t,Q,P) = (—P/m)dqW(t,Q, P) + U'(Q)apW (t,Q, P)
+ D (=R2/A)R((2k + 1)) LU (Q)aF T W (t, Q, P)

k>1
+(07/2)05W (t,Q, P) + (03/2)0pW (t,Q, P)
+d100pW (t,Q, P) + (d3Q + dy P + ds5)0oW (t,Q, P)

Remark: Suppose b = 0 and a is replaced by a/h. Then, taking into account
the fact that in general units, the factor exp(iP(Q — Q')) must be replaced by
exp(iP(Q — Q'))/h) in the expression for p(t,Q, Q") in terms of W (t, Q, P), we
get the Lindblad correction as

(laf?/2)(@ - Q)?p(t.Q, Q")
or equivalently in the Wigner-distribution domain as

(la]?/2)0W (t,Q, P)
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and the master equation simplifies to
QW (t,Q, P) = (=P/m)agW (t,Q, P)+U"(Q)0pW (t, Q. P)+(lal*/2)0pW (¢, Q, P)
+ 30 (R4 ((2k 4+ D)UY Q)R W (L, Q, P)
E>1

This equation clearly displays the classical terms and the quantum correction
terms.

Exercise:Now express the terms L*p(t), p(t)L* and Tr(p(t)(L + L*) in terms
of the Wigner distribution for p(t) assuming L = a@ + bP and complete the
formulation of the Belavkin filter in terms of the Wigner distribution. Compare
with the corresponding classical Kushner-Kallianpur filter for the conditional
density of (Q(t), P(t)) given noisy measurements of a@Q(s) + bP(s),s < t by
identifying the precise form of the quantum correction terms.

3.6 Superstring coupled to gravitino ensures lo-
cal supersymmetry

The action is
S= /6[(1/2)3O¢X“8“Xu+15”ﬂa3a1/m +Xa0s X 0’ p P+ 0 X 50 p* XaldPo
where the string world-sheet metric is h,g and its dyad representation is

hap(T,0) = eqef = nabege%

and
e =Vh=e=deta(e?)

The local supersymmetry transformation that leave this action invariant are

SXH = eph,
oYt = p®e(Da X" — Xat"),
5Xa = vaea

des = cep®Xa

Problem: Develop a quantum filtering theory for the above superstring ac-
tion coupled to gravitino in the Wigner domain by expressing the superstring
action in terms of Bosonic and Fermionic creation and annihilation operators
and formulating the Belavkin filter equations followed by transformation to the
Wigner domain.



Chapter 4

Undergraduate and
Postgraduate Courses in
Electronics, Communication
and Signal Processings

1. Basic electronic circuits, digital and statistical signal processing, digital and
analog communication, device physics, nonlinear system theory, digital image
processing including maximum entropy histogram equalization as well as mod-
ern areas of signal processing like quantum computation, quantum information
and commmunication and quantum filtering.

2. Matrix computations for implementing the quantum Belavkin filter and
corresponding quantum control algorithms based on the Hudson-Parthasarathy
quantum stochastic calculus.

3. How quantum filtering can be applied to estimating the spin of an electron
from noisy measurements

4. Reduction of quantum noise using Luc-Bouten’s method of quantum
control.

5. Quantum entropy generated in a noisy quantum system by the bath and
how filtering can be used to reduce this entropy.

6. Implementing the quantum Schrodinger channel which involves using a
quantum receiver based on Schrodinger’s equation to detect weak electromag-
netic signals using the principle of quantum measurement and state collapse.
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Chapter 5

Quantization of Classical
Field Theories, Examples

5.1 Quantization of fluid dynamics in a curved
space-time background using Lagrange mul-
tiplier functions

First consider the quantization of non-relativistic fluid dynamics. The La-
grangian density is

L(v, v,0,V,5, U, U,0,Ps w) = u;(vi,0 — Fi(v, vj,P,5)) + 6")1‘2,0/2 + MUiO/Q

+w.v; ;

where u;, w are Lagrange multiplier fields, €, i are small numbers converging to
zero and

Fi(v,v4,p) = —vjvij +nvijj — i

The Euler Lagrange equations obtained from

Su, / Ld*z =0

vio — Fi(v,v,5,p,5) = puigo =0 — — — (1)

are

which is the Navier-Stokes equation with a correction term piu; 0.

Remark: The fact that € is small in the Lagrangian means that we do not
allow the acceleration v; ¢ to get too large. Indeed, if it is too large, then the
forces will be too large and the fluid dynamical approximation would break
down. The other Euler-Lagrange equations

6w/Ld4x =0

29
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gives
v =0——(2)

which is the incompressibility equation. The other Euler-Lagrange equations
are

Sy, | Ld*z = 0,0, / Ld*z =0
which give
—U;5,0 + ujvj,i + (uivj),j — €V 00 — Wi = 0
which in view of the incompressibility equation, simplifies to
—Ui,0 F UsVji + Ui jUj — €Vip0 —wi = 0——(3)

and
um = 0 — 7(4)

equations (1)-(4) are our basic equations totally 3+ 1+ 3 + 1 = 8 in number
for our eight fields v;, p, u;, w. Now let us calculate the Hamiltonian density.
To get non-trivial momentum fields corresponding to p and w, we include more
regulatory terms in the Lagrangian which say that their rates of change cannot
be too large:

L(v,0,0,0,5,u,10,,p,0,w0,p,w) = ui(vio — Fi(v,0,5,p;)) + €] /2 + pus /2
+w.v;; + 62]?,20/2 + ,uzw?o/2
and then the above Euler-Lagrange equations get modified to
Vi, 0 — Fi(v, U,j,p,j) — Huigo =0—— — (1/)
Vi — pawgo =0 — —(2')
—Uj,0 + UjVj; + Ui jUj — V00 — Wi =0 — —(3)
Ui — €ap o0 =0 — —(4")
The canonical momentum fields are
P,, = 0L/0v; o = u; + €100,
Py, = OL/0u; 0 = pauio,
P, =0L/0p,o = €2p,0,
Pu, = 8L/8w70 = H2W o
Then the Hamiltonian density is

H = Py, v 0+ Pyuio+ Pppo + Pywo — L
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5.2 d-dimensional harmonic oscillator with elec-
tric field forcing

The Hamiltonian is

d d
> w =Y Ex(t)(a(k) + a(k)")
1 k=1
where
la(k),a(m)*] = é(k,m), [a(k), a(m)] = [a(k)",a(m)*] =0
Let
b(k,t) = a(k) (t)/w(k), bk, t)" = a(k)" — Eg(t)/w(k)
Then
Zw b(k,t) — c(t)
where

(t) =Y Ex(t)?/w(k)
k

is a c-number function of time. We have
[b(k,t),b(m,t)*] = 6(k,m), [b(k,t),b(m,t)] = [b(k,t)",b(m,t)*] =0

Let
n=(ny,..,ng) €Z% ={0,1,...}*

The state [0 >, is defined by
b(k,1)|0 >= 0,k =1,2,...,d
This gives with
a(k) = (q(k) + ip(k))/V2,a(k)* = (q(k) = ip(K))/V2, [a(k), p(m)] = i6(k,m),
[q(k), q(m)] = 0 = [p(k), p(m)],

the equation

(a(k) +0/dq(k) = V2E;(t)/w(k))[0 >¢=0

so that
< ql0 >=C(t).eap(— Y _(q(k)*/2+ V2Ex(t)q(k) /w(k)))
k
where
C(t) = cap(~ 3 By(0)? fw(k)?)
k
Let

‘Il >r= (Hkb(k, t)*nk/\/ nk')|0 >4
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< gn >¢n € Z, form an onb for L2(R?). Now expand the wave function as

ly(t) >= Zc(n,t)\n >,

n

Note that
(t)|n >= anw 1))n >,

i3 (t) >= H(B)(t) >
iln >= Z[ijmbw,w*"k/ ngl)((nm—1)1) 7172

" Vimb(m, £) " (= By (8) fw(m) |0 >
(b (K, £)*m* \/nT! )]0 >,

_Z —E,,(t)/w(m))y/nmn — e, >
+() " V2E], (1) Jw(m)) (Tib(k, )™ /v/ni!)g(m)|0 >,

m

+H(C'(@®)/C1)n >
Now,

q(m)|0 >;= ((a(m) + a(m)*)/v/2)[0 >
= ((b(m, 1) + b(m, 1)) /V2) + V2E (1) /w(m))[0 >,
= (V2B (t)/w(m) + b(m, 1)*/v2)[0 >,
Thus,
(b (k, )™ //ng))g(m)|0 >,
= (V2B (t) fw(m))n > 4272V, +1n+ e, >
Therefore,
8t‘11 >r=

—Z —E( m))v/Mm |0 — €, >y

+ D [(V2E7, (8) /w(m) (V2B () /w(m))n >, +271 2V + 10 + e >0)
+H(C'@)/C(1)n >

where e,, is the d x 1 vector with a one at the m*" position and a zero at all
the other positions. Thus,

Oilw(t) >=>_[Ore(n, 1))|n >¢ +c(n, )00 >

n

=3 el Dl >+ = Yl (B (0)/(m) ol — e >4

n,m
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+ Z[C(n, t)(\/iE;n(t)/w(m))((\/iEm(t)/w(m))|n > 4272 + Inte;, >)]

+HO'(6)/C(8) Y e(n,t)n >,

n

or equivalently,
< n|0p(t) >=

Ore(n,t) — Z(E,’n(t)/w(m)) nme(n + e, t)

+ 3 IV2EL, (1) /w(m) (V2En () fw(m))e(n, t) + Vi, + 127 2c(n — e, 1))]

m

+(C'(1)/C(1))e(n, 1)

So the Schrodinger equation
< iy (t) >=<mnl H(t)[(t) >

is equivalent to the infinite sequence of linear differential equations

iOrc(n, t) — zZ(E,’n(t)/w(m)) Nme(n + e, t)

iy [(V2E, (1) fo(m) (V2En(t) fo(m))e(n, t) + v/ +1272c(n — ey, 1))]

m

+(C' () /C(t))e(n, 1)
= (Y wlm)nm, —e(t))e(n, )

m

5.3 A problem:Design a quantum neural net-
work based on matching the diagonal slice of
the density operator to a given probability
density function

5.4 Quantum filtering for the gravitational field
interacting with the electromagnetic field

Let Q,P denote the position and momentum observables of the gravitational
field with Lagrangian L1(Q, P), namely the Einstein-Hilbert action in the ADM
formalism. Let Ly(Q, P, A,, A, ) denote the Maxwell Lagrangian ¢"¢"%v/—gF,. Fas
with

Fu =40, — Ay
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We can choose a coordinate system so that h,o = 0 where

g;w(l') = Nuv + h,uu(x)

Note that in the ADM system, the position variables are gup,1 < a < b < 3
and N, N® where the tilde above the metric corresponds to defining the metric
in a coordinate system x* whose constant time surfaces 2° = t correspond to a
hypersurface ¥; embedded in R*. The unit normal on this surface is denoted
by n*. Events in R* are specified by the space-time coordinates X*. Thus, we
have the orthogonal decomposition

where

Xl =TH = N* 4 Nn

N* = NoX"

is a spatial vector N a = 1,2, 3 are chosen to satisfy the orthogonality relation

or equivalently,

or equivalently

or equivalently,

Define

Also define

K, =V, K., =dq'q K

gWXf;n” =0
Guw X1(T” — N¥) =0
g XA(TY = NOX%) =0
a0 = JabN"
dab = Jab

!
w'v’

Since n,, is the normal to a hypersurface, we can write

= f9u

for two scalar functions f,g. Then,

Thus, since

we get

Vun, —Vun, =

N = N = FuGw — fudp

= (logf),unl/ - (logf),z/nu
qZ/nl,/ =0

K,uu = By
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and hence if we write
Kap = X, XY, 0V iy,

then we have the symmetry:
Kab = Kba

It is clear that the Einstein Hilbert action in 4 dimensions can be expressed as the
sum of the Einstein Hilbert action in three spatial dimensions corresponding to
the spatial metric gq5 and its spatial derivatives gqp, plus a quadratic function of
the K5 (Ref:Thomas Thiemann, Modern canonical quantum general relativity).
Further K, can be expressed as a linear function of the gq; 0 and hence the
canonical momentum corresponding to this action OL/dqup0 = Py will again
be linear in the gq0. Further the time derivatives of the position fields N, N
do not appear in the Einstein-Hilbert action. We have the decomposition

g = ¢" + n'n”

where
¢ = qu X5 XY

is a purely spatial tensor. This identity can be verified by using the transfor-
mation formula
g,u,z/ _ NaﬁX%X””B _

=g"THTY + P (T* XY, + TV X"
+3*° Xk XY,

with the substitution
T = N*X ’jl + Nn*

The final form of the ADM action will contain N, N as Lagrange multipliers.
This can be seen from the fact that

9= det((gm/))

Now
Jap = G X/ X
implies
det((g))-det((X%))? = det((ap))
and using

gab = {qab, gaO = QQbNb
and further,
gun (T — )TV = N?
gives
N? = Goo — GaoN*®

so that
Goo = N? + qupyN°N°®
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we can obtain det((gag)) in terms of ¢, N®, N. Writing Q for ((¢as)), N and
(N?), we get
det(gap)) = G =

det( N2+ NTQN N7Q >

QN Q
= det( ]\([)2 N;Q )
= N2q
where
q=det(Q)

Thus, if £ is the Einstein-Hilbert Lagrangian density R expressed in terms of
Gabs Gab,0, N*, N and P the canonical momentum conjugate to ¢qp, then the
Einstein-Hilbert Hamiltonian density is

H = (P®qap0 — L)v/—gN

The other constraint operator involving N¢ will appear in this Hamiltonian,
once we impose the diffeomorphism constraint. Taking all this into account, it
is easy to see that the Einstein-Hilbert Hamiltonian can be expressed as

H = / (N“H, + NHy)d*x

. where H,, Hy are only functions of g,s, ¢rs,m, P™® with Hy being quadratic in
the P™® and H, linear in the P™%. For further details, the reader can consult the
book "Modern Canonical Quantum General Relativity” by Thomas Thiemann,
Cambridge University Press. To formulate quantum filtering theory, we must
first observe that for Hamiltonian systems with constraints, the Dirac bracket
replaces the Lie bracket. This is discussed in what follows.

5.5 Quantum Belavkin filtering for constrained
Hamiltonians

Let H(Q, P) be the Hamiltonian and let the constraints be
xr(@Q,P)=0,r=1,2,....m
We form the Lie brackets

[XT(QaP)aXs(Q7P)] - CTS(Qap)

and then define the Dirac brackets between two observables X, Y as

[X7 Y]D = [XvY] - [vaT]Cm(QvP)[XsaY]
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where
((C™(Q, P))) = ((Crs(Q, P))) "

and the summation over the repeated indices r,s is implied. Then, we have

[X, xmlp = [X, Xm] = [X, X ]C"*[Xs, Xm]
= [Xa Xm] - [Xv XT]CTSCsm —

which agrees with the prescription that since the constraint functions vanish,
their commutators with any observable should also vanish and in particular,
their commutators with the Hamiltonian should vanish, ie, their time rate of
change should vanish. Now the Heisenberg equations of motion of this con-
strained system are

dX(t)/dt =i[H,X(t)|p

Let p(t) denote the density matrix. Then if the Schrodinger and Heisenberg
pictures do agree for the constrained system, we should have

Tr(p'(£)X(0)) = Tr(p(0)X’(¢))

=iTr(p(0)[H, X(1)]p)
Now,
Tr(p(0)[H,X]p) = Tr(p(0)[H, X])
=Tr(p(0)[H, x;]C"*[xs, X])
= Tr([p(0), H]X))
=Tr([p(0)[H, x+]C"*, x5]X)

Thus,the Schrodinger equation for the state of the constrained system is ex-
pressible as

p'(t) = ilp(t), H] — i[p(t)[H, x:]C"*, X]
= i[p(ﬁ),H] - i[p(t)7Xs][H> XT]CTS - ip(t)[[H, Xr]Crsa Xs]

Example: The electromagnetic field. Here, the canonical position fields are
Apyr = 1,2,3. Ag is a matter field since if we adopt the Coulomb gauge,
divA =0, ie, A, , = 0 and then the Maxwell equations with this gauge condition
give

V2A0 = —,LLJQ

showing that A is indeed a matter field. divA = 0 is a constraint. Further, the
canonical momentum corresponding to the position field A, is obtained from
the Lagrangian L = (—1/4)F,, F"" as

" = OL/DA,o = OL/OFy,
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—F" =Fy, =E,,r=1,2,3

where F is the electric field. The Maxwell equation divE = Jy then gives the
other constraint equation
divll — J() =0

or equivalently,
. =Jo

We therefore have the two constraint functions
X1 = Ar,r = di’UA, X2 = H’rr - J() = divll — JO
We evaluate their equal commutators:
012(T7 7“/) = [Xl(t’ T)a X2 (t> 7”/)] = [AT,T<t7 T)L Hfs (ta ’I“/)] =
0y 0L[A(t, ), I (¢, r")] =
0,0Li6583 (r — 1)
= —i050,0,6%(r — 1)
—iV25(r — 1)

The inverse kernel of this commutator is

_

dmlr — /|

Note that
CQl(Ta T/) = [X2 (tv T)a Xl(t7 T/)] =
7012(7’/, 7’)

( 0218, ) Cng’T/) )

0 —i/4x|r — ']
i/4w|r —r'| 0

- ( c?l(or, ) 012(07«, " >

Thus, the canonical equal time commutation relations get modified when we use
the Dirac bracket in place of the Lie bracket to

The inverse kernel of

is thus

[Ar(r), TI°(r")]p = i5ﬁ53(r—r')—/[Ar(7’)7xm(m)]le(h,rz)[Xz(rz),Hs(r')]d3rld37“2

where the sum is over m,l = 1,2 with m # [. Now,

[Ar(r), xa(ro)] = 0, [Ar(r), x2(r1)] = [Ar(r), IT(r1)]
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= —i0,0%(r — 1),
[x2(r2), (1)) = 0, [xa (r2), TI°(+")] =
[Apr(72), T (r")] = 056 (ro — 1)
and combining these results, we get

(A (), T ()] p = i626%(r — 1)

_ / (=053 (r — 1)) C2 (1, 72) (10563 (rs — 1)) dr1dPrs

S8 83 (0 21 !
_7’67’5 (T r)+(8:1:r6x’§)0 (’f‘,’f‘)
= 88157 #') (o i/ e — )
o Oz, 0x" T

Remark on Poisson brackets and Dirac brackets in classical mechanics: Let

&, 0u(Q,P) Ov - 0u(Q, P) 0v(Q, P)
[u,v]—Z(iaQi o, op, 90,

k=1

{u,v} is called the Poisson bracket between the observables u,v in classical
mechanics. Now suppose that Qr, P,k = m + 1,...,n are zero and that these
form the 2(n — m) constraint equations. Then, since

[Qk’PM] = Okm, [Qk;Qm} = [PIme] =0

it follows that the Dirac bracket between u, v is given by

[, v]p = [u, 0] = > ([, Q) (=0rs) [P, v] + [, Pr]6rs[Qs, v])
- ou Ov ou Ov
~lwtl= . (Go o5, ~ R 90,

r=m-+1

)

_i( ou Ov B ou (“)v)
- £=20Q, P, 0P 0Q,

In other words, the Dirac bracket calculates the Poisson bracket based on only
the unconstrained positions and momenta.

The extended Kalman filter in quantum mechanics for observables. Let
H = P?/24+U(Q)
The Belavkin filter in the vacuum coherent state is given by

dry(X) = 1 (0(X))dt+ (my (X L* + LX) — 7y (X )mp(L+L*))(dYo () —mp(L+L*)dt)
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where
0(X) = i[H, X]—(1/2)(LL* X+XLL*—2LXL*)

=i[H, X]—(1/2)(LIL*, X]|+[X, L|L*)
We choose

L=yg(Q)

where g is a real valued function. Then in the position representation

(0. Q') = / W(t,(Q + @)/2. P)exp(iP(Q — Q)/h)dP,

W(t,Q,P) = /p(t, Q+q/2,Q — q/2)exp(iPq)dq
W is the Wigner distribution. We calculate
Tr(%) = [ Q. Q)X(Q QiQaQ
= [ W@+ Q)2 Prean(iP(@ - @)/ X(@,Q)dPiQuQ

- / W(Q, P)eap(2iPa/h)X(Q + 4, Q — q)dPdQdg

= / W(Q, P)exp(2iPq/h)Y (Q, q)dPdQdq

(where Y(Q, q) = X (Q+q,Q—q) or equivalently, X (Q, Q") =Y ((Q+Q")/2,(Q—
Q@")/2)). Now, this can be expressed as (after putting in a normalizing factor

1/7h

(eh) T (pX) = 3 [ W(Q.P)Y. (@ con(2iPa/h)dPdQds v

n>0
= / W(Q, P)Yy(Q)exp(2iPq/h)dPdQdq/Th

+> (=h/2i)"(OpW(Q, P))Yy(Q)exp(2iPg/h)dPdQdq/wh

n>1

~ [Wi@Ya@da+ X /2" [@W Q0. (@i

n>1
Note that

is the diagonal slice of the observable X in the position space representation
and

Y(Qa)=XQ+¢Q-q) = YaQ)4q"

n>0

so that
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= / wW(Q, P)dP
is the marginal probability density of (). Further, for an operator
M= g.(Q)P"
n>0
we have
VXI@ =Y [ o(@(-indo)x(Q.Q)5(@)iQ
and hence,

M) =3 [ Q. Q0nl@) (i) X(@'. Q0
E;/M% WQ+ Q)2 P)eap(iP(@Q — Q) /1)gn( @) X(Q' Q)dQ dQ

= a2t (7)) [ @@ PP eap(zipa/ny, Q) dpaQas

n,k,r

:7ﬂz§:(ﬂ0"@h/2YK—4/hYLk2k(Z)g/ka?Fm/kaéVV(Q,P))P=oY}UQ%iPdeq

nkr

5.6 Harmonic oscillator with time varying elec-
tric field and Lindblad noise with Lindblad
operators being linear in the creation and
annihilation operators, transforms a Gaus-
sian state into another after time ¢

Hamiltonian:

H(t) =w(t)a*a+ f(t)(a+ a¥)
L =a(t)a+ B(t)a”
Heisenberg equation of motion:
X'(t) =4[H(t), X(t)] + 0.(X (1)) = T,(X (1))

where
0,(X)=(-1/2)(LL*X + XLL* —2LXL")

(=1/2)(L[L7, X] + [X, L]L7)
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and hence

T,(X) = i[H(t), X] + 0,(X)
Let p(t) be a Gaussian state. Its quantum Fourier transform is

plt, z) = Tr(p(t)W(2))

At time t + dt the state is

plt + dt) = p(t) + dLT} (p(2))
Its quantum Fourier transform is

plt+dt,z) =Tr(p(t +dt)W(z)) =
p(t; z) + dtTr(T; (p(t))W (2))
— p(t, 2) + dLTr(p(t)T(W (2))

Now,
T,(W(z)) = i[H(t), W(2)] + 0. (W (2))
and
[H(t), W(2)] = [w(t)aa, W(2)] + f(t)a + a”, W(2)]
Now,
[a, W(2)] = 2W (2), [a", W(2)] = 2W (2)
Then,
[a*a, W(2) = a*[a, W(2)] + [a*, W (2)]a =
za*W(z) + z2W (z)a
= (za* + za — |2|>)W(2)
Thus,
[H(t), W(2)] = [w(t)(2a” + Za — |2|*) + f() (2 + D)W (2)
Further,
(L7, W (2)] = [a(t)a” + B(t)a, W ()] =
(a(t)z + B(t)z)W (2)
[W(2), L] = —(az + Bz)W(2)
So

LIL*, W (2)]+([W (2), LIL* = (aa+Ba*)(az+52)W (2)—(az+B2)W (2)(aa* +5a)
— (aa+ Ba*)(@z + F2)W(2) — (az + B2)(W(2), L] + LW(2))
— (aa+Ba") @5+ F2)W (=) +(az-+B2) @5+ )W (2) — (az-+62) @0 + Fa) W (2)
= \NZa — za" )W (2) — |z +2|*W(2)

where

A= lof* — |8
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5.7 Quantum neural network using a single har-
monic oscillator perturbed by an electric field

Simulation studies.
The Hamiltonian is

H(t) = a*a+f(t)(at+a*) = b(t)"b(t)—f(t)*,b(t) = a+f(t),b(t)" = a*+[(t),
a = (q+ip)/V2,a* = (q—ip)/V2
B(1)[0 1= 0

implies

(q+ 0y + f(H)V2) < 4|0 >=0
Then,
< 4|0 >= C(t)exp(—q*/2 — f(1)V2q) = =~/ . exp(—(q + f(1)V2)?/2)

Define
In >;=b(t)*"0 >, /Vn!

Then,

Dhln 1= (b(E)™ V) (—F (Vg + FOV)IO >0 +F (O/aln —1 >,
Now,
al0 > = (a+a")]0 >¢ V2 = (b(t)+b(1) =2 ()]0 >¢ /V2 = (b(t) ~2f (D)0 > /V2
Thus,
Ohln >e= =2f' (&) f(t)In > — (&) (b)) /VnD)[0 >, +2V2F(t) £/ (£)|n > +v/nf (t)[n—1 >,
=2f' () f()ln > —Vn+ 1f (t)n+1 >, +2V2F (@) ' (t)|n > +v/nf' (H)n—1 >

= (V2= 2fO)F Ol > —VaF 1 )+ 1> +/af (B)n—1>;

=af(t)f'(t)n > +B(n)f (t)n+ 1> +y(n)f'(t)ln — 1>,
Schrodinger’s equation gives for the wave function
D (1) >= H(1)[(t) >

Let
[(t) >= Zc(n, t)n >,

n

Then Schrodinger’s equation translates in the coefficient domain to
i0ic(n, t) +ic(n, t)aft)f' (t)+Bn—1)if (t)e(n—1,t) +v(n+1)if (t)e(n+1,t)

= (n— f(t)*)e(n,1)
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Let po(t, q) be the pdf to be tracked. At time ¢, compute

co(n,t) = / Vpo(t,q) < gln >} dgq

We apply the LMS algorithm to track cg(n,t) using c(n,t) by adapting the
electric field f(t). We write in discretized notation,

c(n, t+h) = e(n,t)+h(—i(n—f (t)*) —af () f'(t))e(n, 1)

—Bn=1)f'(t)e(n—1,t)=y(n+1) f'(t)c(n+1,t))
Writing
@)= (f@) = ft=h))/h

and retaining only the dominant O(1) terms, ie, neglecting O(h) terms on the
rhs gives us

c(n,t4+h) = c(n,t)—af(t)’c(n, t)—Bn—1)f(t)c(n—1,t)—y(n+1) f(t)c(n+1,t)
Thus,
de(n,t+ h)/Of(t) = —2af(t)e(n,t) — B(n—1)e(n — 1,t) — y(n+ 1)e(n + 1,t)

and hence the new weight f(t+ h) is given by the LMS algorithm:

F(E+0) = F() = w(@/0F(£) S leoln,t + 1) = eln.t + )]

n

= f(t)+ QMZRe[(Eo(n, t+h) —c(n,t+ h))oc(n,t + h)/0f(t)]

= f(t)+2u Z Re[(co(n,t+h)—é(n,t+h))(—2af(t)c(n,t)—B(n—1)e(n—1,t)—

v(n+ De(n + 1,t))]

Suppose however we do not neglect the non-dominant terms. Then, we would
use the LMS algorithm with delay terms as follows:

FE+h) = £(&) = 1 (0/0£) S leoln, t 4+ h) — c(n, t + b2

n

@07t — ) Jeoln.t +h) — elnt + h)P
= f(t) + 21 Re Z[(Eo(n,t +h) —é(n,t+ h))(Oc(n,t + h)/Of(t))]

+2upRe > [(Go(n,t+ h) — &(n,t + h))(dc(n, t+ h)/Of(t — h))]

n

Now,

dc(n,t+h)/0f(t) =
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(0/0f (1)) (c(n,t) + h(~i(n — f(t)*) = af()(f(t) = f(t = h))/h)c(n, )~
Bln=1)(f(#) = f(t = h))e(n = 1,1} /h = ~y(n+1)(f(t) - ( h))e(n+ 1,t)/h))
= (2ihf(t) = a(2f(8) = f(E=R)))e(n, 1) = f(n—1)e(n—1,h) =y(n+1)e(n+1,1)

dc(n,t + h)/0f(t —h) =
af(t)e(n,t) +B(n —1)ecln —1,t) +y(n+ 1)ec(n + 1,t)
The LMS algorithm can be developed along these lines.
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Chapter 6

Statistical Signal Processing

6.1 Statistical Signal Processing: Long Test

Answer all questions. Each question carries ten marks.
[1] Let X (n),n > 0 be a Markov chain in discrete time with finite state space
E ={1,...,N} and transition probability

Pr(X(n+1) =jlX(n) =1) =n(i,jl0),i,j = 1,2,... N

Let X (0) have the probability distribution pg(i),i = 1,2, ..., N. Write down the
expression for the joint probability distribution of X (1 ( ), ...,X (K) given 6 and
assuming that the maximum likelihood estimator 6 = 6 + 60 is a small pertur-
bation of a known value 6, evaluate 66 by expanding the likelihood function
upto quadratic orders in 0. Also write down an expression for the Cramer-
Rao lower bound on the variance of an unbiased estimate §6 of the parameter
perturbation from 6.

[2] Consider Schrodinger’s equation for the wave function (¢, r) of an elec-
tron when a random electromagnetic field dependent upon a parameter vector 6
is incident upon the electron. The random electromagnetic field is specified by
a magnetic vector potential A(¢,r|d) and an electric scalar potential ®(¢,r|6).
Assume that these have the expansions

t I‘|9 ZQkAk

t I“e Z@k@k (t,r)

where Ay, @ are zero mean Gaussian random fields with known autocorrelation
functions. The Hamiltonian of the electromagnetically perturbed electron is
given by

H(t) = (—h?/2m)(V +irA(t,r|0)/h)? — Ze?/|r| — e®(t,1|0)

47
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Express this Hamiltonian as
H(t) = Ho + eVi(t|0) + e*Va(t[0)

where
Hy = (=h?/2m)V? — Zée* /||

is the Hamiltonian of the unperturbed electron bound to its nucleus. Using
second order perturbation theory, approximately calculate the mixed state of
the electron

p(t,r,x') = E((t,x)Y (¢, r'))
at time t upto second order in # in terms of the autocorrelations of the fields
Ay, &,k = 1,2,...,p. Hence derive the maximum likelihood estimator of 6
based on making measurements at discrete times t; < t5 < .. < ty using a
projection valued measure {M, : a = 1,2, ..., 7} taking into account the collapse
postulate following each measurement.

[3] Show that if X(n),n =0,1,... is a Markov process in discrete time with
finite state space {1,2,..., A}, then the large deviation rate function for the
empirical distribution of the process based on time averages is given by

A
I(q) = supuso Y q(k)log(u(k)/mu(k))
k=1

where

(K, j)u(j)

A
=1

mu(k) =

J
with mw(k,j) denoting the one step transition probability distribution of the
process. Evaluate using this and a limiting scheme in which a continuous time
Markov process is approximated by a discrete time Markov process, the rate
functions for the empirical density for a diffusion process X (¢) defined by the
equation

dX (t) = p.dt + 0.dB(t)

where B(t) is standard Brownian motion and p, o are non-random parameters.
If © and o are functions of an unknown parameter 6, then explain how to
estimate 6 so that the empirical distribution of the X (¢) process matches as
closely as possible a given probability distribution in the mean square sense.

[4] Given a vector valued iid N(0,R) process X(n),n = 0,1,... in discrete
time and a scalar process

d(n) = hTX(n) + v(n),n = 0,1, ...

where v(n) is iid N(0,02) independent of the X (n) process, explain how you will
estimate h using the LMS algorithm. Also perform a convergence analysis of
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the weight vector by determining its asymptotic mean and covariance in terms
of h,R,02. How will you generalize this to the case when h is a matrix, and
v(n) is a vector so that d(n) also becomes a vector ?

[5] [a] Show that if 0 < g < 1, then the map
(X,)Y) = X' royr

where X and Y vary over the space of n X n complex positive definite matrices
is a concave function and using this deduce that if p,o are any two quantum
states in the Hilbert space C™ and K is any quantum pinching, ie, of the form

d
K(p) = Z PipP;
i=1

where {P;} is an orthogonal resolution of the identity, then
D(K(p)|K(0)) < D(plo)

where
D(plo) = Tr(p-(log(p) — log(c)))

is the quantum relative entropy.
hint: Use the fact that any quantum pinching can be represented as a finite
composition of pinchings of the form

K(p)=(p+UpU")/2
where U is a unitary operator.

[b] Let f be a matrix convex function, ie, for any two positive matrices A, B
of the same size, we have

J(tEA+ (1= t)B) < tf(4) + (1 - )f(B),0<t <1

Then, prove that if Z, ..., Z,4 are matrices of the same size such that
> 77, <1
k=1

we have ., .,
FO-2iAZy) <3 ZEF(A) 24
k=1 k=1

for any positive matrix A. Using this and the operator convex function z —
—z'= % forz > 0and 0 < s < 1, deduce that the quantum relative Renyi entropy
between two states defined by

Dy (plo) = —s og(Tr(p'~*0®))



50

Classical and Quantum Information Theory for the Physicist

satisfies the monotone property, ie,
DA(K(p)|K(0)) < Dy(plo),0 < 5 < 1
where K is any quantum operation, ie, a TPCP map.

hint: By defining the operator A, , = R,L;* so that A, ,(X) = o' Xp,
choose an appropriate inner product on the space of matrices so that A, ,
becomes a positive operator. Then define K, ,.(X) = K(0) !K(0X) where K
is partial trace. Show that the dual of the linear operator K, ,, is given by
K;,.(Y) =Y ® I provided that we select appropriate inner products on the
domain and range space of K, ,. Then, deduce using operator convexity of
f(z) = —2'7% that 0 < s < 1, we have that

Tr(K(p)' K (o) = Tr(p~*0*) = = — (1)

For doing this problem, you must make use of the result just stated above in
the form

f(KU’TpK;,T) S KU,Tf(p)K:',T

Now use the fact that if K is an arbitary TPCP map, then it has the Stinespring
representation
K(p) =Tr2(U(p @ po)U")

where pg is a state and U is a unitary operator. Using the inequality already
established for the partial trace, deduce the same inequality for general TPCP
K.

6.2 Quantum EKF

Let X(Q, Q') be the position space representation of an observable X and let
p(Q, Q") be the position space representation of a density matrix p. The average
of X in the state p,

Tr(pX) = [ 9(Q.)X(QQQiQ
Let W(Q, P) denote the Wigner distribution of p:
W(Q,P) = C/p(Q +4/2,Q — q/2)exp(—iPq/h)dq
where C' is a normalization constant that ensures
/W(Q, P)dQdP =1

Thus, since
/exp(fqu/h)dP = 27hd(q)
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it follows that
2mhC [ p(Q.Q)dQ =1

or
C=1/2nh

Then,
p(Q.Q) = [ W@+ @)/2. PleapliP(@Q - Q)P

We find that
p(Q,Q) = / W(Q. P)dP,

/ W(Q.P)dQ = C / p(Q + /2. Q — a/2exp(~iPg/h)dgdQ

— (2nh)"! / P(Q.Q)exp(~iP(Q — Q')/h)AQAQ’

Thus, [ W(Q, P)dP is the probability density of @ while [ W(Q, P)dQ is the
probability density of P in the state p. The average value of X is

Tr(pX) = / W((Q + Q)/2 Pleap(iP(Q — @)/W)X(Q', Q)dPdQdQ

where X is the Wigner transform of X defined by
X1(Q.P) = [ X(Q-a/2.Q+a/2exp(iPa/hdy

— [ X(@+a/2.G-q/2)exp(-iPa/myig

Now we are in a position to derive the EKF for observables in the quantum
theory using the Belavkin filter. The Belavkin quantum filter equation for L =
a@ + bP piin a vaccum coherent state with the particle moving in a potential
U(Q®) has the form described earlier but we shall rederive it here:

0(X)=4[H,X]—-(1/2)(LL*X + XLL* —2LXL")
dmy(X) = m(0(X))dt+ (m (X L*+ LX) — 7y (X) 7 (L+L*))(dY (t) — ¢ (L+ L™)dt)
Now,
m(000) = [ W PICOQ PYiQap
0(X)1(Q, P) = [H,X]1(Q, P) — (1/2)(L[L", X] + [X, LIL")1(Q, P)
LL*X = (aQ +bP)(aQ + bP)X = (|a|*Q* 4+ abQP + abPQ + [b|* P*) X
For convenience, let b = 0, ie, L = a). Then

LL*X = |a|?Q*X, XLL* = |a?XQ? LXL* = |a]?QXQ
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and hence,
(LL*X)1(Q, P) = |af? / (Q+4/2)°X(Q + 4/2.Q — q/2)exp(iPa/h)dg
— aP[Q2X1(Q, P) + QUh/i)0p X1 (Q, P) + (1/4) (h/i)20%X1(Q, P)]
(XLL*)1(Q. P) = |af? / X(Q +4/2.Q — 4/2)(Q — a/2)%exp(iPq/h)dq
1a2[Q2X1(Q. P) — Q(h/)p X1 (Q. P) + (1/4)(h/i)?03.X,(Q. P)
(LXL)1(Q. P) = |af’| / (Q+a/2(Q — 4/2)X(Q +4/2,Q — ¢/2)exp(iPq/h)dd)

= al’[Q*X1(Q, P) — (1/4)(h/1)*0p.X1(Q, P)]

Thus,
(LL*X + XLL* — 2LXL*)1(Q, P) =
(a2 (h/i*02.X,(Q. P) = —|alh?03X,(Q. P)
[H, X11(Q, P) = [P%/2, X]1(Q, P) + [U(Q), X)1(Q. P)
Now,
(P*X),(Q. P) = / (IR X(Q +/2.Q — /2exp(iPa/h)dg
Now,

(PX)1(Q.P) = —ih [ (0/2+ 8,)X(Q +4/2.Q ~ a/2cap(iPa/h)dg
= (=ih)[0oX1(Q, P) — (iP/h) X1(Q, P)]
Applying this operator twice gives
(P*X)1(Q, P) = —h*(9q — iP/h)*X1(Q, P)

6.3 Lie brackets in quantum mechanics in terms
of the Wigner transform of observables

Identifying the quantum corrections in powers of Planck’s constant that the Lie
bracket gives to the classical Poisson bracket. Let X,Y be two observables with

position space representations X (Q, Q"), Y (Q, Q') respectively. Their respective
Wigner transforms are

X,(Q.P) = / X(Q + /2. Q — q/2)cxp(—iPq/h)dg,
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Yi(Q.P) = / Y(Q + /2. Q — q/2)eap(~iPg/h)dg
We have

(XY)1(Q, P) = / (XY)(Q + a/2,Q — q/2)cap(~iPg/h)dg

- / X(Q + /2. Q)Y (Q.Q — q/2)eap(—iPq/h)dgdQ

_ / X1((Q4Q)/2+q/4, PL)exp(iP(Q—Q'+q/2) /h)Y:

(Q+Q")/2—q/4, Py)exp(iPy(Q'—Q+q/2) /h)exp(—iPq/h)dPidPydqdQ’
We write

X1(Q+¢.P) =) Xu(Q P)"Yi(Q+¢.P) =Y Yu(Q P)q"

n>0 n>0

Then,

(XY)(Q, P) = Z / 2(Q+Q)/2, P)Ym(Q+Q)/2, P2)(—1)™ (q/4)"+™
n,m>0
exp(i(P1 — P2)(Q — Q") /h)exp(i((P1 + P2)/2 — P)q/h)dP1dPydqdQ’
- " [ (@+Q)/2 POTA((@+Q) 2. P)

n,m

exp(i(Pr—Py)(Q—Q')/h)(h/4i)" 60T ((Py+Py) /2~ P)dPdPodQ’

= S (ym(in/ayr / K0 (Q+a/2 POV n(Q+a/2, Py)
cap(—i(Pi—Py)a/h)5(P—(Pi+Py)/2)dP;dPdq

=D (-1 )m(ih/4)"+m3$+m/Xn(Q+<1/27Po+p/2)f’m(Q+<1/27Po—P/Q)efb‘p(—iPQ/fL)5(P—H))dPodpdq

n,m

= Y0 b/ [ K@/ P4p/2) T Qa2 Pp/Deap(~ipa/hdpdy

n,m

B3 (D /O™ [ (@ rha/2, P 4p/2) T (Q ha/2, Pp/2)eap(~ipa)ipda

n,m

Noting that
The coefficient of h? in this expansion is

(i/4)0p / (X1(Q. P+p/2)T0(Q. P—p/2)— Xo(Q., P4p/2)Y:
(Q, P—p/2))exp(—ipq)dpdq

+(1/2) / (Ko1(Qs Pp/2)Ta(Q. P—p/2)+ Xo(Q. Pp/2)V0.
(Q, P—p/2))q.exp(—ipq)dpdq

= (’L7T/2)8P(X1(Q,P)Y/0(Q7P) - XO(Q7P)?1(Q’P))
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+(im/2)(Xo0,12(Q, P)Yo(Q. P) = X0.1(Q, P)V0.2(Q. P)
+X0,2(Q, P)Yo,1(Q, P) — Xo(Q, P)Y0,12(Q, P))
= (i7/2)0p(X11(Q, P)Y1(Q, P) — X1(Q, P)Y1,1(Q, P))
—(im/2)(X1,12(Q, P)Y1(Q, P) — X11(Q, P)Y12(Q, P) + X12(Q, P)Y11(Q, P)
—X1(Q, P)Y112(Q, P))

6.4 Simulation of a class of Markov processes in
continuous and discrete time with applica-
tions to solving partial differential equations

[1] Simulation of Brownian motion.

[2] Simulation of Brownian motion with drift.

[3] Simulation of the Poisson process.

[4] Simulation of the Birth-death process.

[5] Simulation of a Markov chain in continuous time with finite state space
and prescribed infinitesimal generator.

[6] Simulation of diffusion processes driven by Brownian motion.

[7] Simulation of independent increment processes with prescribed charac-
teristic function based on compound Poisson processes.

Chapter: Classical and Quantum Information Theory

6.5 Gravitational radiation
GM = R* — (1/2)Rg"”
is the Einstein tensor. Its covariant divergence vanishes:
GH =0

We can express G*¥ as the sum of a linear part and a nonlinear part in the
metric perturbations h,, and its partial derivatives. Writing

Guv = Nuv + h,u,l/
where 7,,,, is the Minkowski tensor, we have
gHV = Ny — h‘“ﬂ hHY — nltanuﬂhaﬂ
Upto second order in the metric peturbations, we have

R;w = (7](1,8 - haﬁ)rﬂua),u - ((naﬂ - haﬂ)rﬁ;w),a



Classical and Quantum Information Theory for the Physicist 55

_napnﬂorpuura'aﬁ + napnﬁarpuﬁraua

where
Lapa = (1/2)(hgp,a + hgau — hap,s)

Upto linear orders in the metric perturbations, we have
Ry = (1/2)na8(hgpa + hsau — hua,s) v
—(1/2)n0p(hp.w + hpv.u — huvg) o)

= (1/2)(hyw = hig v = W) o + By

I Zet v,pe

On imposing the coordinate condition
gy, =0

and linearizing it, we get
(1/2)h.a —hE, =0

and hence under this condition, we get the linear component of R, as
R{) = (1/2)0h,,
The quadratic component of R, evaluates to
Rfu) = _(haﬁrﬁua),u + (haﬂrﬁw),a

—NapNBol ppvl'sap + Napisel puslova

Time averaged power radiated out by a matter source in the form of gravi-
tational radiation. The Einstein field equations can be expressed as

RM = K.SH M = T — (1/2)Tg"

where TH is the energy-momentum tensor of all the matter and radiation fields.
Upto linear orders in the metric perturbation, it can be expressed as

Rrrv() — g gnv
or equivalently after adopting the harmonic coordinate condition,
Onrk” = 2K SH

For sinusoidally varying matter fields, we have in the frequency domain,

By (w,7) = (~K/27) / S (w, )exp(—julr — ' )d f|r — 1’|
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which in the far field approximation, gives
hyw(w,r) = (fK/ZW)(exp(—jwr)/r)/S“”(w,r’)exp(jwf.r’)d?’r/

Let us now evaluate the time averaged power radiated out by the matter source
at a given frequency. First, we observe that

arv(2) — prv(2) _ (1/2)R(2)77W + (I/Q)R(l)h‘“’
where
RQ) = (g/LVRMV)(z) = TI/,LVR;(LQV) + h/LuRE}V)

Next we observe that since
Gl =0
it follows that
(KT — G2y, =0

which means that the pseudo-tensor
QM = KTH — arv(2)

is a conserved quantity. Specifically, the equation Q4 = 0 implies that

5[ gt [ Qraas
1% S

where V' is any volume of three dimensional space bounded by a closed surface
S whose unit outward normal is n,,r = 1,2,3. This means that the rate at
which the spatial integral of the total density Q" of the energy in matter plus
gravity over V increases with time equals the rate at which this total energy
flows into V' from its boundary. And likewise, the rate at which the spatial
integral of the total density Q™ of the momentum in matter plus gravity over
V increases with time equals the rate at which this total momentum flows into
V from its boundary. It follows from this that —G**(?) must be interpreted as
the energy-momentum pseudotensor of the gravitational field. The total rate at
which the matter source within a region V' of space bounded by a closed surface
S emits energy in the form of gravitational radiation is therefore given by

—~ / GO Pp,dS = — / GOUr@ gy
s v

Gravitational radiation by a matter source in the far field zone.
1 2
R = R;(w) + wa)

R* = Rrv(1) 4 puv(2)
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RHv(1) (g“ag”ﬁRag)(l)
= Nuativs R
R™Y® = (0 — W) (s — W) (L) + RS))
= Nuatls Ry
~(uah® + mysh"*) RS
g () — prrl) _ (1/2)R(1)77w
RL — TluuR,(},,)
@ = @ _(1/2)RPy,, + (1/2)RY ™
R®) = (¢"R,,)*) =
ThwR(z) _ hWRf}y)

mz
Thus,

Gqw(2) —
Muaus R
(e + mugh" ) RY)
—(1/2)0 (as RS — h°PRL))
+(1/2)h"505R)
= (Muattop — (1/2)Mu10p) RS

— (e + s h™ = (1/2) (b + nagh? ) R

Flux of gravitational radiation:
Pr=-G"® r=1,2,3
It is clear that by excluding total differential, we can write
P" = C(ruvapo )by ahpep
where C(.) are constants. Further, in the far field zone,

hyw(w, 1) = K.(exp(—iwr) /1) /T,w(w,r')exp(ikf.rl)d‘gr'

= (exp(—iwr)/r)Hu (w, )

57
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If we differentiate H,,, (w, ) w.r.t z,y, z the result will be O(1/r?) terms in the
hyuv,s where s = 1,2, 3. These terms cannot contribute to gravitational radiation
in the far field zone since they contribute O(1/73) terms to P". However, if we
differentiate exp(—iwr) w.r.t x,y, z, it will result in O(1/r) terms in h,,, s which
can contribute to gravitational radiation. Thus, the form of P" in the far field
zone in the frequency domain is

P"(w,r) = w?*Re(D(r, pvaf)H,, (w, 7)Hap(w, 7)*/r?)

where the D(.)'s are complex constants. The flux of gravitational radiation
energy in the far field zone as a function of the direction is therefore

r2P"(w,7) =

w2Re(D(r, /LVCVB)H;W(Wa f)Haﬁ(wa f)*)

The gravitational energy radiated per unit time by a rotating pulsar. Assume
that the pulsar centre is at the origin and that two masses each of mass m are
rotating around this centre with a uniform angular velocity w, both masses being
at a distance d from the centre. To calculate the gravitational wave produced
by this rotating pulsar, we must first evaluate the energy-momentum tensor
corresponding to this pulsar. It is given by

T (2) = m.(da} Jdr)(dzy [dt)5> (x — 1) + m.(dxh Jdry)(daly Jdt) 6> (x — z2)
In the cartesian system,

(25 (1)) = d(cos(wt), sin(wt), 0),
((z5(t))) = —d(cos(wt), sin(wt),0),
dt/dr =y = (1 —0v])7V2 = (1 — d*w?),=dt/drs = 72 =
Note that our units are chosen so that ¢ = 1. Then,

T% = my, 83 (x — x2) + myed®(z — 22) =

= my(8*(x — x1) + 6* (2 — 12)),

T = T = mAywl 63 (2 — 1) + myvid®(z — 2)
= —mrywd.sin(wt)(83(z — z1) — 63(x — x2))
T = T2 = my0?63(z — 1) + myv3 63 (x — z2)
= mrywd.cos(wt) (8> (x — x1) — 8 (x — x3))
703 _ 30 _

T = my(v1)?0% (@ — 21) + my(v3)%0° (x — 2)
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T8 = myvivi 63 (z — 1) + myvvsss (z — x3)
= myv v (83 (x — x1) + 63 (2 — 22)), 7,5 = 1,2,3

where

vl = —dw.sin(wt),v? = dw.cos(wt),v> =0

We can abbreviate these expressions to
TH (x) = f*(£)8%(x — 21(1)) + K ()8° (x — 2a(1))

Now we compute the metric perturbations generated by this energy-momentum
tensor: First observe the simple fact that if we assume that only f*¥(t) varied
with time, ie, the masses of the two particles varied with time but their positions
x1(t), x2(t) did not vary with time, then we would derive the simple formulas

By (w, 1) = K/Tw(w,r’)exp(—iw\r — '3 | — |

— K/f“”(w)53(r’ —ry)exp(—iwlr —r'|)d3r" /|r — 1’|

—l—K/k“”(w)dg(r’ —r1)exp(—iw|r —r'|)d*r' /|r — 1’|

= K" (w)exp(—iw|r —r1|)/|r — 7]

+KE* (w)exp(—iw|r — ri|)/|r — r1]
More generally, if we had N point masses moving rapidly in the vicinity of fixed
points r1,...,7n in space respectively with three velocities v} (¢), ..., v} (t) and
rest masses myi,...,my, then writing vQ(t) = 1 and v (t) = (1 — vi(t)?)~ /2
where vy, ()2 = 327 (vr(t))?, we would have the result that the approximate

r=1
energy-momentum tensor of this system of particles is given by

N

T (x) = T (tr) = Y myd®(r — ri)ye (E)vg (£)of ()
k=1

N
D08 (r =)
k=1

where

() = mpye(t)vy (B (), k=1,2,...,N

in which case the metric perturbation generated would be

N
hyw (w,r) = KZf}:”(w)exp(—in —ri)/|r =g
k=1

This would be the gravitational analogue of the electromagnetic problem in
which we have N infinitesimal current dipoles all carrying currents and located
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at a discrete set of spatial points. Now coming back to our pulsar problem, we
have

T (t,r) = fi¥ ()0 (r — r1() + [ (£)6° (r — r2(1))

and to calculate the metric perturbations generated by this in the frequency
domain, we have to first calculate the temporal Fourier transform of a function
of time having the form f(¢)§3(r — ro(t)). We can instead work completely in
time domain using retarded potentials and this would amount to calculating an
integral of the form

/f (£ I — PGP — rolt — r— ') f|r — 1]
_ /f(t’)é‘"’(r’ ()5 —t+ | — ' )dErdt | — |

= [ £O)3( =t froe) = ' = ()
Thus, more generally, if we have a system of IV particles moving along trajecto-

ries r(t),k = 1,2,..., N, then the energy-momentum tensor generated by this
system has the general form

T (t,T) Zf ()83 (r — (1))

and hence the metric perturbations induced by this system of moving particles
is given by

By (1.7) Z/ FEC NS — t+ et = rl)dt I — (2]

k(1)

- %: r— e (E)(1 = (o (), 7 — i (t))) /I — ri(t})])

where ¢}, solves
ty =t —|r—rx(t})]

To a good degree of approximation, ie, when the particle speeds are much smaller
than the speed of light, we have the approximation

) £ = )
o (t:7) = Xk: = (DI = (os (D), 7 = (D) /Ir = ri(O)])

If all the 74 (t)'s are in the vicinity of the origin then we have the further ap-
proximation
f t - + 7.ri(t))
v(t,7) E -
e K (1), 7))
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Assume now that the velocities are small and that the motions of the particles
are all periodic with fundamental frequency w with the positions ry(t) being
small variations around the origin. Then, we can write a Fourier series

Z f1¥ [n]exp(iwnt)

and then
huw(t,7) = Z huw(n, t, #lexp(iwnt)exp(—iwnr) /v
n
where
hyw[n, t, 7] = f1" [n]exp(iwnt.ry(t))
It is clear that the average energy flux (energy per unit time per unit area in

the direction ) radiated out in the radial direction by this system in the form
of gravitational waves has the form

ZR@ (pvaB)w?n?hy,[n,t, flhag[—n,t, 7]

Estimation problems in gravitational radiation: It is evident that the source
of gravitational waves as elucidated above, depends upon the functions f}"(t)
and the positions r¢(t), k = 1,2, ..., N and in order to know about this source, we
must assume that these functions depend upon an unknown parameter vector
f that must be estimated by say allowing the gravitational wave to be incident
upon an electromagnetic field and then measuring the change in the pattern of
the electromagnetic field. Thus, we write

w(t) = fLV(H0) = ) + Za

and

7”( —TkO —|—Z€ Tks

where 0(s) are small parameters. This assumption of the 0(s)’s being small
parameters amounts to requiring that the uncertainty in the structure of the
source generating the gravitational waves is small.

Construction of gravitational wave detectors: Assume that a laser generates
an electromagnetic field F,SB). In the presence of a gravitational wave h,,,, thus
field will get perturbed from F,E?,) to

Fuw=F9 +F{)

where

(F"v/=g)y =0
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or equivalently,
(g#aguﬁ /—gFa;a),u =0

or equivalently, upto linear orders in the metric perturbations,
[(Nua — R**) (s — huﬁ)(l +h/2)Fapl, =0

or 0
[nuanuBFa[-} ],V
= [(uah”® + 1ush?™ — (1/2)huannp) Foy
Note that the unperturbed field satisfies the Maxwell equations in flat space-
time:

0
[anvs Fenl =0

Writing
_ 40 1
Ay =AD + AD
so that
0) _ 4(0 0
FO = AD) + A0,
1) _ 41 1
R =AY - 4L
we have on applying the Lorentz gauge conditions
(A =g),u =0
that
(e = P*) (1 + h/2) Aa] jp = 0

or equivalently,
[nuaA((xl)],u = [(h#a - h"]ua/Q)A((xO)]7u

6.6 Measuring the gravitational radiation using
quantum mechanical receivers

The gravitational wave has the form

h#,,(ﬂo) = f/tv(fE)O + Z a[k] a]cc)muu

where the 0[k]s’ are the unknown parameters to be estimated based on exci-
tations of a quantum mechanical system, say an electron bound to its nucleus
described by Dirac’s relativistic wave equation. The Dirac equation in a gravi-
tational field is given by

v (2)(i0, + Tu(x)) = mly(z) = 0
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where the spinor connection of the gravitational field is given by

Lu(z) = (1/2)" 7" )etenn

This formula can be derived by noting that the spinor representation of the
Lorentz group has generators (1/4)[y%,7°] = v?* and hence the spinor connec-
tion should have the form

r,= wﬁb%b

Now the covariant derivative of the tetrad e}, should vanish when the covariant
derivative acts on both the tetrad index a and the vector index p, on the former,
via the spinor connection and on the latter via the Christoffel connection. This
means that

0=Dye; =ey,, — 1" e,

nv=p
b
+wy, ey
By solving this equation, we get
ab __ bv/ _a p La
w,u = —€ (eu,p, - Fp,l/ep)
_ bv _a
=—e"ey,.,

which is the desired form of the spinor connection of the gravitational field. The
curvature of the spinor connection of the gravitational field is given by

[au + Fuv Iy + Fu] =

Fv,u - Fuw + [Fu» Fv]
(Wit — wiit) + [y W] ™) vab
where
Wi W] Yab = W™ WP [Yin , Ypq]

where we have used the notation

When the gravitational wave h,, is weak, we can write

€ap = Nap + Nap /2
for then

NabCapCbr = MNuv + nabnauhbu/Z + nabnbuha,u/ + O(h2)
= N + hy + O(h?)
Equivalently, we can write
ey =0, +hy/2

We then find that upto linear orders in the h,,,

ab _ _jav, b __
wy =eYey , =
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eau( - Flp/u,ep)
= nal/hy}H/Q - nauryu
= navhg,uﬂ — Navop(Ppwp + Pppw — hyw,p) /2

= NavMop(Ppw,p — ppw) /2

Now the Dirac equation in the presence of this background electromagnetic wave
can be expressed upto linear orders in the h,, as

0= [y*(oF + h%/2)(i0, +iL,) — m]yp
= ['YN(iau + il—‘#) - m]¢
+(1/2)y*hhid, Y
= [0, — m]Y
+y Ty + (i/2)7"hl O]t

where
r,=

’Yabnallnbp(huu,p - hpu,u)/Q

=" (hyw,p — hpp,v) /2

The operator
L = [in"T,, + (i/2)y*h}0,]

is a ”small perturbation” and hence we can obtain an approximate solution
to this gravitationally perturbed Dirac equation using first order perturbation
theory. We write the solution as

¥(z) = to(z) + ¢ (z)
where 1) satisfies the unperturbed Dirac equation:
[i7"0 — m]ypo(x) = 0

and 11 () is the first order perturbation arising from the gravitational pertur-
bation operator L:

[i9%0, — ml1 () + Lo () = 0
so that if S(z) denotes the electron propgagator:

S(z) = / by — m -+ 0] exp(—ip.x)d'p/ (2m)*

then

() = - / S(a — ) Lijo (y)d*
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Recall that
L =

i[’YV'D’Y“(hW,p - hup,l/)/Q + (1/2)7“h53#]

In the quantum theory of gravity, h,, as a free gravitational wave is represented
by a superposition of graviton creation and annihilation operators having spin
two. However, when the gravitational wave is generated by a matter source, then
the matter source must also be quantized, for example, if the matter source
is a collection of electrons and positrons, then its energy momentum tensor
must be that of a second quantized Dirac field and this tensor will therefore
be a quadratic form in the electron-positron creation and annihilation opera-
tors fields. Thus, in all a gravitational wave coming from a matter source of
electrons and positrons will be a linear superposition of free graviton creation
and annihilation operators plus a quadratic combination of the electron-positron
creation and annihilation operators.
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Chapter 7

Some More Concepts and
Results in Quantum
Information Theory

7.1 Fidelity between two states p, o

Let
| >=Z\xa®ua >
a

be a purification of p where
< uplug >=46(b,a)

Let
Yy >= " |ya @ va >
a

be a purification of o where
< vplvg >= (b, a)

Then
p= Z |zy >< z4|,0 = Z [Ya >< Yal
a a

Define the matrices

X = Z ‘U’a >< 1‘(,,|,Y = Z |Ur1, >< ya‘
a b

Then,
XX =p,Y*xY =g,
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XY =) < zalyp >< talvy >=< zly >

Then
F(p,0) = maz| < x|y > |

where the maximum is taken over all purifications of |z > of p and |y > of ¢ or
equivalently over all onb’s {|u, >} and {|v, >} of the reference Hilbert space.
Now write down the polar decompositions of X and Y as

X =U|X|=Up,Y =V|Y|=V 0o
where U,V are unitary matrices. Then, clearly, from the above equations,
F(p,0) = mazyy|Tr(X*Y)| = mazy,y||Tr(U/pA/aV*)|

= mazyy |Tr(y/pv/aV*U)| = Tr(ly/p/a))

(where the maximum is taken over all unitaries U, V).

7.2 An identity regarding fidelity

Let {E,} and {F,} be the Choi-Kraus representations of two quantum opera-
tions K, K'. We wish to show that there exists a unitary U such that for any
two states p, o, we have

F(p, KoK') < F(p, KoKy)
where we define
F(p,K)=<z| < (K®Ip)(Jx >< z|)|x >

with |2 > being any purification of p with reference Hilbert space Hg. Note
that the above expression for F(p, K) does not depend upon the purification
|x > of the state p that has been chosen. To see this, we first observe that any
purification |z > of p can be expressed as

|x>=Z\xa®ea>
a

where {|e, >} is an onb for the reference Hilbert space Hpg. Then,

p=Trr(jlx >< ) Z |z >< 24|

and we have

(K@ I)(lz><z|) =Y K(jza >< 23]) @ [ea >< ¢
a,b
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so that

<z|(K®Ip)(|Jz >< z|)|x >= Z < x| K(|zg >< xp|)|zp >
a,b

=Y < 24|Eelwa >< x| Bl s >

a,b,c

= Z | Z < xq|Eelzg > |2 = Z |Tr(ECZ |Ta >< 24])?

= |Tr(pE.)

which confirms our claim.

7.3 Adaptive probability density tracking using
the quantum master equation
dU(t) = (—(¢H(t) + LL* /2)dt + LdA(t) — L*dA(t)")U(t)

where
H(t)=Ho+ f(t)V

f(t) is a real valued control forcing function. We wish that [¢(t) >= U(t)|to ®
¢(0) > is such that

p(t) = Tra([Y(t) >< ¥(1)])

is such that it tracks a desired state pg(t) in the system space. For this, we
observe that p(t) satisfies

p'(t) = —i[H(t), p(t)] — (1/2)0(p(t))

Then in discrete time form,

p(t +h) = p(t) = ih[Ho + f(£)V, p(t)] — (h/2)0(p(1))

so that
Op(t +h)

af(t)
and we get using the adaptive LMS algorithm

9 || pa(t) = p(t) |2
: af(t)

— £(8) + 2uh.Re(=iTr((pat) — p(t)V: p(t))
— £(8) + 20k Im(Tr(pa(t) — p(®)) [V, p(1)])

= —ih[V, p(t)]

fE+h)=f(t) -
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or taking the limit h — 0, we get

df (8)/dt = 2. Im(Tr(pa(t) — p(D)[V: p(1)])

Now we can ask a more practical question: Choose a representation of the
density operator p(t) with respect to the spectral representation of an observable
Q, so that

<QlpM)|Q" >=p(t.Q.Q")
Then, update the control force f(t) so that the diagonal slice p(t, @, Q) tracks a

given probability density po(¢, Q). This means that we should use the adaptive
law

df (1) /dt = 2p.Tm / (Po(t. Q) — p(t.Q. Q)).IV, (1)](Q, Q)dQ

_ _M'afa(t) / (po(t, Q) — p(t, Q. Q))%dQ

7.4 Quantum neural networks based on super-
string theory

Consider the superstring Hamiltonian expressed in the domain of creation and
annihilation operators of the Bosonic and Fermionic fields after truncation to a
finite number of terms:

N N
Lo = Z a(—n).a(n) + Z nS_,.Sn
n=1 n=1
where
a(—n).a(n) = na*(—n)a”(n), S_,.S, = S%,,.5n

the sum being over repeated indices p,» = 0,1,..., D—1and a = 1,2, ..., A. The
truncated superstring propagator is given by

1
A=(Ly—1)"t= / 2Po=2(z
0
Note that the CCR and the CAR are
[a(n),a” (m)] = n**6(n +m), {52, 8%} = 6(a,b)d(n +m)

Consider a Bosonic-Fermionic vertex function

V(k,o0) = F(X(0,0),¥(0,0),%(0,0))exp(ik.X(0,0))

where
N

X(r,0) =1 Z (a*(n)/n)exp(in(t — o))

n=—N,n#0
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is the left moving Bosonic string and

N

Y (1,0) = Z Spexp(in(t — o))

n=—N

is the left moving Fermionic string. Note that the Bosonic Lagrangian density
is

Lp = (1/2)0,X"0°X,,

while the Fermionic Lagrangian density is

LF _ i,(/;apaaawa

We can choose our function F' in the vertex function in various ways that yield
after computing the appropriate quantum mechanical elements by interlacing
these vertex functions with the propagator quantities that are multilinear forms
in the D-vector k* and polarization vectors (* that closely resemble those ob-
tained from Feynman diagrammatic calculations applied to the Yang-Mills and
super-gravity theories but with some extra string theoretic corrections thereby
justifying our hypothesis that quantum field theories are low energy substitutes
to string theory. For example, we can choose

F = (c1k,0: X + 200" + ¢35k, 0. XH (0% )exp(ik. X)

Specifically, F' is an operator dependent upon the world sheet coordinates of
the superstring (7,0) and built out of the Bosonic and Fermionic superstring
operators in such a way that it represents an interaction between the string at
different points along it with other strings attached to it. For example, given
such operators Fi, ..., F,, we can construct quantum mechanical probability
amplitudes as

< G| A Fo ALLAF, | ¢ >

This formula is very similar to the situation that we have in quantum field
theory in which amplitudes are calculated using the Dyson series expansion that
represent the interaction of a system Hamiltonian with an external potential and
our matrix elements in the Dyson expansion have the form

/ < ¢2|U (00, 7))V (1)U (Trs Tn—1)V (Tn—1)...U (T2, 1)
—00<T1 <. <Tp <00
V(r)U(r1, —00)|p1 > dry...dry

where
Ul(re, 1) = exp(—i(re — 71)Hp)

with Hy being the unperturbed Hamiltonian and V'(7) the interaction potential.
if we have an operator F'(w), then

AF(w)A = (/0 zlLO_de)F(w).(/O 25072 d2)
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/ / Lo— 2F LO_QledZQ

and using the Heisenberg evolution formula for observables, we can write

o F(w)z7t0 = F(zw)
S0
[P (w)zy° = 21 F(w)zy 7 (2122)"

= F(zlw)(zlzg)L“

or equivalently,
A F(w)z° = (2122) 7025 PO F(w) 2y

= (2122) " F(w/2)

These formulas can be used to simplify the computation of the quantum me-
chanical amplitudes.

A remark: Suppose we apply the potential V' (¢) only upto time 7. Then the
above integral for the matrix element in the Dyson series becomes

/ < 92|U (00, 1)V (1)U (T, Ta—1)V (1)U (72, 71)
oo <...<T1 <T
V(n)U(m, —o0)|¢p1 > dmy...dm,

and after time discretization, we can control the potential V(T') so that the am-
plitude of transition results in a probability at time T of appropriate form. How-
ever, in quantum field theoretic calculations based on the Feynman diagrams,
the time parameter does not enter into the picture. This is because, we work
in the interaction picture so that V (¢) gets replaced by V (t) = Uy (t)*V (t)U (t)
and the corresponding amplitude of scattering by

< ¢>2|/ V(tn)..V(t)dty...dt, |1 >
oot <...<tp <00

and each V(t) is itself a spatial integral. Thus, the above amplitude assumes
the form

< ¢)2|T(/ Hl(lCl)...Hl(l’n)d41'1...d4l'n)|d)1 >

where T is the time ordering operator and H;j is the interaction Hamiltonian
density in the interaction picture. After evaluating this matrix element, we end
up with a result of the form a sum over products of terms of the form (all in
the momentum domain)

/a(¢2)A1(f1¢17¢27¢))F1(¢1a¢27¢)A2(f2(¢17¢27¢))F2(¢1;¢23¢)~~-
An(fn(¢la ¢27 ¢))U(¢1)d¢

where the I'; are appropriate vertex functions. For example in the case of
quantum electrodynamics, these vertex functions are corrections to the Dirac
Gamma matrices arising from the interaction between electrons, positrons and
photons. The A} s are propagators of the various particles evaluated at momenta
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that are some linear combinations f; of the initial, final and intermediate mo-
menta ¢1, o, ¢ of the particles. It is precisely because of this final form of the
scattering amplitude obtained in quantum field theory and more specifically in
quantum electrodynamics, that we look for a similar form for describing scatter-
ing processes in superstring theory. For example, consider the Dyson-Schwinger
equations that described the interactions between electrons, positrons and pho-
tons. These equations are derived from the equations of motion

(170 — mlip(x) = —ieA,(x)7 (),

DAM (33) = —el/j(x)Vuw(m)
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7.5 Designing a quantum neural network for track-

ing a multivariate pdf based on perturbing a
multidimensional harmonic oscillator Hamil-
tonian by an an-harmonic potential

d
H(t)=Ho+ Y fu(t)Vi
k=1

where

The eigenstates of Hy are
m>nezl z,={012,.}

and the unperturbed energy eigenvalues are
M
Hyln >=w.nn > w.n = Zw(kj)n(k)
k=1

The perturbed problem has solution [¢)(¢) > for its pure state which can be
expanded as

Oly(t) >= /wo(t,u)|e(u) > dMuy

We have assuming that in the expression gi(a,a*), all the a’s are to the left of
all the a*, that

gr(a,a”)|e(u) >= gi(a,d/0u)le(u) >= hi(0/0u,u)|e(u) >
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where hy (v, u) is obtained from gg(u,v) by pushing all the v's to the left of all
the u's in each of its monomoials. Then

gn(a, a®)e(u /z/)o (t, w)hi (D)0, w)e(u) > du

- / (91, 0/ Quiolt, ) e(u) > du
Further,
alk)*a(k)le(u) >= u(k)a(k)*|e(u) >= u(k)(@/du(k))le(u) >

and hence, Schrodinger’s equation can equivalently be expressed as

d
0 (t,u) Zw k)0 (t, u) /ou(k)) + Y fr(t)gr(u, —0/0u)ip(t, u)
k=1 k=1

Further, the wave function in position space corresponding to the wave function
¥ (t,u) in coherent vector space is given by

Y(t,q) = /¢(t,u) < gle(u) > du
where

< gle(u) >=> (u/Vn!) < gln >=> "(u"/Vn!)Hn(q)exp(—|q|*/2)

Our aim is to cause |¢(t, q)|? to track a given pdf po(t,q) with time.
Now consider the HPQSDE
dU(t) = ((—iH + P)dt + LdA — L*dA*)U(t), P = LL*/2
The wave function of system ® bath is given by
P(t) = U0)|(0) >
Writing
/¢ (t,u) ® |e(u) > du

where ¥(t,u) is a vector in system space while |e(u) > is a coherent vector in
Boson Fock space of the noisy bath, we get

LAA()]ib(t) >= dt/(L|zp(t,u) SYult) ® le(u) > du,
Thus,

< g®e()|LdA(t)|w(t) >= dt/ < g|L|y(t,u) >< e(v)le(u) > du,
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< g®e(v)|L*dAR) |(t) >= z‘;(t)/ < glL*Y(t,u) >< e(v)|e(u) > du
and hence the HPQSDE can also be expressed as

z‘d/dt/ < glu(t,u) >< e(v)]e(u) > du =

1= <slr+Pt) >
+ < g|Ly(t,u) > u(t)—ov(t) < g|lL*Y(t, u) >] < e(v)|e(u) > du
from which we deduce the functional partial differential equation
id/dt < g|Y(t,u) >= — < gliH+P|y(t,u) >
Fu(t) < glLy(t,u) > —(6/0u(t)) < g|L™¢(t, u)
or equivalently,
id(t,u)/dt = [(—iH + P) + u(t)L — (6 /0u(t))L*|(t, u)
The aim is to cause the functional pdf | < g|i(¢) > |? to track a given functional
pdf. Here ¢ = (¢(t) : t > 0) is the position trajectory. Note that
<ali(®) >= [ w(t.) < gle(u) > du
The position field is defined by
q(u) = a(u) + a(u)”
and hence its action on a coherent state is given by
< e(w)|g(v)le(uw) >=<v|u >< e(w)|e(u) > + < wlu >< e(w)|e(u) >
so we can formally write
qle(u) >= (u+06/du)le(u) >
or even at a particular time,
q(t)|e(u) >= (u(t) +0/0u(t))|e(u) >
A 3-D charged harmonic oscillator interacting with a spatially constant time
varying magnetic field directed along the z-axis. The Hamiltonian is
H(t) = (1/2)((px — eBo(t)y/2)* + (py +eBo(t)x/2)*) +p2 /2 + wi (a? + 1 +2%) /2
= (p3 + 1y +92)/2+ eBo(t) L. + (w(t)?/2)(a® + y*) + wi2/2
where
w(t)? = wd + e*By(t)?/2
This Hamiltonian can be expressed as
H(t) = Ho(t) + eBo(t)L-

with
Ho(t) = (0% + ) +92)/2 + (w(t)?/2)(2® + y*) + wj2*/2
commuting with L,.
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7.6 Applied Linear Algebra

Some notions from the representation theory of semisimple Lie algebras.
1. LetH;, X;,Y;,i =1,2,...,1 be the standard generators of the Lie algebra.
We have

[Hi, Hj] = 0,[H;, X5 = a(j,9) X}, [Hi, Xj] = —a(§,9)Y;, [Xi, Y;] = 04, j) H;

Let 7 be a representation of g or equivalently of the universal enveloping algebra
® in a vector space V. Let b = span{H; : 1 < i < [} denote the Cartan sub-
algebra of g. Let A € h* and let v be a cyclic vector for m with weight A. Assume
that 7(X;)v =0,i = 1,2,...,I. Then, it is clear that

TN Jv=g
where 91_ is the subalgebra of & generated by {Y1,...,Y;}. Indeed write
(i1, i) = (Y5, Y5 v
Then v(iy, ..., ix) is a weight vector for = with weight A\ — 21::1 «;, where
o;(H;) = a(j,1)
and moreover
k
w(H)o(iv, ooy in) = MNH) = > ai, (H))o(in, .oyi) € (N )o, H € b
r=1
and
m(X;)v(in, sin) = ([7(X;), m(Vi))] + 7 (Y, )w(X;))v(iz, ... ix)
= (5(.75 il)ﬂ-(Hil) + ﬂ-(}/ilﬂ-(Xj))rU(iQa ooy Zk)

k
=00, i1 ) (A(Hy,) = > alip, ir))v(iz, ..., ix)

r=2
+7 (Y5, )m(X;)v(ia, ..ik)
and hence by induction, it follows that

7(X;))0(in, oonyin) € T(N_)v

In particular, the above arguments show that

V= @ VA*Ele iy

1<iy,..,ip <l,k=1,2,..

and hence in particular,
Vy=Cuw
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so that

Now suppose

U

Then, we claim that
U=Cwv= V,\

Let A be the set of all roots of g and let P denote the set of positive roots
relative to a simple system. For o € A, we know that —a € A. Then define
H, € b so that

B(H,,H)=«a(H),H €

Then, for X, € go, X—a € §—a, We have
[Xo, X_o] =AH,
for some A € C. Then, since for all H € b, we have
A(H)=AB(H,,H) =
B([Xa, X0, H) = B(Xa,[X_a, H]) =
a(H)B(Xa, X_0)

it follows that
A=B(X., X_0)

and therefore,
[Xou Xfa] = B(Xom Xfa)Hoz

We can choose X, € A such that
B(Xo, X_0) =2/ < a,a>

where
<a,B >=< H,,Hz >= a(Hp)

Here < X,Y >= B(X,Y). Now define
H,=2H,/ < a,a >
and then we get

a(Hy) =2,8(Hy) =2< Ba>/ < a,a>

Representations of [1(2,C). The standard generators of [I(2,C) are (H, X,Y")
satisfying the commutation relations

[H,X]=2X,[H,Y]=-2Y,[X,Y]=H
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Let sl(2,C) act on a finite dimensional vector space V' via an irreducible repre-
sentation p, ie, for v € V and Z € si(2,C),

Zwv=p(Z)v

Let A be an eigenvalue of p(H) with eigenvector v. Then p(X)v is either zero or
else an eigenvector of p(H) with eigenvalue A+2 and likewise, p(Y")v is either zero
or else an eigenvector of p(H) with eigenvalue A—2. Since V is finite dimensional
and eigenvectors of any matrix corresponding to distinct eigenvalues are linearly
independent, it follows from this argument that there exists a nonzero vector
vo that is an eigenvector of p(H) with some eigenvalue A\g and also satisfies
p(X)vy = 0 and further that there is a finite non-negative integer m such that
p(Y)™v #£ 0 but p(Y)™ v = 0. Then, defining

v; = p(Y)vg,5=0,1,....m

it follows from the irreducibility of p that {v; : 0 < j < m} is a basis for V" and
that
p(H)vj = (Ao —2j)v;,0 < j<m

It is clear that p(Y)v; = vj41 and that p(X)v; is proportional to v;_;. We shall
evaluate the proportionality constant. To do so, observe that

Xv; = XYy = [X,Y]vg

j—1 j—1
= Zyj—l—r[x, YY" = ZYﬁ—l—THY%O
r=0 r=0
J—1
— Z YIS ([H, Y] + Y H )
r=0
j—1
= Z Y7 (=20 4 XY o
r=0

j—1
= (Ao —2r)Y/ g
r=0

= (AoJ = J(j —1)vj—1
Thus the proportionality constant is j(Ag—j+1). Now, we further observe that
Y™m+lyg = 0 implies XY™ 1yy = 0 and hence by the above argument,

Ao(m+1)—(m+1)m=0

or equivalently,
)\0 =m

It follows that the eigenvalues of p(H) are precisely, m,m — 1, ..., —m with the
corresponding eigenvectors being Y/vg = v;,j5 = 0,1,...,m. In particular, we
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have deduced the fundamental result that all the eigenvalues of p(H) for any
irreducible representation p of sl(2,C) are of the form [j|,7 < m where m is
some non-negative integer. For m = 0, we get a one dimensional irreducible
representation of s/(2,C) that is the trivial identity representation of the group
or equivalently the zero representation of the Lie algebra.
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Chapter 8

Quantum Field Theory,
Quantum Statistics, Gravity,

Stochastic Fields and
Informationy

8.1 Rate distortion theory for ergodic sources

Let X3, X5, ... be iid random variables assuming values in a finite alphabet A
in accordance with the probability distribution P;. For each n > 1, construct
a code Cy, : A" — A"™. We write X for (Xq,...,X,,) and then C,(X) € A"
with components Cy,(X);,7 = 1,2,...,n. We say that C,(X) is a code word
corresponding to the source word X = (Xi,...,X,,). Let C,(A™) denote the
range of the code C,, ie,

Cn(A") ={Cn(z) 1z € A"} C A"

|C.(A™)] is the cardinality of the code C,, and is also called the size of the code.
The rate of the code is

Ry (C) = log(|Cn(A™))])/n
Define N
pn(C) =E(n™ "> p(Xk, Co(X)i)
k=1

pn(C) is called the distortion of the code C,,. Further, for any probability
distribution @ on A x A, define

p(Q) = p(r,y)dQ(x,y)

AxA
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Here ,p is a metric on A. In data compression theory, we wish to select a
sequence of codes (), each of as small a size as compared with [A|" = |A"|
in such a way that limsupp,, (C) < D where D is a fixed positive real number,
called the allowable distortion threshold. Shannon proved the following theorem
in this regard: Define the rate distortion function

R(D) = inf{H(Q|Q1 x Q2) : p(Q) < D,Q1 = P}

where Q1 and )2 are the marginals of (). The infimum is over all probability
distributions @ on A x A. Shannon proved that given D > 0, for each § > 0,
there exists a sequence of codes C), : A" — A", n=1,2,... such that

limsupR,,(C) < R(D)+ 46

and simultaneously
limsupp,(C) < D

and also the converse, namely that if a sequence of codes C), : A™ — A", n>1
satisfies the condition
limsupR,,(C) < R(D)
then
limsupp, (C) > D

for any D > 0. Heuristically speaking, this means that given a distortion
threshold D, a sequence of codes must have a rate of at least R(D) in order for
the distortion level of this sequence not to exceed D.

Proof of the direct part based on large deviation theory and Shannon’s ran-
dom coding argument. For a given probability distribution Q on A x A and for
x € A", define

Sn(x)={ye A" :n~! Zp(xk,yk) <p(Q) +6}

k=1

Define a random code C), on A™ consisting of the code-words {Y (i) = (Y (i, 1), ..., Y (i,n)) :
i=1,2,...,k,} where the Y (i,5),i = 1,2, ..., kn,j = 1,2,...,n are iid r.v’s with
distribution @2, the second marginal of @) independently of X. Here

kn = [exp(n(H(Q|Q1 x Q2) +0))]

If C, N Sp(x) # ¢, we pick an element C,,(z) from this intersection. Then, we
clearly have from the definition of the set S, (x) that

n

n! Zp(zk, Cr(2)k) < p(Q) + 6 + pPrmazXCons, (@)=¢ — — — (1)
k=1

where C), = C,(A™). Now, for fixed x € A™. But,
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= P(Y(1) ¢ Su(a))
= (1 - P(Y(1) € Su(@))* < eap(—kn P(Y (1) € Su(x))
< exp(—exp(nd)) — 0
almost surely for all x distributed as Q7 because as we shall presently show,
liminfn~'log(P(Y (1) € Su(2))) > —H(Q|Q1 x Qo)
almost surely for all sequences z having the iid @, distribution. From this and
(1), it follows immediately on taking expectations after replacing = by X (first
w.r.t X and then w.r.t the random code C,,) that
limsupE(pn(C)) < p(Q) + 0
It follows then that there exists a sequence of non-random codes C,(,O) such that
limsumpn (C0) < p(Q) + 6
and further the size of C’r(LO) is clearly k, and therefore
limsupplog(|C\"|) /n = limsuplog(kn) /n = H(Q|Q1 x Q2) +
From this, the direct part of Shannon’s rate distortion theorem follows at once.

Now, we must prove the large deviation result stated during the proof. First
define the probability measure Q) on A x A by

401 (z.y) = exp(hp(z,))dQx (a) x dQa(w)/ [ cp(roliv)iQa(y)
Note that @, has first marginal Q1. Now,

0 < H(Q|Qx)

— H(QIQ1 % Q2) — / 4 (z) dog( [ exp(p(x,4))dQs(y))
Q) — — —(2)
for any A € R. Define
Ao(N) = / 4Q: () Jog / exp(ro(z, 9)dQa(y))

and let
AG(§) = supa(A§ — Mg (M)

Then, we get from (2),

H(Q|Q1 x Q2) = A5 (p(Q))



84 Classical and Quantum Information Theory for the Physicist

Further, we have
P(Y(1) € Sn(x)) = P(Zn(2) < p(Q) + )

where

Zn(x) =n"t Z p(zk, Y (1, k))
k=1

with the Y (1,k)’s being iid with distribution Q2. The Gartner-Ellis limiting
logarithmic moment generating function for the Z,(x)’ is given by

limn~'.logEexp(n\Z,(x))
— timn ™ Jsuni_log [ cop(rp(o,))dQa(0)

— [ d@i@)tog [ exp(do(e.)dQe(w) = A0V

the last equation being an almost sure equation assuming that the sequenc
x = (zp) has the iid @Q; = Py distribution. Thus, the large deviation lower
bound, we have a.s.Q1

liminfn~'log(P(Y (1) € S,(x))) > —inf{A5(§) : € < p(Q) + 6}
> —Aq(p(Q)) > —H(Q|Q1 x Q2)

which completes the proof of the direct part of Shannon’s rate distortion com-
pression theorem.

Remark on the relationship with the zero distortion Shannon noiseless coding
theorem. If D = 0, ie, zero distortion is required, then the asymptotic rate of
compression becomes H(Q|Q1 X Q2) + § with p(Q) = 0. Now, p(Q) = 0 means
that for a given input source alphabet z € A, the output alphabet y = z a.s.
Q, so that

/ﬂ(w,y)dQ(x,y) =0

It in other words,
H(Q) = H(Q1), H(Q2) = H(Q1)

and therefore

H(Q|Q1 x Q2) = H(Q1) + H(Q2) - HQ) = H(Q1)

and the compression rate for zero distortion then reduces to the classical Shan-
non result H(Q1).

Converse part: Let C,, be a sequence of codes (C,, : A" — A™) an let
R, (C) =log(|Cy|)/n. Suppose

pu(C) = E(m™" " p(Xie, Cu(X)0) < p(Q)
k=1
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Define any probability distribution @, on A™ x A™ so that its first marginal
is Q7 = Pl" and @, is concentrated on the sets (z,Cp(z)),x € A™. Let Q2
denote the second marginal of @,,. We can write

Qan(y) = Y falz,y)QT(x),y € A"

TEA™

Thus,
Qn(z,y) = fu(z,y)Q7 (2)Q2n(y)

or equivalently,
(dQy/dQY x dQ2y)(z,y) = fn(x,y)

Since

1= Qanly)

it follows that
0 < fulz,y)Q7 (2)

<1
Now, since Qs is concentrated on the set C,,(A™), it follows that
H(Q2,) <log|Cr| = nR,(C)
Thus,

H(Qn|Q71L X QQ"L) = H(Q?) + H(QZn) - H(Qn) S H(QQn) S an(O)

Now,

Problem: Let @ be a probability distribution on A™ x A™ and let Qx,Qy
be its two marginals on A™. Assume that Qx = P" is an iid product measure,
and let QQy,; denote the marginals of Jy. Note that P and Qy,; are probability
distributions on A. Then, show that

H(Q|Qx x Qy) > > H(Qi| Py x Q)
i=1

where Q; is the i marginal of Q on A x A when we write A" x A" = (A x A)".
Solution:

H(Q) < Z H(Q:), HQy) < Z H(Qy,)

Thus
H(Q|Qx x Qy) =-H(Q) + H(Qx) + H(Qy)

=-H(Q)+nH(P1)+ HQy) =nH(P) — H(Xy,...,Xu[Y1,....Yy)
On the other hand,

n

D H(QilPrx Qa:)

=1
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=nH(P) = ) (H(X3, Yi) = H(Y;)) = nH (Pr) = 3 H(Xi|Y)

Thus, the problem amounts to showing that

H(X1,...,Xn|Y1,....Y,) < ZH(XAY;)

This follows immediately from the fact that
H(X;|Y;) > H(X;|Y1,...,Y,)Vi
and therefore

SCH(XY;) =Y H(Xi|Y, .., Ya) = H(Xy, .., Xa|Y1, .0, Vi)

Remark: For any r.v’s X1, X5,Y, we have
H(X1|Y)+ H(X:|Y) > H(Xy, X2|Y)
because

H(X1,XolY) = H(X41[|X2,Y) + H(Xo|Y) > H(X4|Y) + H(X2]Y)

e H(Z|U)—-H(Z|U,V) >0
Note that
H(Z|U) - H(Z|U,V) == p(x,u,v)log(p(z|u)) + > p(z,u,v)log(p(z|u,v))

Z,U,v Z,U,v

= Z p(z,u,v)log(p(zlu,v)/p(z|u))

Z,U,v

= plu,0). Y p(zlu,v)log(p(zlu, v) /p(z|u)) = 0

uU,v

8.2 Problems

Prove that the function —x.log(z) on the positive reals is concave and hence
deduce concavity of the entropy.

Prove that doubly stochastic matrices of a given dimension form a convex
set whose extreme points are the permutation matrices. Deduce that if p is a
probability vector and @ a doubly stochastic matrix, then

H(Qp) < H(p)

ie, evolution of a Markov chain under a doubly stochastic matrix always de-
creases the entropy.
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8.3 Simulation of time varying joint probability
densities using Yang-Mills gauge theories

Vertex function in quantum field theory: Let
< O0|T(%(2)¥(y)A”(2)))|0 >
— [ SIS @)D" (o erplitp(o—2) - (5-2))d'pi'p (1)

Then I',(p,p’) is called the vertex function.
Application to the computation of the electron self energy function.

[i7.0 = mip(z) = —er"(x). Ay ()

Thus, if B
Sz —y) =< 0T (¥ () ()]0 >,

then
[i7.0: —m]S' (x —y) =7°6*(x — y) — 7" < O|T (Y (x)p(y)Au(x))|0 >

M —em,/S’ w(p, )5S (p )D””/(p—p')exp(ip’.(x—y))d4pd4p’

Taking Fourier transform of this equation w.r.t x — y gives

bp = mlS'(p) ="~ ev, [ S'@u(a.)S(@)D" (a - 0)3(d’ - pid'ad’y
or equivalently,

S'(p) = S() — 1S (D) / S'(@)T(0.9)S' (0) D" (q — p)d'q

= S(p) + S()=(p)S'(p)

where X(p) is the electron self-energy function given by
= —6%/5’ w(@,p) D™ (g — p)d*q

The notation used here is as follows: D#*” S are respectively the photon and
electron propagators in the absence of interactions between the two while D'
and S’ are respectively the exact photon and electron propagators, ie, after
taking into account interactions between the two. Upto first order perturbation
theory,

X(p) = —en / S(q)y. D" (q — p)d*q

since in first order perturbation theory, the vertex function is

Lu(pp") =
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This can be seen as follows:

e< OIT(w(x)JJ(y)(/ DM (2 = 2")ip(2 )y (2)d*2))[0 >

—e / <O )P b ()]0 > DF¥ (= — )’

In first order perturbation theory, we can evaluate the above time ordered vac-
uum expectation by using the bare electron propagator to get

<O|T(¥(z)v(y) A" (2))[0 >

=e / S(z — 2"y, S(2' —y) D" (z — 2')d*2’
and then a comparison with (1) after transforming the integral to the momentum
domain using the Fourier transform shows that
Lyu(p,p') =Y

In terms of the vertex function, we have thus calculated the change in the
electron propagator caused by radiative effects, ie, by the interactions between
the electron-positron field and the photon field. Let us likewise calculate the
change in the photon propagator caused by radiative effects in terms of the
vertex function. We start with

OAH(z) = ey (x)y" 4 (x)

and hence if )
D* (z —y) =< 0|T (A" (z)A"(y))[0 >

we get
0.0 (& — y) = 564 (z — y) + e < OT((x)7" () A* (4)))]0 >

This gives

D" (@) = D*(a —y) + ¢ [ Dla ~ 2) < OT(@EH" 9= A" W)]0 > d=
where we recall that
" D(x —y) = D" (z — y)

Now,
<O|T(P(2)7"1)(2) A" ())|0 >=

Vap < OIT (4o (2)a(2) A" (y))[0 >
=Tr(y" < 0|T(s(2)(2) A" ())|0 >)
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= Tr(y / S' (P (0.0)S'(7)D* (p — p)explip-(z — y) — iv/ (= — y))d'pd"p)

This give us the following equation for the corrected photon propagator:

DM (z—y) = DM (z—y)+eTr( / D(z—2)7"S'(p)T»(p,p')S" (') D (p—p')
exp(i(p—p').(z—y))d*pd*p'd*z)

= D" (z—y)+e.Tr( / D(z—y—2)7"T,(p, p') D (p—p Yexp(i(p—p').z)d pd*p'd*2)

= D" (z—y)+elr / (D(p—p' W' o(p, ') D™ (p—peap(i(p—p').(x—y))d*pd*p’

or equivalently in the momentum domain,

D (p) = D" (p) + eD(p)Tr (7" / Ty(p + k, k)d*k) D™ (p)

— D (p) + eD* ()T (74 / T, (p+ k. k)d*k) D (p)

= DM (p) + D" (p)Tla, (p) D" (p)

where the polarization tensor Il,,(p) is given by

M, (p) = €Tr(7a / Ty(p+ k. k)d*k)

8.4 An application of the radiatively corrected
propagator to quantum neural network the-
ory

Consider the scattering of two electrons having initial four momenta pq, p2 and

final momenta pf, p, with a photon being exchanged during the scattering pro-

cess. There are two possible Feynman diagrams for this process. According to
the first diagram, the scattering amplitude is given by

A(ph, plpr, p2) = w(P)V u(pr)-6(ph)y u(p2) D, (p1 — p)6* (0 + ph — p1 — p2)

Now consider the same scattering amplitude but now taking into account the
extra effect that when the photon is being exchanged during the scattering
process, it polarizes into an electron and a positron via a single loop. The
amplitude for such a process is given by

w(p) " u(p1) Dy (p1—ph)[ / Tr[S" () 7S (p1—pi =)Vl d ala(py)y u(p2)5*
(Py4p5—p1—p2)D(py—p2)

where D(p) = 1/(p? +i0) and S’(q) is the radiatively corrected electron propa-
gator. Upto one loop orders, the total scattering amplitude via the first channel
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is the sum of these two amplitudes. Now consider an even more complex situa-
tion when there is an external c-number control photon vector potential Af, (k)
line carrying four momentum k that is absorbed by the first electron prior to
its getting scattered. In this case, the scattering amplitude taking into account
this c-number line and the polarization of the exchanged photon into an electron
and a positron via a one loop factor is given by

A(pll,p/2|p1,p2,k) =
AG(k)u(p))y"S (p1 + k)v u(pr)

Dy (pr—p+k)| / Tr[S (9) v S (p1—py+k—q)7,)d* qu(ph )y u(ps2)s*
(P} +ph—p1—p2—k)D(py—p2)

If however, all the frequencies and wavelengths are present in the external c-
number photon line, then to obtain the scattering amplitude, we have to inte-
grate the above expression over all external c-number photon four momenta k
to obtain the following expression for the scattering amplitude:

A(py, phlp1,p2) = /A(p'up'zlpupmk)d‘*k =

AG(p) + py — p1 — p2)a(p)) Y™ S (P + ph — p2)y u(pr)

Dy (phy — pz)[/ Tr[S' (9) S’ (P — p2 — a)7,)d" qla(ph) v u(ps)

The scattering amplitude when our c-number potential Af, is applied upto time
t is given by A;(p!, p5|p1,p2) which is obained by replacing A% (k) by

AG(t k) = /<t . AG(t,r)exp(—i(k'1 — K.r))drd®r
T<t,re

We can then control A% at time ¢ 4 h so that |Ayy (), phlp2, p2)|? is close to
some given transition probability density Q1x (P, ph|p1,p2) using an algorithm
like the stochastic gradient algorithm.

The logic underlying this formalism is the Dyson series expansion of the
scattering amplitude between two states: If V(s) is the interaction potential
in the interaction representation and this potential is applied upto time ¢ and
thereafter switched off, then the scattering amplitude between an initial state
|¢; > and a final state |¢f > is given by

Awc(sln) = S (=i)" <¢f|[ o V)V ()t >

n>1

=) ()" < ¢f|/ V(t1)..V(tn)dt,...dt,|d; >
—oco<t, <...<t1 <t

n>1

= At(ﬂﬁf‘ﬂsi)
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8.5 An experiment involving the measurement
of Newton’s gravitational constant GG

Using a sensitive torsion balance located underground so that there would be no
atmospheric disturbance in the torsion experiment. Two masses were connected
to this torsion string and the force between the two masses could be measured
by measuring the amount of twist of the torsion string. From measurements
of this force, one could in principle calculate G using Newton’s inverse square
law of gravitation. Now one could try this experiment with other masses made
of other materials and again measure G. This process of measuring G with
different masses attached, if sensitive enough, would be able to tell us whether
G was the same for all materials or not. My boss had in mind a theory called the
theory of the fifth force which said that G would not be a constant because the
fifth force on a body due to another need not be proportional to their masses,
perhaps it may depend on the the composition of the material like the number
of neutrinos in the two masses. This conjecture, if proved right, would make one
have to revise Einstein’s principle of equivalence of the proportionality between
inertial and gravitational masses. Specifically, the dynamics of a mass m in the
gravitational field of another mass M would have to be expressed as

ma =GMm/r® + F

where F' is the fifth force exerted by M on m. Thus, m would not cancel from
both sides and hence we would get

G- r’(ma—F) r?a  r*F
N Mm M Mm

In the absence of the fifth force, F' = 0 and one would recover the classical
result that a is independent of m and proportional to M provided that G was
a constant. The presence of a nonzero F' would either make G a constant and
a a function of m or else it would make G non-constant and dependent on m
thereby causing the proportionality of inertial and gravitational masses to get
violated. The conjecture is that the neutrino is its own antiparticle and that a
major portion of the unobservable dark matter in the universe was composed
of neutrinos which was the source of the fifth force. Model the dynamics of the
torsion oscillator taking noise into account and develop a statistical theory for
its oscillations. The celebrated ”Fluctuation-Dissipation Theorem” developed
primarily by Einstein and polished by the Japanese physicist Ryogo Kubo which
states that there must be a relationship between the fluctuation coefficient and
the dissipation coefficient in a stochastic dynamical system in order that the sys-
tem be in thermal equilibrium at a given temperature 7. From the standpoint
of stochastic differential equations, we can formulate this principle as follows:
Consider a mechanical system with n canonical coordinates and n canonical
momenta. Set up the Hamilton equations of motion and add non-conservative
terms to this differential system in the form of dissipative forces proportional to
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the canonical momenta and random forces proportional to white noise or equiv-
alently to the time derivative of Brownian motion. Transform this system into a
system of Ito stochastic differential equations and write down the Fokker-Planck
or forward Kolmogorov equation for the evolution of the joint probability den-
sity of the canonical coordinates and momenta. Consider the situation when
the Gibbs density C.exp(—H/kT) where H is the Hamiltonian and T' the tem-
perature, is an equilibrium solution to this Fokker-Planck equation. One then
recovers a generalization of the famous Einstein fluctuation-dissipation theorem
that relates the dissipation coefficients to the fluctuation /diffusion coefficients.
The idea behind applying this theorem to our torsion oscillator is that we can-
not in our model select the dissipation and diffusion coefficients at random, they
must always be selected so that the fluctuation-dissipation theorem is satisfied
and then from the measured dynamics of the resulting ”stochastic torsion os-
cillator” we can hope to get a reliable estimate of its parameters, one of them
being G.

8.6 Extending the fluctuation-dissipation theo-
rem

To a general system of stochastic differential equations with the condition that
a given density be an equilibrium density for this system. Specifically, if one
considers the coupled system of sde’s

dX(t) = £(X(1))dt + g(X(t))dB(%)

then the condition that a function p(X) be an equilibrium density for this system
is that
~Vi(f(X)p(X)) + (1/2)Tr(Vx Vx(gg” (X)p(X)) = 0

This determines a realtionship between the drift coefficient vector valued func-
tion f(X) and the diffusion coefficient matrix valued function g(X)

8.7 A discrete Poisson collision approach to Brow-
nian motion

The origin of this idea is Einstein’s little book on ”investigations into the theory
of the Brownian movement” of around sixty odd pages where Einstein had de-
rived from basic collision theory, the diffusion equation for the pdf of Brownian
motion and had even suggested using Stokes’ formula for the viscous force on
a spherical pollen particle moving in a liquid, the equation of continuity for a
fluid of particles and the ideal gas equation, a formula for the diffusion coeffi-
cient in terms of the temperature, Boltzmann’s constant, Avogadro’s number,
the viscosity of the fluid and the radius of the pollen particle. Einstein had
then by solving the diffusion equation, related the mean square deviation in
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the position of the pollen grain after a given time duration to the diffusion co-
efficient and hence suggested a method to calculate Avogadro’s number from
measurements taken on the displacment of several pollen particles undergoing
Brownian motion inside a liquid. This experiment, Einstein had said, would
provide a concrete proof of the kinetic molecular theory of matter, that mat-
ter was indeed composed of atoms and molecules. It was at that time one of
the miraculous pieces of theoretical phyisics because it was not clear even af-
ter Rutherford’s experiment and Bohr’s model of the atom whether all matter
was indeed composed of atoms and molecules. Einstein had suggested that by
observing the erratic motion of pollen particles in a liquid, one could conclude
that the warm liquid was indeed composed of molecules which were in constant
motion at a finite temperature and that this motion produced random kicks on
the pollen grain causing it to move along an erratic trajectory. Brownian mo-
tion had been observed several years ago by Robert Brown but it was generally
believed that this motion was due to the organic matter having some sort of
life, never was it believed that this motion was due to the kicks produced by the
molecules at finite temperature and Einstein’s theory was a bold step in this
direction claiming Brownian motion to be a confirmation of the ultimate atomic
structure of all matter. Today we know very well that Einstein was right. The
model suggested here is as follows: Suppose a particle of mass M moving at
time 75, with a velocity V (7, —) suffered a collision the another particle of mass
m moving with a velocity vg. Then, just after the collision, the particle of mass
M would move with a velocity V(7x+) where by conservation of momentum
and energy,

MV (1—) + mvg, = MV (1+) + muy,,

MV (1:=)2/2 + mu2 )2 = MV (14)2/2 + mv,2 /2

with v}, being the velocity of the particle m just after the collision. This system
of equations can then be solved to yield V(7;+) in as a linear combination of
V(1—) and vy with the linear combination coefficients being some functions of
M and m. Now we assume that the successive collision times 74,k = 1,2, ... of
particles of mass m moving with velocities vg, k = 1,2, ... are the arrival times
of a renewal process, ie, the inter-collision times 711 — 7%,k = 0,1,2,... are
iid random variables with a distribution F' and that the corresponding colliding
velocities vg, k = 1,2, ... are also iid random variables with a distribution G,
then using the assumption that in between two successive collision times 75, and
Tk+1, the particle M moved with a uniform velocity so that its velocity at time
t was given by

V(t) = V(Tk-i-),’i'k; >t < Tpt1, V(TkJrl_) = V(Tk+)

we can in principle calculate the statistics of the velocity process V(t) of M
in terms of F' and G and M and m. Then, by taking appropriate limits with
appropriate choices of F and G (like F' being the exponential distribution cor-
responding to Poisson collision times and G being the Maxwellian Gaussian
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velocity distribution), is it possible to arrive at Langevins’ theory of the veloc-
ity process:
dV(t) = —yV (t)dt + odB(t)

so that V/(¢) is a Gaussian process with zero mean and autocorrelation (o2 /2v)exp(—
t2]) when equilibrium has been reached ?

8.8 The Born-Oppenheimer program

Involves developing software packages for calculating the energy levels and sta-
tionary state wave functions for any kind of atom or molecule. Let me introduce
this circle of ideas. The first well known approximate method for solving many
atom problems was developed by Born and Oppenheimer. Consider a crystal
having N nuclei, each of mass M and charge Ze. Assume that each nucleus has
Z electrons, with the effective mass of each electron being m. Let P,, denote the
momentum operator of the n!” nucleus and let p,; denote the momentum oper-
ator of the i'" electron in the n'* nucleus. Let R,, denote the position operator
of the n** nucleus and let 7,; denote the position operator of the i*" electron
of the n** nucleus. Let Ui (R, Tmi) denote the interaction potential energy be-
tween the n'" nucleus and the i*" electron of the m!" nucleus. Let Uy(R,,, R.,)
denote the interaction potential energy between the n!” and the m!" nucleus
and finally, let Us(r,,;, 1) denote the interaction potential energy between the
it" electron of the n'® nucleus and the j** electron of the m'” nucleus. The
total kinetic energy of the electrons is

T, = Zpii/%n
n,i
The total kinetic energy of the nuclei is
Ty =Y P?/2M
n
The total mutual interaction potential energy of the electrons is
U = Z US(T'niarmj) = Ue(r)
nmaij
The total mutual interaction potential energy of the nuclei is
Uv =Y Us(Rn, Rm) = Un(R)
n,m
and the total interaction potential energy between the nuclei and the electrons
is

Une = Z Ul(Rn7rmi) = UNe(Ra I')

nma
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The total Hamiltonian (energy operator) of the crystal is
H=Tnv+T.+Un+U.+ Une,
Our aim is to solve the eigenvalue problem
Hy(R,r) = EY(R,r) — — — (1)
To this end, we assume a factorization of the wave function

(R, r) = ¢(R)x(R, )

where x (R, r) is the wave function of the electrons alone with the nuclei at fixed
positions:

(Te + Ue + UNE)X(Rv I') = Ee(R)X(Ra I‘) - 7(2)
E.(R) is the corresponding energy level of the electrons with the nuclei at the

fixed positions R. Substituting this into (1) and noting that T, does not act on
o(R) gives us

(Tn + Ee(R) + Un(R))$(R)x(R, 1) = E¢(R)x(R, 1)

To a first order of approximation, one then assumes that the action of the
kinetic energy Ty of the nuclei on x(R,r) is negligible in view of the heaviness
of the masses of the nuclei, ie, M >> m. Then one arrives at the approximate
equation

(Ty + Un(R) + E.(R))$(R) = E¢(R) — —(3)

This equation tells us that ¢(R) is the approximate wave function of the nuclei
moving in the potential generated by their mutual interaction plus the energy
of the electrons with the nuclei at fixed positions. If we did not make any such
approximation, then

Tyo(R)X(R,T) =

Tné(R)Y(R, r) + 6(R) Ty X (R,1)+
S (Pud(R)).(Pux(R,r)/M

n

and then the exact equation for ¢(R) would read
(Tn + Un(R) + E.(R) — E)¢(R)

HOR)(Twx(R.x)) /xR 1)+(1/x(R.1)) Y (Pud(R))-(Pux(R.x)/M] = 0———(4)

n

If we solve the approximate nuclear eigenvalue problem for ¢(R) and E as in (3),
we can get the next order approximation by using (3) and (4) with E replaced
by E + 0E and ¢(R) replaced by ¢(R) + 0¢(R) in (4) and using first order
perturbation theory to get

(Tn +Un(R)+ E.(R) — E)op(R) — dE.¢(R)
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+HOR)(Tn (R, 1) /xR, 1) + > _(Pug(R)).(Pax(R,r)/M] = 0 — — = (5)

The dependence of this equation on r can be eliminated by multiplying both
sides with x(R,r)* and integrating over r:

(In + Un(R) + E¢(R) — E)d¢(R) — 0E.6(R)
+¢(R)/X(R, r)*Tnx(R,r)d®r

F00 [ XRer) Px(Rr)dn) (Pu6(R) =0 -~ = (0)

As in standard time independent first order perturbation theory in quantum
mechanics, (6) can be solved for d¢(R) and 0F using all the normalized nuclear
eigenfunctions ¢(R) corresponding to the different eigenvalues E in (3). The
perturbation process can then be continued in (6) by replacing F and ¢ with
E+46F and ¢ + §¢.

The exact band structure of a semiconductor crystal could be calculated by
a definite algorithm and this algorithm developed by Born and Oppenheimer
several years ago .

8.9 The superposition principle for wave func-
tions of the curved space-time metric field
could lead to contradictions and what are
the fundamental difficulties in developing a
background independent theory of quantum
gravity

8.10 Attempts to detect gravitational waves from
rotating pulsars and sudden burst of a star
using crystal detectors

All such attempts they mentioned had failed to detect gravitational waves and
hence there was a big question mark on whether such waves predicted by Ein-
stein’s general theory of relativity really existed. From this time, it has now
taken about twenty five years to conclusively prove the existence of gravita-
tional waves thereby opening the way for designing more experiments to detect
the graviton as the fundamental particle that transports gravitational waves
just as the photon is the fundamental particle that transports electromagnetic
waves and likewise the massive W and Z bosons are the fundamental particles
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that propagate the nuclear forces. Not surprisingly, the detection of gravita-
tional waves came not via the effect of gravity on matter but rather its effect
on electromagnetic waves coming from a laser. Einstein had shown that gravity
can cause light to bend and can also affect the electromagnetic wave patterns
in space-time, the former by virtue of the null geodesic equations in curved
space-time and the latter by virtue of the covariant derivative appearing in the
Maxwell equations in order that these equations be tensor equations, ie, valid
for all observers in the universe.

8.11 Sketch of the proof of Shannon’s coding
theorems

Let A be an alphabet with a symbols and let p be a probability distribution on
A. This defines the source. The channel is characterized by the transition prob-
abilities ¢, (y),x € A,y € B where B is another alphabet with b symbols. The
source is assumed to be memoryless which means that the letters outputted by
it are iid random variables each one having the distribution p. This means that
the probability of the source outputting the sequence u = (u(1)u(2)..u(n)) € A™
is given by pp(u) = II?_;p(u(i)). The channel is also assumed to be memory-
less which means that if the source emits the string u = (u(1)...u(n)), then the
probability that the receiver receives the sequence v = (v(1)...v(n)) € B™ is

Gun (v) = 11 quiy (v(3))

From the Chebyshev inequality, we know that if § > 0 is an arbitarily small
positive real number, then the probability that the source will emit an n-long
string v in the set

T(n,p,6) = {u: [N(z|u) — np(z)| < 8y/dnp(z)(1 - p(x))¥e € A}

can be made arbitrarily close to unity by choosing n large enough and further,
the probability of each sequence in T'(n,p,d) is arbitarily close to 2-"H(?) for
large n (on a logarithmic scale) and the number of sequences in T'(n,p,d) is
likewise arbitrarily close to 2" (®)_ In other words for large n, a sequence emit-
ted by the source will almost completely surely fall in T'(n,p,d) called the set
of §-typical sequences and further that these sequences will be nearly uniformly
distributed over T'(n, p,§) with each sequence having probability 2" (P), This
result form the core of Shannon’s noiseless coding theorem that is the basis of
data compression. Likewise, since the probability that the received symbol is
y is given by q(y) = >, c 4 P(2)qz(y), it follows that the received sequence in
B™ for sufficiently large n will almost certainly fall in T'(n, ¢, €) with e arbitarily
small when n large enough. The number of n-long typical sequences transmit-
ted is 27" () while the number of n-long typical sequences received is 2~ (2)
Further, if u (i) is the i*" symbol transmitted and v(i) the corresponding symbol



98

Classical and Quantum Information Theory for the Physicist

received, then the pairs (u(i),v(i)),7 = 1,2,... are iid with probability distri-
bution pu(z,y) = p(x)g.(y) and we can also therefore talk about jointly typical
sequences in transmitted-received symbol pair space. The transmitted-received
sequence pair will also be jointly typical with probability nearly one. Moreover
the typical sequences are nearly uniformly distributed over the typical sequence
space and hence given a transmitted sequence and a received sequence in their
respective typical spaces, the probability of the corresponding joint sequence

being typical is
2nH(X,Y)
2 g-nI(XY)
onH(X)9onH(Y)

where

HXY)=HX)+H(Y)-H(X,Y)

is the mutual information between a transmitted and received symbol. Here X is
a random variable with values in A having distribution p so that H(X) = H(p),
Y is a random variable in B having distribution ¢ so that H(Y) = H(q) and
H(X,Y) = H(p). We encode the n-long strings transmitted by the source
in the following way. Let R < H(X). Then one of 2" distinct messages
{1, ..., x9nr } selected at random from the 271(X) typical sequences of the source
is transmitted. Then when the i*" message z; is transmitted and 7; is the
corresponding received message (i = 1,2, ..., 2"%), the receiver decides that that
x; has been transmitted if (x;,y;) is jointly typical. A decoding error will
therefore occur if either (x;,y;) is not jointly typical or else if (x;,y;) is typical
for some j # i. The average error probability with this random code is then
given by

271,R

g—nkt Z P((x;, yi)isnottypicalor(x;, y; )istypical forsomej # i|y;)
i=1

where the received sequence y; is typical. The probability of (z;,y;) being non
typical given a typical output sequence y; is negligible while the probability of
(z;,y:) being typical given that both x;,y; are typical is 2-n1(X.Y) a5 we saw
above. Thus, the average error probability of this random code is smaller than

(using the union bound)
gn(R—I(X,Y))

and this probability will converge to zero as n — oo provided that R < I(X,Y).
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8.12 The notion of a field operator or rather an
operator valued field

How this idea could be used to develop the matrix mechanics of Heisenberg
for the electromagnetic field of photons interacting with the electron-positron
field of Dirac. This process of making classical fields like the electromagnetic
four potential and the Dirac wave function into field operators and then intro-
ducing canonical commutation relations (CCR) for Bosonic fields and canonical
anticommutation relations (CAR) for Fermionic fields is a new idea. For ex-
ample, the CCR for a system of particles reads [q,(t), pp(t)] = @04y while the
CCR for position and momentum fields in space-time reads [Qq (¢, z), Py(t,y)] =
i0450° (z — y) which means that rigorously speaking, the field operators are ac-
tually operator valued distributions. To give meaning to this CCR for fields,
one uses test functions ¢(x), 1 (x) which are rapidly decreasing functions and
replaces the position and momentum field respectively by

Qu(9) = [ Quit.0)o@)d’s, Pu(6) = [ Pilt,z)o()d
and then the CCR assumes the form
[Qa(¢)a Pb(w)] = Z‘(Sab < ¢a Z/J >

where

<ow>= [ o

This means that by using test functions, the position and momentum fields are
smoothened out thereby facilitating the definition of the CCR. This idea had
been presented in my father’s book in the formalism of creation and annihilation
fields derived from position and momentum fields. Specifically by considering
an infinite sequence of independent quantum harmonic oscillators with creation
operators a, and annihilation operators a,,n = 1,2,... obeying the Bosonic
CCR

[af’ru a':n] = 5nm

we can construct annihilation and creation fields

a(o) :Zan < ¢,en >,a(0)” :Zaz <en, ¢ >

where ¢ € L2(R,) and e,,n = 1,2, ... is an orthonormal basis for L?(R, ). The
CCR’s can now be expressed as

66), (0] = 3 < dren >< ent >=< o0 >= [ du0ar

In the quantum noise theory of Hudson and Parthasarathy (my father), the
crucial step in creating a quantum noise process was to take the functions ¢ and
% as the indicator function X[ and define operator valued processes

A(t) = alxjo.4), At)" = alx[.)"
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and then prove the celebrated quantum Ito formula
dA(t).dA(t)" = dt,dA(t)*dA(t) = (dA(t))? = (dA(t)*)* =0

The proof of these formulae hinges around the CCR. The CCR’s for the creation
and annihilation operators are in turn consequences of the CCR’s for position
and momentum operators of a sequence of independent harmonic oscillators and
hence they reflect the Heisenberg uncertainty principle. That the Ito’s formula
for classical Brownian motion is a special case of this quantum Ito formula once
one recognizes that the operator valued process B(t) = A(t) + A(t)*,t > 0
is commutative and its quantum statistics in a vacuum coherent state is the
same as that of classical standard Brownian motion means that the Ito formula
for Brownian motion can be regarded as a manifestation of the Heisenberg
uncertainty principle !

In the first volume of Wienberg’s book, the electromagnetic potentials are
expanded in terms of creation and annihilation fields in 3-momentum space, ie,
we have formulas like

A" (t,r) = /(2|K|)71/2(|a(K)€m(K)exp(*i(lKH*Kf))Jr
a(K)*e™(K)*exp(i(|K|[t—K.r)))d* K

Such quantum fields do not satisfy the Quantum Ito formula and hence cannot
be used to model quantum noise. However, if we replace in this factor the
sinusoidal modulating functions exp(£i|K|t) by indicator functions x[g ¢ inner
producted with sinusoids, ie,

¢
/ exp(xi|K|s)ds
0

as a substitute for the term < x[g 4, e, >, then we can use the entire edifice of
quantum field theory to describe quantum noise. It took me a very long time
to realize all this. Wienberg’s first volume on the quantum theory of fields,
gave me the required stimulus to understand the computation of amplitudes
of scattering, absorption and emission processes for elementary particles using
the Feynman diagrammatic technique. How such amplitudes are computed and
how these computations are related to the S-matrix of operator theory using the
wave operators and S-matrix defined by a pair of Hamiltonians, the first Hamil-
tonian corresponding to that of a free projectile and the second Hamiltonian
corresponding to that of the free projectile plus its interaction potential energy
with the scattering centre is the crucial part here. In order to a jump from this
idea of wave operator theory based on two Hamiltonians to quantum field theory,
one must replace the free projectile Hamiltonian by the Hamiltonian of the free
electromagnetic field plus that of the free Dirac field of electrons and positrons
in the second quantized picture and the interaction Hamiltonian by that of the
interaction Hamiltonian between the Dirac current field and the electromagnetic
field. Then, one must write down the Dyson series for the unitary evolution op-
erator corresponding to the sum of these two Hamiltonians in the interaction
picture and then identify from each term in this Dyson series, a set of Feynman
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diagrams that describe the amplitudes of a given scattering process. In short,
it is the Dyson series or equivalently higher order time independent perturba-
tion theory that provides the link between the operator theoretic description
of the scattering matrix as described in books on functional analysis and the
practical tool of Feynman diagrams used by physicists to compute scattering
amplitudes. A further development in this direction is renormalization theory,
a method by introducing scaling of particle masses, charges and fields in terms
of ultraviolet and infrared cutoffs introduced in order to obtain finite values
of scattering amplitudes. Till today, it is a mystery that how by avoiding in-
finities in integrals used to evaluate amplitudes using renormalization methods,
we are able to obtain answers that tally with experiments in particle accelera-
tors. One of the most striking developments in this direction is quantum gravity
wherein the metric field is also quantized and then the action function of all the
other particle fields and the gravitational field interacting with each other is set
up and the Feynman diagrammatic rules are applied to this problem after ap-
propriate truncation of the components involving the metric field. Einsteinian
gravity is not a renormalizable theory because its action involves all powers of
the metric perturbations not just upto four as is required for a renormaliable
theory. The electromagnetic and Dirac fields are renormalizable theories and
since Einsteinian gravity is not, we have to artificially impose truncations, a
method that destroys the diffeomorphism invariance of the theory. Even Feyn-
man had written some notes on the application of the diagrammatic method to
gravity interacting with the other particles after appropriate truncation but was
not satisfied with it. The first major attempt at quantizing gravity which has
scored mathematical success but not experimental success is superstring theory.
Whereas gravity is an impossibility in conventional quantum field theory owing
to renormalization problems, it becomes in quantum string theory an inevitable
consequence by virtue of the string action being forced to obey conformal in-
variance. If one considers the Bosonic string action on a two dimensional world
sheet taking into account the metric tensor of 26-dimensional space-time to ob-
tain a diffeomorphic invariant string action, then on quantizing the string field
by introducing a string propagator, one can deduce that for conformal invari-
ance of the quantum average of the string action, where by conformal invariance,
we mean invariance under multiplication of the string world-sheet metric by an
arbitary positive function of the two world-sheet coordinates of the string, we
end up with Einstein’s field equation for gravitation R;; = 0 in 26-dimensional
space-time. This is indeed remarkable since its says that gravity appears as an
inevitable consequence of quantization of the string when conformal invariance
of the action is imposed. This is perhaps one of the most remarkable results in
mathematical physics.
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8.13 Group theoretic Pattern recognition

The problem is that we are given N image pattern fields, say fi,..., fy. These
pattern fields are defined as functions on a curved manifold on which a group G
of transformations acts. Now we transform the first pattern f; by some element
g1 of the group, the second by ¢ and so on the N** by gn. The resulting
transformed patterns are ¢g1.f1,92.f2, ..., gn.fn where g € G acts on a pattern
f as a group representation. For example, if a pattern f is represented as a
function f(z),x € M on the manifold M, then its transformed by g € G to the
function (g.f)(x) = f(g~'x),x € M. This map on the space of patterns to itself
defines a representation U of G. Thus, we write g.f(x) = (U(g)f)(z) = f(g~'z).
We can add patterns and multiply a pattern by a real or complex scalar to
get a new pattern. Thus, the space of patterns is closed under finite linear
combinations. In other words, the space of patterns on the manifold M is a
vector or linear space. We introduce a G-invariant measure on the manifold M
that is induced by the left invariant Haar measure on G. Denoting this measure
by wu, we consider only those patterns f on M that have finite energy w.r.t
the measure u, ie, those functions f(z) on M that are Borel measurable and
for which [, |f(z)[?du(x) < co. This condition can equivalently be stated as
| £ 7= [, |f(g.z0)|*dg < 0o where zy € M is some fixed point in M and dg
is the left invariant Haar measure on M. This condition will not depend on
xo provided that G acts transitively on M, ie, for any two points x,y € M,
there is a ¢ € G for which g.x = y. With the norm | f || of a pattern f
defined in this way, the space of finite norm patterns on M becomes a Hilbert
space H = L?(M,p), ie, a linear space with a scalar product: < fi, fo >=
S fi(@) fo(z)dz = [ fi(gwo) f2(gw0)dg and under this norm, H is complete,
ie, every Cauchy sequence converges. The action U of GG in ‘H then becomes a
unitary representation, ie,

U@ I=Ifllg€G,feM

ie U(g) preserves the norm of any finite norm pattern or equivalently, the scalar
product between any two finite norm patterns. Now, the question is that from
the G-transformed patterns, we wish to recover the original pattern, or more
precisely, we wish to identify which of the original patterns fi, ..., fy was trans-
formed to give the given measured f ? This question can be answered if we are
able to define a set of invariants I; : H — C,[ € J for the representation U, ie,
each I;,1 € J should map every pattern f € H = L?(M) into a real or complex
number such that I;(U(g) f) = L,(f)Vg € G, f € H in such a way that given any
two distinet f1, fo € H, ie, such that || fi — fo ||> 0 and such that there does
not exist any g € G for which fo = U(g) f1, e, || f2—Ul(g)f1 |> 0Vg € G, there
should be at least one [ € J such that I;(f1) # I;(f2). This is equivalent to
saying that each I; should be a constant on each G-orbit of H, ie the I]s should
be G-invariants and that this class of invariants I}, € J should separate H. I
observed during my work on this project that for the three dimensional rotation
group acting on the sphere, we can easily construct such invariants by taking
the norm square of the projection of a pattern onto the different irreducible
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subspaces. More precisely, let S? denote the surface of the three dimensional
unit sphere. SO(3) = G is the three dimensional rotation group that acts on
the Hilbert space L?(S?) of finite energy patterns defined on S2. The Haar
measure on SO(3) induces the invariant area measure sin(6)df.d¢ on S?. Let
Yim(0,0),m =—-1,—-1+1,...,1—1,1,1 = 0,1,2, ... denote the spherical harmon-
ics. Define the finite dimensional Hilbert spaces H; = span{Yi, : |m| <1}. let
Ulg)f(z) = flg7x), f € L?(S?),9g € G = SO(3)z = (0,¢) € S?. Then it is
well known that the operators U(g), g € G leave each H; invariant, that the re-
strictions U; of U to H; are irreducible unitary representations of G and that the
U,l=0,1,2,... exhaust all the finite dimensional irreducible representations of
G upto equivalence. Then, for each f € L?(S%) = H, define

]le(evd)) = Z }/lm(eagb) < Yzmaf >

|m| <

where )
< >— / / (0, 6)v(0, ¢)sin(6)d6.do
o Jo
Then P, is the orthogonal projection of H onto H; and
L) =1 Pf P= D | <Yim, f>[11=0,1,2,...

[m|<1

form a set of G-invariants, ie,

LU@9)f)=10L(f),9€G, feH

Suppose that f; and fy fall in different G-orbits, then is it true that for some
[ > 0, we must necessarily have I;(f2) # I;(f1). This problem has worried me
for quite some time. The following facts emerge: Suppose I;(f1) = I;(f2) for
every | > 0. Then for each [, there exists a unitary operator V; : H; — H; such
that

Pifa=ViP fi

Hence

Ja= Zplf2 =Uof1
1
where Uy : H — H is the unitary operator

Up=> ViP=>_ PVP
l l

Since U is irreducible in H;, it follows that there is a complex valued function
a;(g) on G such that

W:Lm@w@@

It is not clear from these considerations whether the set I;,I > 0 of invariants
is complete or not, ie, whether there exists a go € G such that V; = U;(go)VI. If
there does exist such a gg, then it would follow that Uy = U(go) and hence the
completeness of the I]s.
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8.14 Controlling the probability distribution in
functional space of the Klein-Gordon field
using a field dependent potential

Let f(z,¢(x)) be the potential. Here, x = (¢,7) is a space-time coordinate

and ¢(z) is the KG field after it has got perturbed by the potential f. More

generally, in super-symmetry theory, f is a superpotential that must be gauge
invariant, ie, if ¢4 are the generators of the gauge group, then

3 970) 1 4),, = 0w, A

On,
or equivalently in terms of matrix elements,

5 28 1) = 096, 4

These constraints on the super-potential can be realized by fixing its function
form except for a finite set of unknown parameters which may be fine tuned with
time so that the resultant probability density functional of the components of
the superfield tracks a given probability density functional.

When the Klein-Gordon Lagrangian is perturbed by a potential, the field
equations become

n,m

V2% —du—pd— fz,0)=0
We write

fla, )= fa(tl0)¢"

where now the functions f(z|0) = f(¢,7]0) are known except for the control
parameters 6. We consider this field confined to the volume within a cube of
length L. Expanding the field ¢(¢,7) in spatial Fourier series within this cube
gives us

o(t,r) = Z en(t)exp(2min.r /L)

where n = (n1,n2,n3) € Z3. Substituting this into the above KG equation gives
us

(27 /L)*n?ep (t)+¢) () +hcn(t)— > S (810)..fm, (8]0) C, (£)..Cm, () = 0

MYy, My, rimy+..Fme=n

Here, we are assuming that f,, depends on time but not on the spatial coordi-
nates.
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8.15 Quantum processing of classical image fields
using a classical neural network

Given an N x N image field of pixels, with the (i, j)*" pixel having an intensity
I(i,7) € [0,1], we encode the intensity of the pixel into a single qubit state

‘i’j >= I(l,j)el‘p(l¢(l,j))|1 >ty 1- I(Z,j)Qel‘p(’L’(/)(Z,j)”O >

where ¢(i, ) and (i, ) are arbitary phase factors introduced to increase the
number of processing degrees of freedom of the image. The qubit |1 > stands
for the maximum intensity, namely white and the qubit |0 > for the minimum
intensity, namely black. Given that the (4, 7)*" pixel is in the state |i,j > after
this classical to quantum encoding process, the probability that a measurement
will yield the brightest state 1 > is | < 1|i,j > |> = I(4,7) and the probability
that the measurement will yield the darkest state [0 > is | < 0li,j > |? =
1—1(4,7). Thus, if the pixel is classically bright, there is more probability of it
being in the state |1 > and if it is classically dark, there is more probability of
it being in the state |0 >.

8.16 Entropy and supersymmetry

Consider a supersymmetric Lagrangian L(¢, ¢ ,) where ¢ is a set of component
superfields. For example, we can take

L=[K(®"®)]p

where ® is a left Chiraal superfield with component superfields ¢, for example,
if ®,,n=1,2,...,N are N left Chiral superfields, we can take

L= [®.2]p

This Lagrangian will contain the kinetic energy terms of the Klein-Gordon scalar
field, kinetic energy terms of the Dirac field and some auxiliary field terms. To
get the potential energy terms and gauge field interaction terms in the scalar
and Dirac field, we must introduce a gauge superfield V' and replace L by

L= [@".exp(V)®]|p + [f(®)]F + [Tr(WL eWL)]r

where f is a real valued function called the superpotential. We can also make f
to depend explicitly on the space-time coordinates x = (¢,r) and thereby control
the superpotential. Wy, is a left Chiral superfield constructed using the left and
right superderivatives of the gauge superfield V. The last term above is a gauge
invariant action and also of course supersymmetric since it is the F component
of a left Chiral superfield. The gauge invariance of this term is a consequence of
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the transformation of the generalized gauge transformation of the gauge super
field exp(V):

exp(V) = eap(i€(z+, 01))exp(V)exp(—iQ(z 4, 01)")
(Note that V is not a Chiral superfield) and hence
exp(=V) = exp(iQ(w4,0)" )exp(=V).exp(—if2(z1,0L))

Q(x4,0) represents the most general left Chiral superfield. Using the fact that
the right superderivatives Dy annihilate the left Chiral supefield Q(x 4, 6;,) while
the left superderivatives Dy, annihilate the right Chiral superfield Q(z,61)*,
it can be readily inferred from the construction of W, in terms of V' that under
a generalized gauge transformation, W, transforms as

Wi, — exp(iQ(zy,00))Wr.exp(—iQ(x4,0L))

and hence that [Tr(WZeWy)]r is gauge invariant. Note that the gauge su-
perfield V' is of the form V4(x,0)t4 (summation over the Yang-Mills index A)
where t4 are the Hermitian generators of the Yang-Mills gauge group. The
first term [®*.exp(V)®]p contains the kinetic energy terms of the matter fields,
namely the scalar KG field and the Dirac field and also the interaction terms
of these fields with the gauge fields while the term [Tr(WZeW)]r contains the
Lagrangian of the gauge fields and their superpartners, the gaugino fields and
the auxiliary fields. The superpotential [f(®)]r contains the potential energy
of the matter fields which give masses to the matter fields. By controlling the
superpotential, we effectively control the masses of the matter field particles.
It is just like controlling the environment in which these masses move thereby
causing the effective masses of these particles to get shifted.

The Lagrangian will then have the form

L= 0ot 1) Li(6, 60 Vi Vi)

k>0

where go(t,7) = 1 and Ly consists of only the matter and gauge field Lagrangians
without their interactions. More generally, we can after passing over to Hamil-
tonians using the Legendre transformations, consider Hamiltonians of the form

H=Hy+Vo+ Y ge()Vi
E>1

where Hj is the unperturbed Hamiltonian consisting of only the Hamiltonian
of the Klein -Gordon field, the Dirac field and the electromagnetic field. Vj is
a perturbation Hamiltonians consisting of the interactions between the Klein-
Gordon field and the electromagnetic field and between the Dirac field and the
electromagnetic field. )", - gx(t)Vi consists of the interaction Hamiltonian be-
tween the Klein-Gordon field and a classical control electromagnetic potential,
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interaction between the Dirac field and the classical control electromagnetic po-
tential and interaction between the electromagnetic field and a classical control
current source field.

These terms have the form

m:/W@@W@@@WW+W&m

+¢* ((ar, =iV) + Bm)Y — (1/4)F F*)d*r

and
Vo = —e ot . A, + (1/2)[(0" +ieA")p.(0, — ieAL)Plint

where [X];,,; stands only for the interaction part, ie,
(0" 4 ieA")¢.(0y — ieA,)Plint =

(0% + ieA")6.(0, — ieA,)6) — [06.0,)
= e? A, AF¢? — 2eIm(A*D,,¢)

More generally in the gauge field terms, we can also include non-Abelian gauge
fields. Now we come to the question of how much entropy does the gauge field
interaction plus the external c-number stochastic field interaction pump into
the matter field. To answer this question, we must express the free gauge field
in terms of Boson creation and annihilation operators and also express the free
matter fields, namely the KG and Dirac fields respectively in terms of Boson
creation and annihilation operators and Fermion creation and annihilation op-
erators and thereby express the interaction components in the Hamiltonian in
terms of these Boson and Fermion creation and annihilation operators and their
couplings with the classical stochastic c-number control fields. We then compute
the change in the mixed state of the system under such an interaction and then
calculate the the Von-Neumann entropy of this changed state. Sometimes under
such interactions, a pure state can transform into a mixed state. This happens
for example in quantum blackhole physics. In quantum blackhole physics, the
particles moving in the vicinity of the blackhole like the photons, electrons,
positrons, neutrinos, the nuclear particles, the gauge bosons that propagate the
nuclear forces etc., are initially in pure states. The ensemble of all these parti-
cles is described by their joint Hamiltonian. However, the gravitons which are
generated by the blackhole are bosons with a Hilbert space described by a Bo-
son Fock space and the associated graviton creation and annihilation operators.
The gravitons, according to Einstein’s general theory of relativity are spin two
massless particles. The gravitons represent the bath to which the system com-
prising of the photons, electrons, positrons, neutrinos, the nuclear particles and
the gauge bosons move. The initial state of the system is a pure state |f > and
the initial state of the bath is again a pure state, say a coherent state |p(u) >
in the graviton Fock space. The initial state of the system and bath is therefore
the pure state |f @ ¢(u) >.
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Chapter 9

Problems in Information
Theory

[1] Given two discrete memory channels C; and Co characterized by the transi-

tion probability distributions Véll)(yl) and yg) (y2) with z1 € Aj,y1 € By, a9 €

As,yo € Ba, then the product C; X Cs of these two channels is a discrete memory-
less channel characterized by the transition probability distribution vz, .)(y1, y2) =
Vg, (Y1) Ve, (y2) with input alphabet A; x A2 and output alphabet By x Bs. Let
C; denote the capacity of C; and Cs that of Co. Theh prove that the capacity
of C; x Cy is given by C; + Cs.

hint: Use the fact that if pu is a probability distribution on B; x By with
marginals pq and po, then

H(p) < H(py) + H(pz2)

[2] Prove that if XY, Z are random variables on a fixed probability space,
then
H(X|Y,Z) < H(X|Y)

Use this to deduce that if {X,, : n € Z} is a stationary stochastic process, then
the entropy rate
H(Xo, X1,..., Xn)

n

exists and equals H(Xo|X_1,X_o,...).

[3] Prove that @ — log(x) is a concave function on Ry and that z —
—x.log(z) is also a concave function on R;. Deduce from this the concavity
of the entropy, ie, if p = (p(1),...,p(N)) and ¢ = (¢(1),...,¢(N)) are two proba-
bility distributions on the set A = {1,2,..., N} and ¢ € [0, 1], then

H(tp+ (1 —t)q) > tH(p) + (1 — t)H(q)

109
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where tp+ (1 —t)q is the probability distribution {tp(1)+ (1—1t)g(1),...,tp(N)+
(1—1t)g(N)} on {1,2,...,N}.

[4] Let p be a probability distribution on A x B where A and B are two
finite alphabets. Let u; be the first marginal of p and po the second marginal.
Prove that

H(p) < H(pa) + H(p2)

using the fact that if p and ¢ are two probability distributions on a finite set F,

then (@)
p(x
QCEZEP@)ZOQ(@) >0

Deduce from this result that if (X,Y’) is a pair of random variables having a
joint distribution on a given probability space and assuming values in a finite
set, then

I(X,Y)=H(X)+ HY)-H(X,Y)>0

with equality iff X and Y are independent random variables.

[5] if X,,,n € Z is an ergodic stochastic process with probability distribution
1 on the sequence space, then prove the Shannon-Mcmillan-Breiman theorem:

i oo I X)) ) — (X0,

almost surely. Deduce from this result, Shannon’s noiseless coding/data com-
pression theorem for ergodic sources: Given €, > 0, there exists a sufficiently
large finite integer N (e, d) such that for every n > N(¢,d), there is an E,, C A"
such that B

N(E,) < on(H (p)+9)

and
wEy,) >1—c¢

Further, deduce the converse, namely, if F,,n = 1,2,... is a sequence with
E, C A™ such that p(E,) — 1, then

log(N(En))

n

> H(p)

liminfp_ oo

In words, this means that the entropy rate is the best possible reliable compres-
sion of the data in terms of number of compressed bits per data bit.

[6] Construct the optimal Huffman code for a set of five source symbols with
probabilities p(j),j = 1,2, ..,.,5 such that

p(1) = p(2) = p(3) = p(4) = p(5),

p(1) = p(2) = p(4) +p(5) = p(3),
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p(3) +p(4) +p(5) > p(1) > p(2),
p(1) +p(2) > p(3) + p(4) + p(5)

Give an example of a probability distribution in which these inequalities are
satisfied.

[7] Let A and B be two finite alphabets with N(b) = b and let S(B) =
U,,>1 B", denote the infinite set of all strings in B. A code for A with code
alphabet B is given by amap f : A — S(B), ie, each z € A is mapped to a string
f(x) of B alphabets. The extension f of a code f is the map f : S(A) — S(B)
satisfying

flrrza..xp) = f(x1)f(x2)...f(xn),x; € Aji=1,2,..,n,n=1,2, ...

f is said to be a uniquely decipherable code if given any two strings x = (x;...2,)
and y = (y1...ym) in A™ and A™ respectively such that m > n, if z is not a prefix
of y, then f(x) must not be a prefix of f(y). Show that a code f is uniquely
decipherable iff 3>, b=/ < 1 where I(f(x)) is the length of f(z) € S(B).

[8] Carry out the following steps in the proof of the ergodic theorem: Let
(2, F, P) be a probability space and T : 2 —  a measurable measure preserving
transformation, ie, T-}(E) € FVE € F and PT~! = P on F, the Birkhoff’s
individual ergodic theorem states that if f € L*(Q, F, P), ie, E(|f|) [ | f]dP < oo
then

n—1

1impy—oon ! Z f(T'w) = f*(w)

i=0
exists for P almost every w €  and that f*(Tw) = f*(w) for P a.e w, ie, f* is
an invariant function. Show that f* € L. Define the invariant o-field

I={EecF:TYFE)=E}

Then, show that f* is I-measurable, ie, f*~1(B) € I for all Borel subsets B of
R in the almost sure sense, ie, E = f*~1(B), then

P(T"Y(E)AE) =0

Hence deduce that
fH(w) =E(f[I)(w)
by showing that if E' € I, then

/Ef*dP:/EfdP

For doing this part, you must first show that for £ € I,

/foTidP:/fdP,izl,Q,...
E E
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by using the facts T=}(E) = E, PoT~! = P and the change of variable formula
in integration. Now suppose, that in addition to being measure preserving, T
is also ergodic, ie I = {¢, 1} in the almost sure sense, or more precisely, E € I
implies P(E) = 0 or 1. Then deduce that

() = E(f) = / fap

ie f* is a constant. To prove the ergodic theorem, we first define the partial

sums
n—1

Sp = fol',n>1,5 =0
i=0
and then
M, =maz(Sk: 0 <k <n)

Then one easily proves that on the set {M,, > 0}, one has
M, =f+ M, 10T < f+ M,oT

and hence, since M,, > 0,

/ M,,dP = / M,,dP < / fdP + / M, 0TdP
M, >0 M, >0 M, >0

g/ dP+/MndP
My, >0

thereby yielding the maximal ergodic theorem:

/ fdP >0
M,,>0

Replacing f by fxg where F is any invariant set in this argument, one deduces

that
/ fdP >0
M, >0NE

Now consider for a > 0 the set
E, = {supnzm’lSn >a}l = {supnzlgn >0}

where S, is obtained by using ¢ = f — a in place of f in the definition of S,,.
Then, the maximal ergodic theorem applied to g gives

/ fdP > aP(E, N E)
E.,NE

for any invariant set E. Letting —oco < a < b < oo be arbitrary and defining
the invariant set

E.u(f) = {liminfn™'S, < a < b < limsupn™'S,}
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we get from the above, noting that E,;, C Ej that

/ fdp = / ddP > bP(Ewy(f) N Ey) = bP(Eas(f))
Eqou(f) Eo b (f)NEy

Noting that
E.u(f) = {liminf —n~'S, < —b < —a < limsup —n"*Sp} = E_p _o(—f)

gives us with f replaced by —f,
- rar- (~)AP = —aP(E_yo(~f)) = —aP(Eus(f))
Eau(f) E_p—a(=1f)

and hence
bP(Ea,b(f)) < aP(Ea,b(f))

which implies since b > a that
P(Eoy(f) =0
proving thereby the ergodic theorem, ie,
liminfn='S, = limsupn~'S,a.eP

or equivalently that
limn~'S,

exists a.e. P. Note that we have to take a and b as rationals and form the
countable union of the sets E,;(f) over all rational a < b to get zero for the
probability of this union.

[9] Let p,o be two quantum states in a finite dimensional Hilbert space H.
Prove that if 0 < s <1, then

Tr(p{p < o}) <Tr(p'~*0°)

hint:
p=0—(0c—p)=0c—(0—p,
cz0—(0—p)s

Hence using operator monotonicity of z — z® for 0 < s < 1, we get
Tr(p'*0") = Tr((0 — (0= p)+)' (0 — (0= p)4)°)

— Tr(o — (0 — p)4) 2 Tr((o — (0 — p)){p > o})
— Tr(o{p > o})

Interchanging p and o gives us the desired inequality.
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[10] Let p, o be two states in a given finite dimensional Hilbert space. Con-
sider their spectral decompositions

p= Zp(iﬂei >< el o= Zq(z)m >< fil

where

q(i) >0, Zp(i) = "qli) =1, < eile; >=< filf; >= 0y

i

Express the relative entropy between these two states as a classical relative
entropy between two probability distributions.

hint:
D(plo) =T7“( (log(p )—109(0))) =
= pli)log( Zp Jog(a(7))| < eilf; > |

Define
P(i,j) = p(i)] < eilf; > 1%, Qi 5) = q(h)| < el f; > 7
Then show using that

1= "|<elfi>P =) |<elfi >
i J
that {P(4,7)} and {Q(i, )} are probability distributions and that

D(plo) = D(P|Q) = ZPuzOg (i,5)/Q, 7))

[11] In the theory of quantum binary hypothesis testing between two states
p, 0, it is known that the optimal POVM test T that minimizes the error prob-
ability is attained at a PVM of the form

T ={p>co}
for some ¢ € R. The corresponding minimum error can be expressed as
P(e) = P 1Tr(pT) + Py Tr(c(1 -1T))

assuming the apriori probabilities of p and o are respectively P; and P, = 1—P;.
Now writing the spectral decompositions of p and o as

p= Zp(i)lei >< eil,0 = Zq(i)lfi >< fil

we get

pT) =" pli) < e|T|e; >
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= Zp ) < elT?le; >= p(i)| < elT|f; >
i
=D Pl < filTle; > |?
i

Tr(e(1-T))=> q(i) < fill = T|fi >
= Z ) < FilA=T)2[fi >=> q(i)| < fill = Te; > |?
4,J
where we have used the fact that the optimum POVM T is actually a PVM which

implies that 72 = T, (1 —T)? = 1 —T. Thus the minimum error probability can
be expressed as

P(e) =Y (Pp(j)| < filTle; > [* + Peq(i)| < fill = Tle; > )

2%

> min(Pip(j), Pag(i))(| < filTlej > > + | < fill = Tle; > )
i.j

Now, by the Schwarz inequality,

| < filTle; > P+ < fill=Tle; > > > 27| < filTle; > + < fi|1 = Tle; > |*)

= | < file > [*/2
Hence,
e) > Y (min(Pip(j), P2q(i)/2)] < file; > |
4,J
=Y min(PLP(i, ), PQ(i, )) /2
where

P(i,j) = p(i)| < eilf; > 2, QG 5) = ()| < esl f; > |7

are two bivariate probability distributions. Now consider the problem of discrim-
inating between the two classical probability distributions P, Q. The minimum
error probability is

P(e) = mino<iijy<1 ) (PP, )t 5) + PaQ(i, ) (1 = (i, )
0,J
= Z[Plp(iaj)XPlP(i,j)ngQ(i,j) + PoQ(i, )X P q(i,5) < Py P(ij))
0
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[12] Consider the problem of compression data taking into account distortion.
Specifically, if the distortion in the encoding process is allowed to be present
subject to the condition that it is smaller than a given threshold, then the
number of compressed data bits per source bit can be reduced from H(Q1) to
minD(Q|Q1 X Q2) where the minimum is taken over all joint distributions @
of the source symbol and the encoded symbol for which the first marginal is
the given source distribution (1 and the distortion is smaller than the given
allowable threshold D. Note that if X denotes the source symbol and Y the
code symbol, then Q(X = z,Y = y) is the joint distribution of (X,Y). If
no distortion is permitted, the compressed number of bits per source symbol
is H(X) according to Shannon’s coding theorem, but if a distortion of D is
permitted, then the compressed number of bits per source bit reduces to

minl (X :Y)=min(H(X) - HX|Y)) = H(X) — mazH(X|Y)

where H(X|Y) is calculated using the joint distribution @ of (X,Y) and its
maximum is over all joint distributions @ for which @ is the given distribution
of X and

p(Q) = plz,y)Qx,y) < D

Explain this result and give all the proofs.

[13] Complete all the proofs in each of the following steps used in the proof
of the direct part of the rate distortion theorem:

[1] Let A be a finite alphabet with a symbols and let @1 a given probability
distribution on it. Let C, : A™ — A™ be the deterministic compression code.
By compression, we mean that generally |C,| < a™ where |C),| is the number
of elements in C,,(A™). With p a metric on A, define the distortion of the code
C,, as

p(Cr) =E(n Y p(Xp, Cu( X))
k=1

n
=n"! Z Zp(xk, Crn(2)k)Q1n(T)
r€A™ k=1
where Q1 is the product distribution Q1" on A™, ie (X1,..., X,,) are iid r.v’s
with each component having distribution (1. Optimum encoding for a given
n means to select C), so that |C),| is minimum subject to the condition that
p(Cy) < D for a given fixed positive real number D. Explain the meaning of
such an encoding process.

[2] For a given distribution () on A x A with first marginal ; and second
marginal @3 and a real number A, define the distribution @y on A x A by the

formula,
exp(Ap(z,y))Q1(2)Q2(y)

Qx(z,y) = ZyGA exp(Ap(x,y))Q2(y)
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Show that @7 is the first marginal of Q.

[3] With D denoting the relative entropy between two distributions, show
that

0 < D(QIQx) < D(Q|Q1 x Q2) + Ag(A) — Ap(Q)

where

AN = Qu(@)log(d_ exp(Ap(z,y))Q2(y))

Deduce that

D(Q|Q1 x Q2) = A5(p(Q))
where

Aa(w) = supx(Aw — Ag(X))
is the Legendre transform of Ag.

[4] Define a random code C,, : A™ — A™ so that the elements in its range
are (Y (4,1),Y(4,2),....,Y(i,n)),i = 1,2, ..., k, where {Y(i,7) : 1 <i < k,,1 <
j < n} are iid with distribution Q2. Here, @ is a fixed probability distribution
on A x A with first marginal @);. Define for x € A", the set

n

Sp(z)={ye A" :n7" Zﬂ(l‘i,yi) < p(Q) +d}

i=1

where 0 is any fixed positive number. If C,,(A™) N S, (z) # ¢, then choose at
any element C,,(x) from this set. Note that C},(A™) is a random set and hence
Cp(x) is actually one of the sequences (Y (i,1),...,Y (i,n)),i = 1,2, ..., k. Show
that for any z € A"

nil Z P(xi; Cy (x)z) < P(Q) +0+ PmazXC, (A™)NS,, (x)=¢
i=1
where
Pmaz = maz(p(z,y) 1 x,y € A)

is assumed to be finite.

[5] Let X1, X, ... be an ergodic process with probability distribution of X
being @)1 and let Y7, Y5, ... be iid with probability distribution @2 where as in
the previous step, @ is a probability distribution on A x A with @, and Q2 as
its two marginals. Define

n

Zn(flf) = nil ZP(%,YJ’JE = (xla 7xn) € A"
i=1

Prove that if (z;)$2, is a realization of the ergodic process (X;), then

n~ ! logElexp(AnZy)] =n~' > log( Y exp(Ap(i,))Q2(y))
=1 yeA



118 Classical and Quantum Information Theory for the Physicist

and that as n — oo, this converges for 1 a.e. = to Ag()\). Then, apply the
lower bound of the Gartner-Ellis large deviation theorem to deduce that

P(Zn(x) < p(Q) +6) = exp(—n-Ag(p(Q))) = exp(—nD(Q|Q1 x Q2))

for 1 a.e. x when n is sufficiently large.

[6] Show that if Y7,Y5,...,Y(i,1),Y(¢,2),...,i = 1,2, ... are iid with marginal
distribution @2, then

P(Sn(2) N Cu(A™) = 6) = P((Y (i, 1), Y (i, 1)) & Sn ()i = 1,2, 0 k)

= P((Y1,..Y},) ¢ Sn(z))*"
< exp(—ky.P(log(Zn(z) < p(Q) +6)))

Choose
kn = [exp(n(D(Q|Q1 x Q2) +0))]

and deduce from the previous step and this step that
P(S,(z)NCL(A") = ¢) — 0,Qra.e.x
Hence, conclude using step 4 that for this choice of {k,}, we have

limpsupp(Cp) < p(Q) + 0

Deduce from this the direct part of the rate distortion theorem.

[7] Give an intuitive proof of the direct part of Shannon’s noisy coding theo-
rem along the following lines. Let X,, = (X(1),...,X(n)) and Y,, = (Y(1),...,Y(n))
be respectively the input and output strings after time n. Assume that the
X (i)'s are iid with distribution p and that the channel is DMS with single sym-
bol transition probability v,(y). Therefore, the output distribution is ¢(y) =
> . P(@)vz(y). Assume that n is sufficiently large.

[a] Show that the number of e-entropy typical input sequences is approxi-
mately 27 () when ¢ is small. Show that each such typical sequence has an
approximate probability of 27 "H (),

[b] Show that the number of typical output sequences is approximately 2" (9)
and that the probability of such each such typical sequence is approximately
9—nH(q)

[c] The input-output sequence pair (X,,Y,) is said to be strongly jointly
typical if X, is typical, Y,, is typical and (X,,,Y,,) is jointly typical. Show that
the probability that (X,,,Y;,) is jointly typical is 2~ (X-Y) and that the number
of jointly typical sequences is 2" H(X,Y),

[d] Let (X,,Y,) be a joint input-output pair of n long sequences such that
X, and Y,, are independent but X,, has the same distribution as X,, and Y,, has
the same distribution as Y;,. Show that the probability that (X,,,Y;) € A,, is

o—nI(X)Y) _ 9g—n(H(X)+H(Y)—H(X,Y))
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where A,, is the set of all jointly typical (X,,,Y,,). From this fact, deduce that
there are roughly around 277(X:Y) distinct typical input-output sequence pairs
which we will come across before the joint sequence is also typical. Indeed, the
number of i/o sequence pairs in which both the input and output sequences
are typical is 27(H(X)+H()  The number of i/o pairs which are jointly typical
is 27H(XY) - Joint typicality is to be excluded since that results in decoding
error. So if we remove the proportion of non-distinguishable input sequences
(based on output data), we are left with 27H(X) gnH () /gnH(X,Y) — onl(X,Y)
distinguishable input sequences.

This means that there are in all 27/(X:Y) distinguishable input sequences.
Another way to see this is that given that the output sequence is typical, the

probability that the joint input-output sequence is also typical is 2 (X1Y) /2nH )
27nI(X,Y) .

Yet another way to see this is as follows. There are in all 27X typical
input sequences. For a given received output sequence, there are in all 27H(X1Y)
input sequences for which the joint /o pair is also typical. These joint typical
pairs are to be excluded since they result in indistinguishability or error. Thus,

the number of distinguishable/decodable input sequences from the output is
2nH(X)/2nH(X\Y) — 2nI(X,Y).

Another way to see this is in terms of spheres: For any given input sequence
x, all input sequences within a sphere V;, of volume 27 (XIY) with centre z are
jointly typical with the given output sequence y. The total volume of input
typical sequences is 2" (X)_ " All input sequences within the sphere V, other
than = will result in a decoding error since they are all jointly typical with y.
Thus, the total number of sequences which do not result in decoding errors
equals the total number of spheres V, which are mutually disjoint and this
number is evidently equal to the total volume 2"H(X) of all the input typical

sequences divided by the volume 27 (XIY) of each sphere V,. This ratio is
on(H(X)~H(X|Y)) _ gnI(X,Y)

[8] Let A, B denote respectively the input and output alphabets of a chan-
nel. Assume that the channel takes as input the infinite sequence x € A”
and outputs the sequence y € B*°. Assume that the conditional probability
V(X [Y0, Y1, -y Yn)) only through [x_p, i1, ..., T, i€,

V(X7 [907 Y1yeeny y’n]) = V([.I',m, T—m41y ey an [yO, Y1y -eey y'n])
for any non-negative integer n. Assume further that the channel is stationary,

ie,
V([x—’r‘rm "'71‘71]7 [907 7ynD = V([x—m-‘rk}a -~-axn+k]a [yk?a ayn+k])

for any integer k£ This means that the channel is stationary and has memory m.
Assume further that the channel satisfies the m-independent property, ie, that
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conditioned on the input sequence, finite output sequences separated by a time
lag greater than m are independent, ie,

V(X’ [y—;m "'7y0} N [ym-‘rl’ ) yq]) =

V(Xv [y—p’ ...,yo])l/(X, [ym-i-lr ~-~7yq])

for all x,y, non-negative p and ¢ > m. Such a channel is said to be a stationary
channel with memory m having the m-independence property. Prove then that
if the input process to this channel is ergodic, then the joint input-output process
is also ergodic.

[9] Prove Fano’s inequality along the following lines:

Let X be the input r.v. and Y the output. From Y, we construct an
estimate X of the input. Let E =1if X # X and E = 0 if X = X. Assume
that X takes values in the input alphabet A having a cardinality of a. Since the
transformations X — Y — X form a Markov chain, it follows that that reversal
X - Y — X also forms a Markov chain. Thus,

H(X|Y)=H(X|Y,X) < H(X|X)

Further,

|X) < H(X,e|X) = H(X|e, X) + H(e|X)
X)P(e =1) + H(e|X) < P(e = 1)logs(a — 1) + H(e)
< Ple=1)loga(a—1)+1

(since e =€ {0, 1}, it follows that H(e) < log:2 = 1). Noting that P(e = 1) =
P(X # X), we get on combining the above two inequalities that

H(X
= H(X|e =1,

P(X # X) > (H(X]Y) - 1)/loga(a — 1)

and this is called Fano’s inequality. Use Fano’s inequality to deduce the converse
part of Shannon’s noisy coding theorem.

[10] Prove the converse part of the Cq Shannon coding theorem using the
following steps.
Let ¢(i),i = 1,2,..., N be a code. Note that the size of the code is N. Let
s < 0 and define
ps = argmazyls(p, W)

where
I(p,W) = minsDs(p@ W|p® o)

where
p@W = diag[p(x)W(z),z € A],p® o = diag[p(x)sigma,z € A
Note that

Di(p@Wlp® o] =log(Tr((p@W)' *(p®0c))/(—s)
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= (1/ = s)log sum Tr(p(x)W (x))' " (p(z)0)*)
= (1/ — s)log Y p(a)Tr(W(z)'~*0*)

so that
limsoDs(p@Wlp® o) =

> p(@)Tr(W (2)log(W (x)) — Tr(W,.log(o))

x

where

W, = Zp(:c)W

Note that this result can also be expressed as

limsoDs(p@Wlp® o) =Y pl)D(W(z)|o)
We define
f)=Tr(tWl =+ (1t Zps YW= 1 >0

Note that
IS(p7 W) = (TT(Zp(y)Wyl_S)l/(l—s))l—
Y

and since by definition of p,, we have
Is(p57 W) Z Is(p7 W)Vp7

it follows that
Thus

This gives

Wl s Zps Wl s Zp9 Wl s s/(l S)]SO

or equivalently,
Wl s Zps Wl s G/(l 9) <T7“ Zps Wl 9)1/(1 s)
Y

Now define the state

Zps Wl s 1/(1 S)/TT(ZPS(y)W;_S)l/(l_S)
Yy
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Then we can express the above inequality as

(Wl s s S TT qu Wl 5)1/(1 s)]
Yy

Remark: Recall that

Di(p@Wlp® o] = (1/—s)log y_ pla)Tr(W,}*c")

= (1/ — s)log(Tr(Ac?®)

A= pa)yw,

Note that we are all throughout assuming s < 0. Application of the reverse
Holder inequality gives for all states o

where

Tr(Ao®) = (Tr(AYO=9)1=(Tr())* = (Tr(A10=)1-
with equality iff o is proportional to AY(1=%) ie, iff
o= Al/(lfs)/TT(Al/(lfs))

Thus,
min,Ds(p @ Wp® o) =

(=1/s)[Tr( Zp YW= 1/1 S)]

The maximum of this over all p is attained when p = p,; and we denote the
corresponding value of o by os. Thus,

_ (@)Wt

TS, ps(a)We o)V A=)
Now let ¢(i),i = 1,2,..., N be a code with ¢(i) € A™. Let Y;,i = 1,2,...,. N
be detection operators, ie, ¥; > 0,>.Y; = 1. Let ¢(¢) be the error probability
corresponding to this code and detection operators. Then

N
1—e(@) =N Tr(Wy)Y:)

i=1
= N"'"Tr(S(¢)T)
where
S(¢) = N~ diag[Wyy,i = 1,2,..,N],T = diag[V;,i = 1,2, ..., N]
Also define for any state o, the state

S(o) = N~ Ydiaglop, ...,00) = N LIy @ 0,
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We observe that
N
Tr(S(0,)T) == N> Tr(c,Y;) =Tr(c.N"".) V)
i i=1

=N"'Tr(s,) =1/N

where o, = c®". Then for s < 0 we have by monotonicity of quantum Renyi
entropy, (The relative entropy between the pinched states cannot exceed the
relative entropy between the original states)

N7 (1= €(9))' = = (Tr(S(&) 1)) ~*(Tr(S(00s)T))*

< (Tr(S(P)T))' ~*(Tr(S(a0s)T))* + (Tr(S(9) (1 = T))) > (Tr(S(00s) (1 = T)))*
< TT(S(d))l_SS(JnS)S)

Note that the notation 0,5 = 0®" is being used. Now, we have

(Tr(S()55(0ns)*) 12% (Wiirons))

log(Tr(VV1 Jor)

6(i) Tns

= Zlog (Tr(Wy,503)
=1

-1 Zlog (Tr( W; (f a?))

< n.log(n ZTT‘ VV1 2

1)9

< n.dog(Tr( Zp VV1 q)l/(1 q)]l “)

y
n(l —s).log(Tr( Zps YW L=s)t/(=9)y

Thus,
TT(S(¢)1 SS U'ns T’l" Zp 1/‘/'1 S 1/(1 5)) n(l—s)

and hence

N_S(l—e( 1 s < T’I" Zp Wl s 1/(1 s)) n(l—s)

or equivalently,

1 —e(9) < exp((s/(1 = s))log(N) + n.log(Tr( Zp YWy
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=exp((s/(1 = s))log(N) + n.log(Tr( Zp YW=t/ (A=9)y)

= exp(ns((1 — s)log(N)/n + s tlog(Tr( Zps YW=/ A=9))) — — _ (a)
where s < 0. Now, for any probability distribution p(z) on A, we have

d/dsTr(( Zp W)/ =

(/1= s))Tr S pla) W)V dog (3 p(a) W3]

—(1/(1 =) [Tr(d>_ pla)W,y*log(W)[Tr(D>_ pla)W,—*)/ =]
and as s — 0, this converges to

d/dsTr((> pla)Wi=*)V 09| g =

Zp VI'r(Wy.(log(W),) — log(W, Zp D(W,|W,)
= —(H(W,) = Y (@) H(W.)) = —(H(Y) — H(Y]X)) = —[,(X,Y)

where

W, = Zp(x)W

Write N = N(n) and define

R = limsupylog(N(n))/n, ¢ = ¢
Also define

I(X,Y) = =(1/5(1 = s))log(Tr( Zps YW, =) E=))

Then, we've just seen that
limsol(X,Y) = I)(X,Y) < I(X,Y)
where Io(X,Y) = I, (X,Y) and I(X,Y) = sup,L,(X,Y). and
1—€(¢n) < exp((ns/(1 - 5))(log(N(n))/n — I,(X,Y)))

It thus follows that if
R>I(X,Y)

then by taking s < 0 and s sufficiently close to zero we would have

R>I,(X,Y)
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and then we would have
limsup, (1 — €(¢yn)) < limsuppexp((ns/(1 —s))(R—I;(X,Y)) =0

or equivalently,
liminfne(p,) =1

This proves the converse of the Cq coding theorem, namely, that if the rate of
information transmission via any coding scheme is more that the Cq capacity
I(X,Y), then the asymptotic probability of error in decoding using any sequence
of decoders will always converge to unity.

[11] Prove the direct part of the Cq coding theorem
Our proof is based on Shannon’s random coding method. Consider the same
scenario as above. Define

T, = {W¢(Z) Z QNan},i = 1,2, ,N
where N = N(n), ¢(i) € A™ with ¢(i),i = 1,2, ..., N being iid with probability
distribution p,, = p®™ on A™. Define the detection operators

N N

=0 m) PO m) =12, N

Jj=1 Jj=1

Then 0 <Y; <1 and vazl Y; = 1. Write

S:ﬂ'i,T:Zﬂ'j

J#i
Then,
Y(p(i)) = (S+T)"V28(S +T)"Y2,0<S<1,T>0

and hence we can use the inequality
1—(SH+T)"Y28(S+T)" 2 <2-28 +4T

Then,
1-Y(§(i) =<2-2m +4 > m;
JijFi

and hence
N

€(@) = N71Y Tr(Wyp(1 - Y(4(0)))

i=1

<N- 1ZTr )(2 = 2m;) + AN " Tr(W(¢(i))m;)
i#j
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Note that since for i # j, ¢(i) and ¢(j) are independent random variables in
A", it follows that W (¢(4)) and 7; are also independent operator valued random
variables. Thus,

N

E(e(¢)) < (2/N) Y E(Tr(W (i) {W (i) < 2NW,, 1)

i=1

+@/N) Y TrEW(0)) E{W(6()) > 2NW,, })

i#4.6,j=1,2,....N

=2 Y pal@n)Tr(W (@) {W(x,) < 2N.W(p,)})

Ty EA"

HAN =1) > pal@n)pn () Tr(W () {W (yn) > 2NW (pn)})

T, Yn €A™

= (2/N) Y pulwa)Tr(W (@) {W(z,) < 2N.W (p,)})

Tn

+4‘(‘7\7 - 1) Z pn(yn)TT(W(pn){W(yn) > QNW(pn)})

Yn EA™

<2 pal@a)Tr(W(w,)' "> 2NW (pn))°)

Tn

HAN YY) Tr(W (yn) "W (pa)* (2N)*7 1)

Yn
for 0 < s < 1. This gives

E(e(én)) <

2N ST pu () Tr(W () W (pa)°)

T €A™

= 22 NS pla) (W () W ()]
z€A

= 2" eap(sn(log(N(n)/n+ s~ log(Y_ p(x)Tr(W(z)' —*W(p)*))))

[12] Use Fano’s inequality to give an intuitive proof of the converse of Shan-
non’s noisy coding theorem.

hint: Let W be the message r.v. assumed to take one of 2"F values. For each
message w, we assign a code-word X,, in A”. Thus, the code rate is nR/n = R.
The channel is DMS and it takes the n-long string X,, as input and outputs the
n-long string V,,. Let W denote the decoded message. We are assuming that the
input and output alphabets are {0,1}. Then, the transformation W — X,, —
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Y,, — W is a Markov chain and assuming W to have the uniform distribution
over the 2"% messages, we have

nR=HW)=HW|W)+I(W,W)<1+nP(W #W)+I(X,,Y,)

<14nP(W #W)+nl(X,Y)

The probability of decoding error for the message W is P(W # W) and if this
converges to zero as n — co, then the above equation implies that

R < limy_oo(n ' + P(W # W) + I(X,Y)) = I(X,Y)

and this completes the proof of the converse part of Shannon’s noisy coding
theorem.

Remark: Fano’s inequality states that
P(W #W) > (HW|W) = 1)/log(2"" - 1)
which in turn implies that

H(W|W)<14+nRP(W #W)<14nP(W #W)

[13] Let W — X — Y — V be a Markov chain. Then, show that V —Y —
X — W is also a Markov chain, ie, time reversal of a Markov chain is also a
Markov chain. Show further that

IW, V) <I(X,Y)

[14] Let 0 < s < 1. The aim of this exercise is to show that if H = H; ® Hs
and if K is the partial trace operation over Hs, then for any two states p,o in
H and 0 < s < 1, we have

Tr(p'=*0*) < Tr(K(p)' —K(0)°)

Step 1: Show that © — x® = f(z) on R, is operator concave for 0 < s < 1.
Step 2: For an operator concave function f on R, , show that f(ZAZ*) >
Z f(A)Z* for any positive A with Z an arbitrary operator.

Step 3: Let p,o be any two states in H. Define the linear operator A, , on
‘H by
A, (X)=0"1Xp
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Also define an inner product < .,. >, on H by
< X,Y >,=Tr(X*oY)
Show that A, , is a positive operator in H w.r.t the inner product < .,. >,.

Step 4: Define the operator K, : L(H) — L(H1), by
K (X)=K(o) 'K(0.X)
Show that
<Y, Ko(X) >g(=Tr(Y"K(cX)) =Tr((Y ® I)" 0 X)

:<YX[27X >5

for any X € £L(H) and Y € L(H). Hence deduce that the dual K} of K, w.r.t
the inner products < .,. >g(s) and < .,. >, on H; and H is given by

K:(Y)=Y x L,,Y € L(H1)

Question paper on Information Theory

[1] Let A and B be two finite alphabets with cardinalities a and b respectively.
What do you understand by a code f : A — S(B) where S(B) is the infinite set
of all strings in B 7 When is such a code said to satisfy the no-prefix condition
? When is such a code said to be uniquely decipherable 7 Show that a code
satisfying the no prefix condition is also uniquely decipherable and by means
of an example show that a uniquely decipherable code need not satisfy the
no prefix condition. Prove that f satisfies the no prefix condition if and only
if 3,407 U@) < 1 where I(f(z)) is the length of the string f(z) € S(B).
Illustrate your answer by drawing a tree diagram for a no-prefix code.

[2] Show that if f : A — S(B) is a code satisfying the no prefix condition,
then

I(f, ) > H(u)/log2(b)

where H(pu) = =3 c 4 (x).loga(p(x)) is the Shannon entropy of the probabil-
ity distribtution p of the source alphabet € A and I(f, 1) = >, 4 ((f(z))u(x)
is the average codeword length of f. Show in addition that there exists a code
f:+ A — S(B) satisfying the no prefix condition for which

I(f, ) <14 H(p)/logab

Show that such a code can be constructed by choosing I(f(x)) so that

I(F(@)) =1 < —logou(x) < U(f(x)),a € A
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Ilustrate the construction of such a code for the probabilities p(1) = 0.5, u(2) =
0.24, u(3) = 0.1, u(4) = 0.25 when A has four alphabets and B = {0, 1}, ie,
b = 2. Draw a tree diagram for this code.

hint: Make use of Kraft’s inequality and the fact that if p,q are any two
probability distributions on the same set X, then )y p(x)log(p(x)/q(x)) > 0

[3] Show that if if f : A" — S(B) is a code satisfying the no prefix condition
and p is the source probability distribution on A so that the source probability
distribution on A™ is the product distribution, ie the probability of (x;...x,) €
A" occurring if p(zq)...u(xzy), and then if f is the length of a code having
minimum average length [, (f, i) — Yerianea l(f(@1an))p(z)...p(zy), then
the minimum average codeword length I,,(f, 1t)/n per source symbol satisfies
the inequalities

H(p)/logab < L, (f, 1)/n < H(p)/logab+ 1/n

Deduce that by choosing n sufficiently large and encoding blocks of n-long source
sequences rather than single source words, the average code word length per
source symbol can be made arbitrarily close to H(u)/log2b with the code satis-
fying the no prefix condition.

[4] Let X,Y be two random variables. Show that
I1(X,Y) = H(X)+ H(Y)— H(X,Y) = H(X)— HX|Y) = H(Y)—~ H(Y|X) > 0

What do you understand by an entropy typical sequence Tg(n, i, §) for a discrete
memoryless source with probability distribution u. Show that

p M (T (n, p,6)) > 1 - 0®/nd®

where o2 is a constant equal to Var(log(u(X)). Hence, deduce the direct part
of the Shannon noiseless coding theorem using the definition of entropy typical
sequences and Chebyshev’s inequality:

limgﬁolimnﬂmn_lloggN(TE(n,u, 0)) = H(p)
Specifically show that

log2(N(TE(n7/J/76)) < lzmsup N(TE(n7/’L76))
n - " n

H(p) —9) < liminf, <H(u+9

for any § > 0.
hint: Define

Te(n,u,6) ={(z1,....,z,) € A" : 12:log + H(p)| <6}



130 Classical and Quantum Information Theory for the Physicist

Also deduce the converse of the Shannon noiseless conding theorem, namely
that if F,, C A", n =1,2,... is such that u((E,) — 1 as n — oo, then

limin fun~"log(N(E,) > H(n)

Give the physical interpretation of these two results from the viewpoint of noise-
less data compression.

[5] Use the lower bound of the large deviation principle to show that if A is
a source alphabet and the source is ergodic, then for any 6, D > 0 there exists
a sequence of codes C,, : A™ — A™ such that

log(|Crn(A™)]
n

limsup,, < R(D)+4

and simultaneously achieve an average distortion

limsupun™ "o D plar, Cu(@)e) < D +6
k=1

where

R(D) = info{H(Q|Q1 x Q2) : p(Q) < D}
is the rate distortion function and the infimum is taken over all probability
distributions Q on A x A for which the first marginal of Q) is the given source
distribution Q. an) is the distribution of (z1,...2,,) which as n — oo is
assumed to be ergodic. Here,

p(Q) = Y Qx,y)p(x,y)

z,y€A

is the average distortion induced by @). Make use of the large deviation principle
in the form that for large n

0 ogP(Zu(x) < p(Q) +6) > —AY(p(Q)), a.e., Qs

where
AL (y) = supr(\y — Mg (M)
where .
Zn(x) =nt Zp(xk,Yk)
k=1
and

AoV = Qi(@)log(d_ exp(Ap(z,y))Qa2(y))

Y

To arrive at this, make use of the ergodicity of the input string x, xs, ... in the
form

lim,n ™" Z F(zxy) = Z F(z)Q1(x),a.e
k=1

z€A
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with Y7, ..., Y, being iid with distribution @3, the second marginal of ). You
will also have to make use of the identity

0 < H(Q|Qx)
where @ is the distribution on A x A defined by

Ox(z,y) = exp(Ap(x,))Q1(2)Q2(y)/ D _ exp(Ap(x, 2))Q2(2)

Interpret this result from the standpoint of data compression in the sense that
is a minimum amount of distortion is permitted during data compression, then
we can compress the data more that H(X) = H(Q1) per source symbol as given
by Shannon’s noiseless coding theorem.

[6] Give an intuitive proof of Shannon’s noisy coding theorem along the
following lines: The number of input typical sequences of length n is 277 (X)
Given the received output sequence Y, the number of input typical sequences
is 2" (XIY) " If an input sequence X,, of length n is transmitted and and the
received sequence is Y, then a decoding error occurs if either (X,,,Y;,) is not
jointly typical or else if some other input sequence X/, and Y, are jointly typical.
Hence, argue that for a given transmitted input and the given received output,
the number of decoding errors is 27 (X1Y) Deduce thereby that the number of

input sequences that are distinguishable from the given output sequence is the
ratio 27H(Y) jgnH (X|Y) — gn(H(Y)-H(XY)),

[7] Write down the Huffman code for a source probability distribution
{0.4,0.3,0.2,0.1} and prove the optimality (minimum average length of
the Huffman code.
More problems in information theory
[1] Let p1(4), p2(i),s = 1,2,..., N be states in a Hilbert spaces H; and Hs
respectively. Define
p(i) = p1(i) ® p2(i), 1 <i < N
and note that p(i) is a state in H = mathcal H; @Hso. Let p = {p(i) : 1 <i < N}
be a probability distribution on {1,2,..., N}. Consider the inequality
DO pip(i)lpmiz © > p(i)pa(i)) =0
i i

Show that this inequality yields

—H(Z p(i)p1(i) ® p2(3)) + log(d1) + H(Z p(i)p2(i)) > 0

[2] Let M = {M(i) : i = 1,2,...,a} be a POVM. Let p,o be two states.
Define the probability distributions

PY (i) =Tr(p.M(i)), P) (i) = Tr(c.M(i)),1 <i < a
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Show that
D(plo) > D(P)|P))

by considering the TPCP map K defined by

K(p) = S TrlpM(i)les >< e = 32 P (D]e >< e

7

where {|e; >} is an onb for the Hilbert space and using the fact that the relative
entropy is monotone, ie,

D(plo) = D(K(p)|K(0))

Remark:First prove that K is a TPCP map and determine its Stinespring rep-
resentation.
We can write

Tr(pM(i)) = Z < ejlpler >< ex|M(i)|e; >
jik

= ZMi(k?,j) < ¢jlpler >
ik

where

M;(k,j) =< ex|M(i)|ej >
Thus,

K(p) = ZMi(k,j) < ejlpler > le; >< el
ijk
= 3" Mk j) < ejlplex >
jk

where

M(k, j) = ZMi(kvjﬂei >< e
Consider the block structured matrix
M = ((M(k, 7))
Each block M (k, j) here is an n x n block and we have
M(k,j)" = M(j, k)

and in particular, M is a self-adjoint n? x n? matrix consisting of n x n blocks,
each block being of size n x n. We have the spectral decomposition

M =UDU*
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2 2 2

where U is n? x n? unitary and D is n? x n? diagonal with positive diagonal
entries. Equivalently, in n x n block structured form, the spectral decomposition
of the self-adjoint matrix ((M(k,j)*)) can be expressed as

M(k,j)* = M(j,k) = Y Uk, ) D)U)(j,1)"
l

where U(k,1) is n x n and D(l) is n x n diagonal. Equivalently,

k,j)=>_ UG)DWU (k1)
!

Then,

p)=>_ UGDDWU(K,1)* < ¢jlpler >
kjl

=> UG )VDD® < ¢
l

Writing

we can express this as
=Y Tra(E() (I, ® p)E())
l

which easily yields the desired Stinespring representation of K.

[3] Consider the states

Let K denote partial trace w.r.t the second Hilbert space. Then, K is a quantum
operation and hence we have by monotonicity of quantum relative entropy that

D(plo) > D(K(p)|K(0))

Now,
D(plo) = Tr(p.(log(p) —log(a))) =
H(p) + log(dy) — Tr( Zp i)pa(i)log Zp i)pali
= —H(p) +log(dy) + H(p +Zp
p) = Zp(i)m(i), K(0) = pmia
so that

D(K(p)|K (o Zp i)p1(i)) + log(dy)
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and thus we obtain the inequality

() + 3P H(p2(0)) + H(Y_p(i)pr () Zp i)p1(i) @ pa(i))

[4] Consider the state

p= Zp(i)|ei >< e;| @ W(i)

where p is a probability distribution, {|e; >} is an onb for the first Hilbert space
and W (i) are states in the second Hilbert space. Define

I(p,W) = H(p1) + H(p2) — H(p)

where
p1=Tra(p), p2 = Tri(p)

Evaluate I(p, W) and show that it is non-negative.
If p is any state on the tensor product of two Hilbert spaces and p; =
Try(p), p2 = Tr1(p), then

H(p1) + H(p2) — H(p) = D(plp1 ® p2) = 0

because the relative entropy between any two states is always non-negative. In
the special case of this problem, we have

p1= Zp(i)|€i >< eil,p2 = Zp(i)W(l)

e H(p1) = H(p), H(p2) = H(Zp(i)W(l))
H(p) = =Tr(p.log(p)) = —Tr( Zp (i)log(p(i)W (4)))
= H(p)+ Y p(i)H
s0 we get i

= H(Zp(i)W(i)) - ZP(Z’)H(W(Z')) >0

It should be noted that the supremum of I(p, W) over all p is the capacity of
the Cq channel defined by i — W (i).

[5] Prove that if 0 < S < T and T > 0, then

—(S+T)"V28(S+T)"Y2 <2 — 28 + 4T
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hint: Define the matrices

A=VT,B=VT(T+S)"Y? -1

and consider the inequality
0<(A-B)*(A-B)=A"A+B*'B—- A"B—B*A
leading to
A"A+B*B+A*B+ B*A<2(A*A+ B*B)
Show that the lhs of this inequality is
(T+ S)YV2*T(T+8)™Y2 =1 — (T + 8)"Y28(T + §)~1/?
and that the rhs is
2T + 2(R™Y2 — 1)T(R™Y2 —1)
< 2T +2(R™Y2 —1R(R™Y? - 1)
=2T+2+2R—4R"? =4T + 2+ 25 =2+ 4T + 25 — 4R'/?

where
R=T+S

Show that T"> 0,0 < S < 1 together imply
RY2 = (T+8)V2>812>¢
and therefore the rhs is <
244T 425 —-45=2-25+4T

thereby completing the proof.

[6] A proof of Shannon’s rate distortion theorem without the use of large
deviation theory. Let x € A™ with A the source alphabet. Thus, the source
space is A™ and it consists of a” strings. The code space is a subset of A™.
We denote this code space by C. Typically, |C| << a™. We write & € C for
a code word. Assume that the code space C consists of 2"% strings. Thus, for
compression, we wish that R < 1. We select a joint distribution p(z, &) for the
source and code strings in such a way that

p(z,2) = I po(zi, 24)

where

v = (2)iz1, = (&),
In other words, the joint pdf of the source and code strings is selected so that
the joint components are iid with joint distribution py. We say that (z, ) is
(n, €)-distortion typical if

|7’Lil Zd(xkvjk) - D| <,
k=1
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In"log(p1(x)) + H(por)| < e,
In"log(pa(#)) — H(pr2)| < e,
In"log(p(x,2)) — H(po)| < €

where p1(z) =Y. p(z,2) and po(Z) = >, p(x, &) are respectively the distribu-
tions of the strings x and & and pg; is the distribution of x; for any k while
poz is the distribution of #j for any k. Note that since (zg,Zx),k = 1,2,...,n
are iid pairs with distribution pg, it follows that xx, k = 1,2, ...,n are iid with
distribution pp; and Zx, k = 1,2, ...,n are iid with distribution pgs. In the above
definitions,

D Ed $k,$}c Zpo {L‘17(E1 :L‘h{%l)

1717151

is the average distortion per symbol. Let A(d,n,¢€) denote the set of all (n,e€)
distortion typical pairs (z, Z).

We now generate a random code C' C A™ consisting of 2" strings, ie for each
x € A", we randomly assign a codeword # = #(w) € A" where w = 1,2,...,2"
with the distribution of & being p2 (&) = IIp2 (&), namely the second marginal
of p. We next observe that by the weak law of large numbers,

p(&|z)/p2(2) = p(x,2)/p1(2)p2(2)
< 2—”(H($1»iﬁl)—€)/2—n(H(w1)+€)_2—7L(H(§f1)+6)

— 2n(1(11,il)+3€)

whenever (z,%) € A(d,n,e). Note that under p, the probability of A(d,n,e€)
converges to zero as n — oo. In other words, in the limit of large sized sequences,
almost all source-code sequence pairs are jointly typical. Note also that we can
write

H(z1) = H(po1), H(21) = H(po2), H(21, 1) = H(po)

We now define K(z,%) = Xa(n,e)(r,2), ie K(z,2) = 1if (z,2) is (n,¢)-
distortion typical and zero otherwise. We define J(C) to be the set of all
input sequences x € A™ for which there exists an & € C for which (z,z) is
(n, €)-distortion typical, ie,

J(C) = {x|(z,z) € A(d,n,€)forsomei € C'}

For a given source string « € A", with the random code C' constructed as above,
we assign that codeword #(w) to z for which (x, Z(w)) is distortion typical. if
there are two or more such w’s in 1,2,...,2"% then we assign that Z(w) for
which w is a minimum. In this way each x € A" is encoded into a unique
codeword Z(w). Then, it is easy to see that with

dn( Z T, k) < D4 e+ dmaacXA(d n,e)e (z,2)
k=1
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because if (x,%) € A(d,n,e€), then d,(x,2) < D + € from the definition of
A(d,n,€), while if (z, &) € A(d, ne)®, dp(x,2) < dpmas- Now we take the expected
value on both sides of the above inequality over all source words = and the
corresponding codewords & € C and then over all random codes C' described as
above. For such an expectation, we find that

E(d,(z,2)) < D+ €+ dmazPle)

P(e) =Y P(C)(P(A(d,n,e) ZP (z,%) ¢ A(d,n,e))

=Y PE) Y n@
C

2¢J(C)
Remark: The event « ¢ J(C) occurs iff (z,%) ¢ A(d,n,¢) for all & € C.

Now,
Y PO Y m) =) m@) Y PC
c

z¢J(C) z C:x¢C
:ZM( 1—21?2 ZnR

Remark: Writing the elements of the random code C' as wy, wa, ..., wy, M =
2"E it follows that

Z P(C) = Z p2(w1)...p2(wnr)

C:z¢C wi,...,wn(zwe)EA(d,n,e),k=1,2,....M

= ( > pa(wi))™

wi:(z,wy)¢A(d,n,e)
= (1= pa(@) K (x, )™

Remark: More precisely, if we compute the average of d(z, &) over all source
words z and all codes C, then this will be a sum of two terms. The first will be
a sum over all z for which there exists an & such that (z, &) is distortion typical.
For all such z, we have that d,,(z,2) < D +e. Note that by construction, for all
such z, & € C' is uniquely determined. The second sum will be a sum over all x
for which there does not exist any & € C for which (x, %) is distortion typical.
For all such x’s, we assign a single codeword & arbitrarily. This sum will be
dominated by dyq.P(e). Further, using the inequality proved above, namely,

pg(i') > Q_n(l+36)p(i'|$)

we get

I

¢) < 3 @)1 - 27 3 p(dfa) K (. 2)
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SZpl( 1—2;0 (2]2) K (z, 1)) + exp(—2~"U+39 01 Zp (Z|z)K (z, )]

=3 ple, &)1 - K(2,2)) + eap(~2" P3N Y pla, ) K (2, 2)

— P((2,2) € A(d,n,)%) + eap(~2" 13 P((2,2) € A(d,n,e))

where the above probabilities are now computed using p. It is clear then that
if R > 1+ 3¢, Ple) = 0 as n — oo, since by the weak law of large numbers,
P((z,2) € A(d,n,e)®) — 0.

[1] Given a wide sense stationary random process x[n],n € Z with zero mean
and autocorrelation R(7) = E(x[n + 7]z[n]), derive a formula for its p*" order

predictor coefficients:
P
- Z alklx[n —

k=1

by [a] minimizing Zg:p(x[n] — 2[n])? and [b] minimizing E(z[n] — 2[n])?. In
the former case, indicate how you would use perturbation theory to calculate
approximately the mean and covariance of the prediction coefficients. Also for

p = 3 draw the lattice realization of the predictor corresponding to case [b].

[2] Let z[n], n € Z be a wide sense stationary process with mean p = E(z[n])
and covariance

C(r) = R(r) — u*, R(1) = E(z[n + ]z[n])
Prove the mean ergodic theorem in the L? sense:

N-1
limn oo(N 71 Z z[n] —pu)* =0

n=0

provided that lim|,|.C(7) = 0.

[3] Let w[n],n > 1 and v[n|,n > 0 be mutually uncorrelated white noise
processes with mean zero and variances o2 and o2 respectively. Let

s[n] = as[n — 1] + wln],n > 1,z[n] = s[n] + v[n|,n >0

with |a] < 1. Assume that s[0] is zero mean and independent of the processes
w and v. How will you select 02 = E(s[0]?) so that s[n] is WSS. In this case,
compute the optimum causal Wiener filter that takes z[k],k < n as input and
outputs the linear MMSE of s[n] as output. Also write down the Kalman filter
equations for this problem. When does the Kalman filter coincide with the
Wiener filter 7
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[4] Let X and Y be two jointly normal random vectors with the following
statistics:

E(X) = px,E(Y) = py,
Cov(X) = E((X — px)(X — ux)") = Txx,
Cov(Y) =E((Y — py)(Y —uy)") = Sy,
Cou(X,Y) =E((X — px)(Y = py)") = Bxv, Byx = Xxy
Show that the MMSE of X given Y is given by

X = E(X[Y) = px + SxyZy3 (Y — py)

Show that
CO’U(X — X) = ZXX — Exyz;/%/zyx

[5] Write short notes on the following.

[a] Innovations process of a WSS process and its application to causal Wiener
filtering.

[b] Orthogonal projection operator and its applications to linear signal esti-
mation.

9.1 Problems in Quantum Neural Networks

[1] Explain how you will design a neural network with adaptable weights so that
it takes as input a pure quantum state and outputs another pure quantum state.

hint: Let |¢)9 > be the input state with components ty(i),i = 1,2, ..., N.
Assume that the state at the k' layer |1(k) > is a pure state for each k =
1,2, ..., L where |¢p(L) > is the output state. Then, the transition matrix from
the k'" layer to the (k + 1) layer must be a unitary operator, in general
dependent upon the state |¢(k) >. We may thus design this transition matrix
U(k,k+1) as

Uk, k+1)=exp(iH(k,k+ 1))

where H(k,k + 1) is a Hermitian matrix of the form
H(k, k+1) = > W (G k)AG k)DL W (i1 k)W (2, k) A1, G, k).
J Ji,J2
+ > W, k)W (a2, k). W (s K) A1, oo G )
Jiseesdn

where W (4, k),j = 1,2,... are the weights of the k*" layer and A(jy, ..., j,, k) are
fixed Hermitian matrices independent of the weights. The output of this QNN
is the state

[W(L) >=U(L —1,L)U(L —2,L —1)..U(1,2)U(1,0)[ >
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and the weights {W (4, k)} are to be adapted so that |¢(L) > tracks a given pure
state. For implementing this adaptation using the gradient search algorithm,
we must differentiate U(k, k4 1) w.r.t the weights W (j, k) and to carry out this
differentiation, we may use the formula for the differential of the exponential
map in Lie group-Lie algebra theory:

9] 0 .
B (I —exp(—adH (k,k+1)) OH(k,k+1)
SOk ) k) oW Gk

[2] Consider a Schrodinger Hamiltonian H(6(t)):
H=H(0() =—-V?/2m + V(z,0(t))

where
p

V(a,0(1)) = Vo(z) + Y O(t) Vi ()

k=1
The wave function
Pt x) =< =z[y(t) >
satisfies
0 (t) >= H(0(t))|v(t) >
or equivalently,

P

i0p(t, @) = Hotb(t, ) + Y O (t) Vi (2) 0 (¢, )

k=1

where
Hy = —V?%/2m + Vi (z)

Adapt the parameters 6y, (t) so that |1 (¢, z)|* = p(t, z) tracks a given probability
density po(t,z) by approximately minimizing [(po(t,z) — p(t, z))?dz using the
gradient search algorithm:

Or(t+ h) =0, (t) — M(‘)Gf(t) /(po(t+ h,x) — p(t + h,z))?dx

Now
p(t+ h,z) = [t + h,z)[?

G(t+h,w) = exp(—ih(Ho + Y Ox(t)Vi))(t, z)
k

0 )
%exp(—zh(Ho + 2}; 0 Vi) =
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I — exp(ih.ad(H))
ih.ad(H)

exp(—ih.H) ( (—=ih V)

= h.eap(—ih.H) Y ((ih)™/(m +1)))ad(H)™ (Vi)
n>0
If we make approximations to this formula, then we would use

P

Gt + hyx) = p(t,x) — ih(Hot(t,x) + Y O (t)Vi(2)¥(t, )

k=1

Note that this approximation defines a non-unitary evolution. Then, we would
get
OVt + h,x)/00k(t) =

—ihVi(z)(t, )

and hence

Op(t + h,x)/00y(t) = 2Re((t + h, x).0¢(t + h,x)/00k(1))

= 2Re(—ihVi () (t + h,z)Y(t, ) = 2h.Vi(x).Re(P(t + h, z)(t, x))

9.2 MATLAB simulation exercises in statistical
signal processing

[1]

[a] For p = 2,3, 4 simulate an AR(p) process using the algorithm
z[n] = —a[l]z[n — 1] — ... — a[p|z[n — p] + w[n]

where {w[n]} is an iid N(0,02) sequence with o,, = 0.1 and the AR coefficients
alk],k =1,2,...,p are chosen so that the roots of the polynomial

A(z) =1+a[l]lz™' + ... +a[p]z?

fall inside the unit circle. Use the "poly” command to generate the AR polyno-
mial for a specified set of zeroes and use the “root” command to calculate the
roots of a polynomial for a specified set of coefficients.

[b] Write a program to calculate the autocorrelation estimates

N—-1-1
- 1

Ry (1) = N Z x[n + 7|x[n]

n=0
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for 7 = 0,1,..., M and Ryo(—7) = Ruu(7),7 = 1,2,..., M where N = 100 is
the number of generated samples of the process and M << N, say M = 20.
Apply the Levinson-Durbin algorithm to calculate the prediction coefficients of
the process upto order p. Draw the Lattice filter realization and compare with
the lattice filter obtained using the exact statistics of the process, ie, compare
the estimated reflection coefficients and the prediction error energies of orders
upto p obtained using EM(T) with those obtained using Ry (7). Try to design
a perturbation theoretic method for calculating the approximate shift in the
reflection coefficients and prediction energies when estimated correlations are
used in place of true correlations. Your answer must be expressed in terms of
the the shift

ORy2(T) = Ryw(T) — Ryu(T)

[2] Generate an ARM A(p,q) process with p = 3,¢q = 5 according to the
algorithm

z[n] + > alkln — k] = > blk]é[n — K]
k=1

where the roots of the polynomial
P
A(z) =1+ Za[kz]z‘k
k=1

all fall inside the unit circle. Here, d[n] is the unit impulse function. Estimate
{a[k]} by minimizing

N P
E{alllYou) = > (z[n]+ ) alkla[n —k])>
n=maxz(p,q+1) k=1

and then estimate {b[k]} using these estimated AR coefficients in the equation

b[n] = z[n] + Za[k‘]x[n —kl,n=0,1,....q

[3] Generate an AR(p) process {z[n]} as in problem [1]. Generate the desired
process,
d[n] = c[l]z[n] + c[2]x[n — 1] + .. + c[g]z[n — ¢] + v[n]
where {v[n]} is iid N(0,02) independent of {w[n]}. Take for example p = 3,q =
2.
[a] Implement the LMS algorithm for estimating d[n] linearly based on
z[n],zn — 1], ..., x[n — 7], ie, write

d[n] = Z hi[n)z[n — k), e[n] — d[n] — dn],
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0
h 1] =nh — p—=——e[n]?
1) = ] = el
= hg[n] + 2peln|zin — k], k=0,1,...,r
Plot the error process e[n] and estimate its limiting mean square value using
time averages. Now assuming that the vector process

X[n] = [z[n],z[n —1],...,z[n —r]|T, n=r,r+1,...

are independent, carry out the standard convergence analysis of the LMS algo-
rithm and determine the limiting mean square error of e[n]. Compare this with
the estimated one.

[b] Cast the AR filter model and the measurement model for d[n] in standard
state variable form and design a Kalman filter for estimating the state, ie, £[n] =
[#[n—1],...,2x[n—p]]* from the measured data d[k],k < n. Also design the causal
Wiener filter and compare the asymptotics of the two.

[4] Generate reference signals
x1[n] = cos(wn), z2[n] = sin(wn)

Generate a signal y[n] = Acos(wn + ¢) + B.cos(6n + ) + v[n] with § # w
and v[n] white Gaussian noise. Design an adaptive notch filter based on the
LMS algorithm to cancel out the frequency component at w from y[n| using the
reference signals. Specifically, the notch filter is defined by the equations

e[n] = y[n] = g[n], 9[n] = ha[n]z1[n] + ho[n]z2[n],
3 0
T
hin] 4+ 2ue[n]xg[n], k= 1,2
Plot the output e[n] of this adaptive notch filter. Also plot its FFT and check
that the frequency component at w has been cancelled out. Solve the above

recursive equations for hg[n] and compare the resulting adaptive notch filter
with that obtained using MATLAB simulations.

hi[n + 1] = hg[n] e[n)* =

9.3 Problems in information theory

[1] Let ¢p(z) = x.log(z),z > 0. ¢ is a convex function since ¢’ (z) = 1/z > 0.
Hence, if p, ¢ are two probability distributions on E = {1,2,..., N} and ¢ € [0, 1],
then

o(tp(i) + (1 — t)q(i)) < td(p(i)) + (1 — t)p(q(i))

Hence, if H denotes the entropy function, then

H(tp+ (1 —t)q) > tH(p) + (1 —t)H(q)
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ie, H(.) is a concave function. Further, since log(x) is an increasing function on
R, it follows that

log(tp(i) + (1 —t)q(i)) > log(tp(i)),

log(tp(i) + (1 —t)q(i)) = log((1 — t)q(i)),

and hence multiplying the first inequality by ¢p(i), the second inequality by
(1 —t)q(7) and adding gives us

o(tp(i) + (1 — t)q(i)) = o(tp(i)) + o((1 — t)q(i))

from which we deduce that

H(tp+ (1 —1)g) < = Y _[8(tp(0)) + ¢((1 - 1)q(i))]

=H(t,1—t)+tH(p) + (1 - t)H(q) < log(2) +tH(p) + (1 —1)H(q)
We can thus combine the above two inequalities and write,
tH(p) + (1 =) H(q) < H(tp + (1 = t)q) < log(2) + tH(p) + (1 — t)H(q)
Thus, if p,, ¢, are products of p and ¢ respectively on E™, then
tH(p) + (1= t)H(q) <n~"H(tpy + (1 - t)gn) < log(2)/n+tH (p) + (1 —)H(q)
since H(p,) = nH (p), H(gn) = nH(q) and therefore,

limp—oon™ "H (tpn + (1 — t)gn) = tH(p) + (1 — t)H(q)

Entropy rate of a stationary dynamical system: Let (€2, F) be a measurable
space and let P be a probability measure on this space. Let T : (Q, F) — (Q, F)
be a measurable map that preserves P, ie P(T'E) = P(E)VE € F. We
write this for short as, PoT~! = P. Let & be a finite measurable partition of
(Q,F), ie, £ = {E,..., Ex} for some finite positive integer N where E; € F,
ENE; =¢,i# jand Q = Uf\il E;. Given two such partitions &, n (by partition,
we mean measurable partition, ie, all its elements are members of F), we define

EvVn={ENF:FEec¢Fen}

Then £V is also a finite partition of 2. Given two partitions &, 7 of €2, we write
& > n, if every element of 7 is a union of elements of £. It immediately follows
that for any two partitions &, 7, we have that £ V7 > &, n.
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9.4 Problems in quantum neural networks

[1] Let H(A) be a Hamiltonian operator depending upon a vector parameter 6.
Assume that the eigenvalue problem

H0)|un(0) >= En(0)un(0) >,n=0,1,2, ...

has been solved. Now suppose 6 = 6(t) is made to vary with time. Then, we
have

H(O(t) |un(0(t)) >= En(0(t))|un(6(t)) >n=0,1,2,...

We wish to solve the time dependent Schrodinger equation

d
i (t) >= H((0()lv(t) >
Expand the solution as

[W(t) >=> " c(n, t)|un(0(t)) >

n>0

The problem is to derive an system of coupled linear differential equations for
c(n,t),n > 0.

i0:|1p(t) >= H(6(1))|9(t) >
H(O())un(0(1)) >= En(0(t))|un(0(t)) >
() >= e, )|un(8(¢)) >

n

10 h(t) >= Z[i(@tc(n,t))|un(0(t)) > 4ic(n, )0 lun (0(t)) >]

n

Oy |un (0 Ze’ )Do, |un (0(t)) >

< U (0(2))|0;|un (6 29' < um (0(1))[0; [un(0(t)) >

Define
F(m,n,k,0) =< u;,(0)|0g,, |un(6) >

Suppose that |u,(0) > are real functions of 6 in the position representation.
Then, F(m,n,k,0) are also real functions. In the general case, the equation

< U (0)|un (0) >= d(m,n)
implies on differentiating that

F(m,n,k,0) + F(n,m,k,0) =0
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In particular, if F'(n,n,k,0) is real, it follows that
F(n,k,k,0)=0
In the general case, we get Schrodinger’s equation as

10c(n,t) +1 Z c(m,t) < un(0(t))]|0¢|um (0(t) >= E,(0(t))c(n, t)

or equivalently,
i0c(n, t) +iZc(m,t)F(n,m, k,0(t))0;(t)c(m,t) = E,(0(t))c(n,t) — — — (1)
m,k

Neural network design: Let po(t,q) be the density to be tracked by p(t,q) =
[4(t,q)|*> where 1(t,q) =< q|i(t) > is the position space representation of
[4)(t) >. To achieve this tracking, we can either adaptively minimize [(po(t,q)—
[v(t, q)[*)?dg, or else adaptively minimize > |co(n,t) — c¢(n,t)|* where

Co(mt)Z/\/po(t,q)ﬂnw(t),q)dq =< un(0(t)[v/polt,.) >

9.5 Quantum Gaussian states and their trans-
formations

a = (a,....,an),,a* = (aj,...,a}) form a canonical set of annihilation and cre-
ation operators:
iy g = U, [, *f] = 5(i7j)
[ai, a;] =0, [a;, ]
The Weyl operator is defined as
W(z) = exp(z*a — 2"a*), 2 € C"

Note that
W(2) = exp(—|z|?/2).exp(—2Ta*).exp(z*a)

which implies
< e(V)|W(2)|e(u) >= exp(—|z]*/2+ < z,u > — < v,z >)
A state p will be called zero mean Gaussian if
Tr(p.W(2)) = exp(R(2)TSR(2)/2)

where
z=x+iy, R(z) = =", y"]"
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and S is a symmetric complex matrix. Note that
W (2)|e(u) >= exp(—|2|*/2)exp(—2T a*)exp(< z,u >)|e(u) >
= exp(—|2*/2+ < z,u >)|e(u — z) >
W(—2)W(2)le(u) >= exp(—|2|*/2+ < z,u >)W(—2)|e(u — z) >=
exp(—|z|? /24 < z,u >).exp(—|2)?/2— < z,u — 2 >) =1
so W (z) is a unitary operator with inverse W (—z):
W(2)* = exp(zTa* — 2%a) = W(—2) = W(z)™*
Also,
W (0)W (2)|e(u) >= exp(—|z>/2+ < z,u >)W (v)|e(u — 2) >
= exp(—|z|?/2+ < z,u >).exp(—|v|?/24+ < v,u — z >)|e(u — 2z — v) >
=exp(—|2|?/2 — [v]*/2— < v,z >+ < z+v,u>)|e(u—z—v) >
=exp(—|z +v*+ < z+v,u> —iIm(< v,z >))|e(u — z —v) >
= exp(—iIm(< v,z >))W(z + v)|e(u) >

Therefore, z — W (z) is a projective unitary representation of C™ in the Boson
Fock space I's(C") = L?(R"):

W)W (z) = exp(—iIm(< v,z >))W (v + 2)
Now let p be a zero mean Gaussian state. Then
p(2) = Tr(p.W(2)) = eap(~R(z)"SR(2)/2)
now for p points 2y, ..., 2, € C”, we have that
(Tr(pW (z)W (2;)") )1<ij<n
is a positive definite matrix since p is a state and hence positive definite. But
W (z)W(z;)* = W(z)W(—2;) = exp(iIm(< 2, z; >))W (2 — z;)

and hence
((p(zi — 2j)exp(ilm(< zi, 25 >)))r<ij<p
is a positive definite matrix. Now if £ = R(2),n = R(u) with z = z + iy,u =
a+ib, then ¢ = [2T yT)T, n = [aT,bT]T and Jn = [bT, —a®]T so that
< R(2),JR(u) >=< &, Jn >=2"b—yla=Im(< z,u >)

So
Im(< Ziy 25 >) =< R(Zi),JR(ZJ) >
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Further,
0 =< R(2;), JR(z;) >=< R(zj), JR(z;) >

We require that S be such that S is symmetric and
(exp(=1/D(B(z — 2) SRz — 2;) +i < R(z), JR(z;) >))) — = — (1)
is positive definite. A necessary and sufficient condition for this is that
S+1iJ>0

Remark: For (1) to be positive definite, it is necessary and sufficient that
the matrix A = (((—1/2)(& —&;)TS(& — &) +i€T JE;)) be conditionally positive
definite for all real vectors &;,¢ = 1,2,...p of size 2n x 1. This means that if
> ¢; =0, then

> icjA(i,§) > 0
0,J
Equivalently, if >, ¢; = 0, then

> e (]S +igl 1g5) > 0
2%
or equivalently,
S+iJ >0

Assume that this condition has been satisfied. Consider now the following
transformation acting on zero mean Gaussian states. The state p gets trans-
formed to T™(p) where T is the dual of the linear operator T" acting on bounded
operators in I'y(C™) defined by its action on W (z):

T(W(2)) = W(R™ AR(2)).exp((1/2)(R(2)" BR(2))

where A is a real matrix of size 2n x 2n and B is a real symmetric 2n x 2n
matrix. Under this transformation, it is easily seen that if (A, B) satisfies a
certain condition, then T%(p) is a zero mean Gaussian state whenever p is.
Consider a one parameter family (A, B;),t € R of matrices such that if

T,(W(2)) = W(R™" A;R(2))exp((1/2)R(2)" B;R(2))
then
Tis = T,T,V, s € R

ie Ty is a one parameter group of transformations on the Banach space of
bounded operators on the Boson Fock space I's(C™) such that its dual 7}, ¢ € R
is a one parameter group of transformations on the convex set of states in I's(C™)
that preserves Gaussian states. Then we have

W(R™" Ay s R(2))exp((1/2)R(2)" ByysR(2)) =
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T,(W(R A R(2))exp((1/2)R(2)T B,R(2))
= W(R YA, A R(2))exp((1/2)R(2)" BsR(2) + (1/2)R(2) AT B, A R(2))
This is to be supplemented with the condition Ty = I. This is satisfied iff
At+s = AtAS, Bt+3 == BS + AthASVt, seR
This is satisfied iff
dAg/ds = LA, L = (dA:/dt)|i=0

and
dB,/dt = K + LTB, + B,L, K = (dB,/ds)|s—0, Ao = I, By = 0
which is satisfied iff
t t
B; = / exp((t — s)LT)K.exp((t — s)L)ds = / exp(sLT)K.exp(sL)ds,
0 0
Ay = exp(tL)

Thus, we get a parametrization of T} in terms of the operators (L, K). Now let
p be a zero mean Gaussian state with covariance matrix S, ie, S is a 2n x 2n
complex matrix with

S+iJ >0

and
Tr(p.W(2)) = exp((1/2)R(2)" SR(2))
Then,
Tr(T; (p)W(z)) = Tr(p.Ti(W(z))

Tr(p-W(R™ AtR(2))).exp((1/2)R(2)" BiR(2))
= p(RTAR(2)).exp((1/2)R(2)T B;R(2))
= exp((1/2)R(2)" (B; + Af SA;)R(2))

For this to be a valid Gaussian state, an additional condition on (A, B;) must
be imposed, namely,

ATSA, + By +iJ > 0Vt — — — (a)

Problem: How to construct Lindblad operators and a harmonic oscillator
Hamiltonian so that condition (a) is satisfied.

Remarks: let p be any state with quantum Fourier transform ¢(z) = p(2).
Let ¢:(2) be the quantum Fourier transform of p, = T} (p). Thus,

$1(2) = $(R™ ArR(2))ewp(1/2)R(2)" B R(2))

where .
A = exp(tL), B; = / exp(sLT)K .exp(sL)ds

0
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Then,
d¢t(2)
@ =0
More precisely, ¢ and ¢; are functions of 2,z or equivalently of R(z) = £ =
[zT,yT]T. So we should write

(&) = ¢e(R(2)) = ¢:(€)

Then, with this notation, we have

$1(€) = (Ai€)exp((1/2)€7 Byf)
and we find for the action of the generator of T} on ¢(§) the formula
4
dt
(L&) Vea(€) + (1/2)(T K&)¢(€)

We write ¢,(&) = Tr(pW(z)) = ¢(§) to show the explicit dependence of ¢ on
p. Then,

— (R'LR(2))"

L) = —de(§)le=0 =

§.0(8) = (0(£),y0(£))

with
z(&) = Tr(pxW(2)),y¢(&) = Tr(pyW(2))
so that
£.0(8) = Tr(pLW(2))
Now,
W(z)le(u) >= exp(—|z|*/2+ < z,u >)|e(u — 2) >
so that
aW(2)|e(u) >= (u — 2)exp(—|z|?/2+ < z,u >)|e(u — 2) >,
W(2)ale(u) >= u.exp(—|z*/2+ < z,u >)|e(u — 2) >

W(2),a] = 2W(2)

or equivalently,
W(z)aW(z)" —a =z

and we get on writing
a=(g+1ip)/V2,a" = (q—ip)/V2

that
(W(2)gW (2)* = q) +i(W(2)pW (2)* —p) = (x +iy)V2

which yields on equating Hermitian and skew-Hermitian parts on both sides,

W (2)qW (2)* — ¢ = avV2, W (2)pW (2)" —p = yV2
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or equivalently,

W (2),q) = V2zW (2),[W(2),p] = V2yW (2)

and hence
26,(§) = Tr(paW (2)) = 272 Tr(p.[W(2), q)
= 271271 ([q, pIW (2)) = 27214, (€)
Likewise,
Yop(§) = 2_1/2¢[P,p] (©)
Further,
Vad(§) = Tr(p-V.W(2))
Now,
W (z2) = exp(—|2|/2)exp(—zTa*)exp(z*a), z = = + iy
S0

VoW (2) = —2W(z) — a*W(z) + W(2)a = =27 V2[W(2),q] + W(2)a — a*W(z)

V,W(2) = —yW(2)—ia* W (2)—iW (2)a = —27Y2[W (2), p|—i(W (2)a+a* W (2))
So
Vad(§) = Tr(p-VaW (2)) = =271y, (€) + bap(€) = bp.a= (€)

vy¢(€) = TT(pVUW<Z)) = _2_1/2¢[p,p] (f) - i¢ap(§> - id)p.a* (f)
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Chapter 10

Lecture Plan for
Information Theory,

Sanov’s Theorem, Quantum
Hypothesis Testing and State
Transmission, Quantum
Entanglement, Quantum
Security

10.1 Lecture Plan

[1] Shannon’s construction of the entropy function from basic postulates.
[2] The meaning of information and its relationship to probability.
[3] Concavity of the entropy function.
[4] Shannon’s noiseless coding theorem or the data compression theorem.
[a] Chebyshev’s inequality and the weak law of large numbers.
[b] (e, n)-typical sequences.
[c] Shannon’s noiseless coding theorem for discrete memoryless sources.
[d] Ergodic sources and the Shannon-McMillan-Breiman theorem:Proof based
on the Martingale convergence theorem.
[e] Entropy rate of a stationary stochastic process.
[f] Noiseless coding theorem for ergodic sources.
[g] Converse of the noiseless coding theorem for iid and ergodic sources.
[

g|
5] No prefix codes, uniquely decipherable codes and inequalities for the
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average length of a uniquely decipherable code.

[6] Proof that if Kraft’s inequality is satisfied, a no prefix code can be con-
structed, if a code is uniquely decipherable, then Kraft’s inequality is satisfied
and that no prefix codes are uniquely decipherable.

[7] Minimum average length of a code and construction of the optimal Huff-
man code.

[8] Basic large deviation theory required for proving the rate distortion the-
orem.

[9] Proof of the rate distortion theorem and its relationship to the gener-
alization of Shannon’s noiseless compression theorem with maximum allowable
distortion.

[a] Proof based on the large deviation principle with random coding argu-
ment.

[b] Proof based on a random coding argument, distortion typical sequence
pairs without the use of large deviations.

[10] Noisy channels, conditional entropy and mutual information.

[11] Shannon’s noisy coding theorem and information capacity of a discrete
memoryless channel.

[a] Jointly typical sequences.

[b] Proof of the noisy coding theorem based on Feinstein-Khintchine funda-
mental lemma.

[c] Proof of the converse of the noisy coding theorem.

[d] Joint input-output ergodicity for stationary channels having finite mem-
ory and the m-independence property when the input is ergodic.

[e] Shannon’s proof of the noisy coding theorem based on joint typicality
and a random coding argument.

[12] Rate distortion theorem as a sphere covering problem and the noisy
coding theorem as a sphere packing problem.

[13] Relative entropy and mutual information as a distance measure between
two probability distributions.

[14] Joint convexity of the relative entropy.

[15] Kolmogorov-Sinai entropy of a stationary dynamical system and its
properties.

[16] Sanov’s theorem on relative entropy as the rate function for empirical
distributions of iid random variables.

[17] Capacity of Gaussian channels.

[18] An introduction to network information theory.

[a] Capacity region of multiple access channels.

[19] An introduction to quantum information theory.

[a] Entropy of a quantum state.

[b] Quantum hypothesis testing between two states and quantum Stein’s
lemma.

[c] Concavity of quantum entropy.

[d] Joint convexity of quantum relative entropy, proof based on application
of Lieb’s concavity theorem to quantum relative Renyi entropy.

[e] Quantum data compression using Schumacher’s noiseless coding theorem,
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[f] Quantum relative Renyi entropy and its joint convexity based on operator
convex functions.

[g] Cq noisy coding theorem and its converse. Proofs based on entropy
typical projections and random coding arguments.

10.2 A problem in information theory

Let p(i),i = 1,2, ..., N be a probability distribution on N symbols, say on E =
{1,2,..., N}. Assume that p(1) > p(2) > ... > p(N). Let p,(z),z € E™ denote
the product probability distribution on E", i.e, if x = (21,...,2,) with z; €
E,i=1,2,...,N, then p,(z) = p(z1)...p(x,). Let p(z)* denote the arrangement
of the numbers p(x),x € E™ in decreasing order. Let |F'| denote the size of a
set F'. Then,

{2 p(x) > eap(b)}] < D (p(x) /")~ = eap(i(s) —b(L — 5))

x

=log » _plx)'~

where

and 0 < s < 1. Thus writing
Y(s)—(1—s)b=R

we get that

and we get in this case,

{z : p(x) > exp(b(s))}| < exp(R)

It follows then that if

Pp,e®y= > pl)

z<exp(R)
then
p(z) < exp(b(s)),z > exp(R)
and hence
P(p,e®) =1-Pp,ef) = S pla) < > p(z)
z>exp(R) {z:p(z)<exp(b(s))
< Zp(x)(ea?p(b ZP “fexp(sb(s))

x

= exp(sb(s) +¥(s))
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Now,
sb(s) + 4 (s) = s(¥(s) = R)/(1 = s) +1(s) = (¥(s) = sR)/(1 — s)
and hence,
P(p, R)¢ < exp(ming<s<1(¥(s) —sR)/(1 —s)) — — — (1)

We now derive an upper bound on P(p,ef!). Let A be any set with |A| = eff.
Then
A=(An{z:p(x) >a}) UAN{z:p(x) <a})

so that
p(A) < alAl+ p{z : p(x) > a}

In particular, we get with a = e®,b = b(s) = ()(s) — sR)/(1 — s) and s < 0,

plp,e™) = pla) < e+ p(a)(p(a) /e

= exp((1(s) — sR)/(1 = s)) + exp(ih(s) + sb) = 2eap((¥(s) — sR)/(1 — s))
where we have used
R4b = R+((s)—R)/(1=s) = (¢(s)=sR)/(1=s5),1(s)+sb = ¢(s)+s(¢(s)—R) /(1—s)
= (1(s) = sR)/(1 = s)
Since s < 0 is arbitary, it follows that
p(p, ") < 2.eap(ming<o(i(s) — sR)/(1 = s)) = — = (2)

In particular, applying (1) and (2) to p,, in place of p and nR in place of R gives
us
P(pn, ") < exp(nming<s<i((s) — sR)/1 — s))),

P(pn, €") < 2.exp(n.ming<o(¥(s) — sR)/(1 — s))

where

WU(s) =log» p(z)'
xT
Now observe that

lima_otb(s)/s = — > _p(x).log(p(z)) = H(p)

and therefore, it easily follows that if R > H(p), then
limsup, (n~'.log(p(pp, e"F)%)) < 0

and in particular,
1im, s 00D (P, €)= 0
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or equivalently,
limy,p(n, e™?) =1

and if R < H(p), then
limsup,n~ " .1log(p(pn, e™)) < 0

and in particular,
limn—mop(pna enR) =0

Remark: This result can be looked upon as a version of Shannon’s noiseless
coding theorem based on typical sequences, ie, the set of typical sequences
consists of approximately exp(nH (p)) elements and this set occupies almost
all the probability mass in the set of all the exp(n.logN) = N sequences.
Note that, H(p) < N except when p is the uniform distribution and hence for
sequences of large length n, exp(nH (p)) << N™.

10.3 Types and Sanov’s theorem

The same situation as above is being considered. Let u € E™ where F =
{1,2,..., N} and let p, denote the type probability distribution corresponding
to u, ie,

pu(z) = N(z|u)/n,x € E

where N (z|u) is the number of times that « occurs in u. Thus a type (probability
distribution) is a probability distribution on E of the form

p(x) =m(z)/n,x € E

where m(z), z € E are all non-negative integers. It is clear that the total number
of types is < (n + 1)V~ since each element in E can occur either 0 times, or
once, or twice,...,or n times and that the number of times that the last element
N of F occurs is determined by the number of times that the other elements
have occurred since the sum of the number of occurrences of all the elements
is n. Let p be a type and let T'(n, p) denote the set of all sequences of type p.
Then,
n!
e p(np(x))!

Further if u € T'(n, p), and p,, denotes the n-fold product distribution of p, then

T (n,p)| =

pu(w) = Weepp()™® = exp(ny _ p(w).dog(p(x)) = exp(—nH (p))

x

Let now p, ¢ be two types. Then, for u € T'(n, q),

pn(w) = ,p(2)"1") = exp(> " ng(x)log(p(x))) = exp(—n(H(q) + D(q|p))
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Further,
T (n,p)/|T(n, q)| = 12 [(nq(x))!/ (np(x))!]

Now,
nl/m! <np7m

proof: Suppose n > m. Then, lhsis n(n—1)..(n —m+1) < n™~"™. Suppose
n < m. Then reciprocal of lhs is m(m — 1)...(m —n + 1) > n™ ™. The proof is
complete.

Now, using this result,

T (n, @)|/IT(n, p)| = I ((np(2))!/ (ng(x))!)

< 1L (np(a))" PO~ = eap(Yy " n(p(x) - q(x))log(np()))

x

= exp(n(d_(p(x)log(p(x)) — q(x)log(p(x)))) = exp(—n(H(p) — H(q) — D(q|p)))

x

Therefore, for any u € T'(n,p),v € T(n,q),
pn(T(’IL q))/pn(T(na p)) =Pn (U).|T(7’L,p) |/pn(u) |T(na Q)|

= exp(—n(H(q) + D(qlp) — H(p)))|T(n,q)|/|T(n,p)| <1

Thus, we obtain
Theorem: For any two types p, ¢, we have

pr(T(n,p)) > pu(T(n,q))

Now, u € T'(n, q) implies

pn(u) = exp(—n(H(q) + D(q|p))

and summing this equation over all u € T'(n, q) results in

pn(T(n,q)) = exp(—n(H (q) + D(q|p))|T(n, q)]

Since this is a probability, it cannot exceed unity and hence we get

IT(n, q)| < exp(n(H(q) + D(qlp))

This inequality is true for any two types p,q. In particular, setting p = ¢ gives

T(n,q)| < exp(nH(q))

or equivalently, replacing ¢ by p,

|T'(n,p)| < exp(nH (p))

Now we have seen that for any two types p, q,

exp(—nH (p))|T(n,p)| = pn(T(n,p)) = pn(T(n,q))
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Since if ¢q,¢" are any two different types, T(n,q) and T'(n,q’) are disjoint, it
follows then by summing over all types ¢ and recalling that the number of types
cannot exceed (n + 1)V =1, that

cap(—nH (p)|T(n.p)|(n + DN =Y " pu(T(n,q) =1

q

or equivalently,
T(n,p)| = exp(nH(p))/(n+ 1)V

Thus, we have proved
Theorem: For any type p,

cap(nH (p)/(n+ )N~ <|T(n,p)| < exp(nH (p))

In particular,

lim,,_,.. 09(T(n.p))) _ Hip)

Combining this equation with the equation

pn(T'(n,q)) = exp(—n(H(q) + D(q|p))|T (n, q)|

derived above, gives us
Theorem (Sanov): For any two types p, q,

ezp(=nD(qlp)/(n+ 1)V < pu(T(n.q)) < exp(-nD(q|p))

and in particular,

limn—oon™ " .log(pn(T(n, q)) = —D(q|p)

Intuitively, this means that if the relative entropy distance D(q|p) between ¢
and p is large, then the probability that under p, the empirical distribution of
the sequence will be ¢ is less likely and vice-versa.

10.4 Quantum Stein’s theorem

We wish to discriminate between two states p, o using a sequence of iid mea-
surements, ie, measurements taken when the states become p®” and ¢®",n =
1,2,.... Let 0 < T}, <1 be the detection operators. If the state is p®", then the
probability of a wrong decision is P;(n) = Tr(p®"(1 — T,,)) while if the state is
@™ the probability of a wrong decision is Py(n) = Tr(c®"T,). The theorem
that we prove is the following: If the measurement operators {7, } are such that
Py(n) — 0, then Pj(n) cannot go to zero at a rate faster than exp(—nD(c|p)),
ie,
limin f,_n"dog(Py(n)) > —D(ap)
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and conversely, for any 6 > 0, there there exists a sequence {T,,} of detection
operators such that P»(n) — 0 and simultaneously

limsup,n~".log(Py(n)) < —D(c|p) + 6

To prove this, we first use the monotonicity of the Renyi entropy to deduce that
for any detection operator T,

(Tr(p®"(1 — T))* Tr(c®*(1 — T,))'~*
< Tr(p®ns) g®ni=9))
for any s < 0. Therefore, if
Tr(e®"T,) — 0

then
Tr(e®"(1-T,)) =1

and we get from the above on taking logarithms,
limsupn™ " .1log(Tr(p®™(1 —T,)) > log(Tr(p°c*"%))/s
or equivalently writing
a = limsupn™".log(Py(n))

we get
a > s_lTr(psal_s)Vs <0

Taking léms 1 0 in this expression gives us
a > =D(olp) = =Tr(o(log(c) — log(p)))

This proves the first part. For the second part, we choose T;, in accordance with
the optimal Neyman-Pearson test. Specifically, choose

T, = {exp(nR)p®" > o®"}

where the real number R will be selected appropriately. We then find the
following upper bound for the probability of false alarm:

Tr(c®"T,) < exp(nsR)Tr(p®™)*(a®™)' %)

= exp(ns(R + s Llog(Tr(p*c'™*)))) — — — (a)
for any s > 0 and for the probability of miss,

Tr(p®" (1 - To)) < Tr(p®")'~*(c®")" Jeap(~nsR)

= exp(—ns(R — s tog(Tr(p'~*0*)))) — — — (b)
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for any s > 0. Now let § > 0 be arbitrary. Choose

R=D(clp) -6

Then since
limgyos~ " log(Tr(p°c' %)) = —D(c|p)

it follows that for s = sg positive and sufficiently small that

sy Hog(Tr(p*c'™*)) < —D(alp) + /2

and then we get from (a)
Tr(c®"T,) < exp(—nsed/2) — 0

which says that for this sequence of tests, the probability of false alarm converges
to zero, on the one hand while on the other, we find with s =1 in (b) that

Tr(p®" (1 = Tp)) < exp(—n(D(olp) — 9))

which shows that the probability of miss for the same sequence of tests converges
to zero at a rate faster than D(o|p) — 4.

10.5 Problems in statistical image processing

[1] Explain the meaning of orthogonal transforms acting on vectors (ie,one di-
mensional signals) and matrices (ie two dimensional image fields). Prove that
given two one dimensional orthogonal transforms, their tensor product defines
an orthogonal transform acting on two dimensional image fields.

[2] Prove that given K one dimensional orthogonal transforms defined by
matrices 171, ...,Tx as acting on one dimensional signals of perhaps different
sizes, their tensor product T} ® ... ® Tk defines an orthogonal transform acting
on K-dimensional signals.
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[3] Define the Hadamard transform

e 11
=2 (1_1>

acting on a signal having just two samples. Show that H is an orthogonal
transform. Consider H,, = H®". Show that H,, is a 2" x 2" orthogonal matrix
acting on a one dimensional signal having 2" components. Write down explicitly
the matrices H,, for n = 1,2,3. Show that H,, ® H, is an orthogonal transform
acting on a 2" x 2" dimensional image field.

[4] Consider the one dimensional vibrating string u(t,x) satisfying the one
dimensional wave equation with forcing f(¢,x).

0?u(t, ) 2 0?u(t, z)
ot? 0x?

= f(t,z),0<z <L

with boundary conditions u(t,0) = u(t, L) = 0.

u(t,x) can be regarded as a two dimensional random field provided that
f(t,z) is a random field. Solve this equation explicitly for wu(t,z) assuming
zero initial conditions (ie, we are calculating only the forced response), by first
solving for the Green’s function

5‘2G(t,x|t’,m’) 2(’9 G(t,z|t', 2")
ot? Ox?

=5t —t)o(z — ) — — — (1)

with boundary conditions
G(t,0|t'.2") = G(t, L|t',z") =0

Show that this equation can be solved by using

§(x —2') = (2/L) Z sin(nrx/L).sin(nra’ /L),0 < z,2’ < L

n>1

and setting

G(t,z|t' ") ZG (t|t', 2")sin(nwx/L)
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giving thereby
0P, (t|t' ') + (nme/ LG (t|t, 2') = (2/L)sin(nma’ JL)5(t —t') — — — (2)
Deduce from (2) the boundary conditions,
Gn(t—0|t',2") = G (t+0|t', 2)
= (2/L)sin(nrx’ /L), 0;G,(t—0|t', z") = 8, G,,(t+0[t', 2") = 0,

and hence solve for G,, and thus evaluate GG,, and hence G. Show that the
solution to the wave equation with random forcing can be expressed as

u(t, ) :/G(t,x|t',m’)f(t’,m')dt’dx’

Calculate the correlation function of the Guassian random field u(t, z) assuming
that f(t,x) is a zero mean Gaussian random field. Assume that the parameters
¢, L of the string (¢ = /T/p where T is the string tension and p is the linear
mass density of the string) are unknown. Write down an algorithm for esti-
mating these parameters by matching the correlation function of w(¢,z) with
the estimated correlation function based on space-time averages. Also write
down the likelhood function of the parameters (¢, L) in terms of Fourier series
coeflicients

T oL
v[n] = (2/L)/0 /0 u(t, x)sin(nwet/L)sin(nra/L)dtdx, T = L/c

From this likelihood function, devise an algorithm for estimating these two
parameters using the maximum likelihood method.

[5] Let By(t), Ba(t) be two standard independent Brownian motion processes.
Consider the Brownian sheet B(t,s) = Bj(t)Bz(s). Calculate its correlation
function. Calculate the eigenfunctions and eigenvalues of this correlation func-
tion over the two dimensional region [0,77] x [0,75]. Hence determine the KL
expansion of this Brownian sheet over the state region. Demonstrate explicitly
the orthogonality of the eigenfunctions.

[6] Given a zero mean stationary Gaussian random field in discrete space
X(n,m), (n,m) € Z* with correlation

R(n—n',m—m') =E(X(n,m)X(n’,m’))
and power spectral density

S(wi,ws) = Z R(n,m)exp(—j(win + wam))

n,mez
define its periodogram by
| N-1M-d
Sxar(iw2) = 72| 30 D0 X m)eap(—j(ner + man))

n=0 m=0
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Determine the mean and covariance of Sy a(wi,w2). Show that the peri-
odogram is anasymptotically unbiased estimator of the power spectral density
but its variance does not converge to zero as N, M — oc.

[7] Given a real signal z[n|,0 < n < N — 1, define its Hartley transform by

N-1
H(k)=N"1? Z x[n].cos(2kn/N + ¢)
n=0

where ¢ € [0, 27) is some fixed phase. Determine an algorithm for inversion, ie,
recovering the sequence z[n] from the sequence z[n]. Note that if

X(k)=N"12 Z x[nlexp(—j2wkn/N)
denotes the DFT of z[n], then we have

H(k) = Re(exp(j9) X (k) = (1/2)(exp(j9) X (k) + exp(—j¢) X (—F))

Note that using the fact that x[n] is a real sequence, we get

X(—k) = X (k)"
and hence
H(k) = (1/2)(exp(jd) X (k) + exp(—j¢) X (k)*)
Then,
H(—k) = (1/2)(exp(j$) X (—k) + exp(—j¢) X (k))
and hence
(2)-
H(—k)
exp(jo) exp(—jo) X (k)
/ 2)( cop(~j6)  cap(jo) ) ( X(—h) )
and hence

X (k) = —j.cosec(2¢)(exp(j¢) H (k) — exp(—jo)H(—k))

Now using inverse DFT and this equation, we can easily invert the Hartley
transform.

10.6 A remark on quantum state transmission

1.Data transfer (communication) from a single or multitransmitters to one or
several receivers involves lots of losses over the channel due to channel noise.
This can be combated by using appropriate coding schemes over sufficiently long
source word sequences provided that the rates of data transfer are within the
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capacity region determined by versions of the Shannon noisy coding theorem.
For example in multi-access and broadcast channels with degradation, we have
the notion of a capacity region in multitimensional rate space rather than ca-
pacity and using various forms of Shannon’s random coding argument, one can
derive the region of the rate function for arbitrarily small error probability in
recovery. Further if one uses Cq channels in which source strings are encoded
in to quantum states, then the Cq (Classical-Quantum) coding theorems guar-
antee a much more larger degree of communication than what one would get
using classical channels. The Cq capacity is defined as the maximum of

I(p,W) = H(Y_ple)W(2)) = > pla)HW (2))

where p(x) is the classical source probability distribution, W (x) is the quantum
state into which the source symbol z is encoded and H(W) = —T'r(W.log(W))
is the Von-Neumann quantum entropy of the state W. Moreover, further in-
crease in the degrees of freedom in information transmission can be obtained by
using QQ (Quantum-Quantum) channels in which a quantum state p4 in the
Hilbert space H 4 is directly to be communicated over a noisy quantum channel
described by a TPCP map K (like a noisy Schrodinger channel). In this case, if
|z >< x| is a purification of the state p4 with reference Hilbert space H g, then
the output state is (K ® Ir)(|x >< z|) in the Hilbert space Hp ® Hp and the
QQ information transmitted is then

I(A: B) = H(pa) + H(ps) — H((K ® Iz) (] >< z)

where
pe = K(pa) =Trr((K @ Ig)(lz >< z)

The QQ capacity of this channel is then obtained by maximizing I(A : B) over
all source states pa.

10.7 An example of a Cq channel

Consider a quantum electromagnetic field carrying classical information from
the transmitter. If 6 denotes the classical information vector, then quantum
electromagnetic field carrying this classical information can be expressed as

Xt(t,r) =Y [fE (¢ rl0)alk) + Fi (¢ rl)a(k)]

k

where a(k),a(k)*, k = 1,2, ... are the photons annihilation and creation opera-
tors in momentum space satisfying the canonical commutation relations

[a(k), a(m)*] = 6(k,m)
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When this field is transmitted over a classical channel with impulse response
h(t,r|t',r"), the received field is given by

YHE(t,r) = /Hﬁ(t,r|t’,T’)Xy(t’,rl)dt’d‘grl

The receiver is an atom, or an array of atoms with electrons. Assume that a
complete set of observables that describe the receiver are £(m),m = 1,2,...,p.
The Hamiltonian of the receiver in the absence of any interactions is

Hy(&(m):m=1,2,...,p)

The interaction Hamiltonian of the received field with the receiver system is
usually described by a bilinear coupling

Hint (Ya f) =

Z K(p,l,m,t,r) Y/} (t,r)dtd>r

and this can be expressed in the form

Hipt(0) = Y _[lambda(k, m|0)a(k) + A(k,m|0)"a(k)*)&(m)

k.m

The total Hamiltonian of the receiver and the field interacting with each other
is then

H(0) = Ho(§) + Hr(a,a”) + Hini(a,a”, £]0)

The receiver initially starts in the state p and the field in the state o so that
the total state of the received and the field is initially p ® o and after time
T evolves under this interaction with the received radiation field to the state
S(T|#) which can be obtained using the Dyson series for the evolution operator
U(t,s|f) with Hy + Hp as the unperturbed Hamiltonian. Note that since the
receiver variables £ and the field variables a,a* mutually commute, it follows
that Hy and Hp also mutually commute. We can write for the joint state of
the receiver and the field after time 7', the expression

S(T10) = U(T10)(p © o)U(T|0)*
and hence after time T', the receiver state is
p(T16) = Tra[U(T10)(p & o)U(T10)"]
The map 6 — p(T|f) defines the Cq channel, ie, an encoding of the classical

information bearing sequence 6 into the quantum state p(T'|f) to which the
standard Cq theory can be applied for source string detection.
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10.8 Quantum state transformation using entan-
gled states

Speed of information transmission can be very large: Example of quantum
teleportation in which we are able to transmit a d-qubit quantum state froma one
place to another using a maximally entangled state of d qubits shared between
the transmitter and receiver and in addition 2d classical bits of communication.
Thus, entangled states form a large resource for fast quantum transmission of
information.

Let A and B share a maximally entangled state

d

Z\ei®ei>

i=1
where {|e; >} is an onb for either Hilbert space. A wishes to transmit his state

d

Y >= Zc(i)|ei >

i=1

to B by exploiting his shared entangled state. He clubs this state with his shared
entangled state so that the overall state of A and B becomes

Yol >0le > 0le>= ()l 0e e >
i (2%

With n = 2¢, A owns the first two components, ie 2d qubits. A applies a unitary
transformation W to his 2d qubits thereby causing the overall state to become

7 )Wk mlj,i)ler ® em @ €; >

k,mi,j

A then measures his 2d-qubit state in the onb {|e; @ e; >}¢,_; so that if he
notes the outcome of this measurement as (r, s), then the overall state collapses
to

Zc(j)W(r, slg,i)ler ® es > ®le; >

,J
After A’s measurement, B’s state is thus given by

[p >=>_ W (r,slj,i)c(j)le; >
2%}

A reports his measurement outcome (r,s) to B using 2d classical bits of infor-
mation. B acc,ordingly applies the gate T,.s to his d qubits, where T,.; in the
basis {|e; >} is the inverse of the matrix ((W(r,s|4,7)))1<i j<n, i€

Z Trs (mv i)W(T‘, 8|j, Z) = 5m,j
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Then, B’s state becomes

TT‘S|¢B >= Z W(Tv 5|.]77’)C(])TT‘?|67 >

2%

=Y W(rslj 0)e(G) T (ko i)ex >= Gjuc(i)ler >= Y c(j)le; >
J.k J

4,3,k

which is precisely the state that A had wished to communicate to B. Thus,
d-qubits of shared entangelement plus 2d bits of classical communication can
enable a user to transmit his d-qubit state to the other person.

10.9 Generation of entangled states from tensor
product states

Is possible with high efficiency. A measure of the rate of generation of maximally
entangled states is

C.(p) = supg, {limsuplog(L,)/n :|| |®, >< ®,| — K,.(p*") || 0]}

This measures that maximal rate at which entangled states can be generated
by quantum operations on tensor product states. The K/ s should be local
quantum operations with one way classical communications.

10.10 Security in quantum communication from
eavesdroppers

Let p4 be the state that A wishes to transmit to B. E is the eavesdropper who
can tap some of the information sent by A to B. Let |x >< z| be a purification
of p with reference Hilbert space Hr. Then, the state received on Haprg is
given by p(ABRE) = (K ® Ir)(|x >< z|). By partial tracing, we can calculate
the final joint state p(ABE) on ABE. The effective information transmitted
from A to B after subtracting out the eavesdropped information is then given
by

I(A:B)-I(A: E) = H(A)+H(B)~H(AB)—(H(A)+H(E)—-H(AE))
= H(B)—H(E)-H(AB)+H(AE)

This is to be maximized over p4 and it will yield the capacity of the eavesdropped
channel. It can be made very large as compared to the classically eavesdropped
situation.
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10.11 Abstract on internet of things in electro-
magnetics and quantum mechanics

[a] Smart devices in medicine: For example, we can design an instrument of a
very small dimension that is placed on the skin of the body and this instrument
will automatically generate a beep signal whenever the blood pressure of the
individual crosses a certain mark, or whenever the blood sugar level of the body
crosses a certain mark, or whenever the heart rate crosses a threshold. Devices
may also be designed to monitor other parameters in the body like salt level
in the blood haemoglobin content, or the concentration of some other chem-
ical in the blood and send a beep signal whenever these concentrations cross
certain prescribed thresholds. It should be noted that these signals will usu-
ally be very weak and hence very sensitive detectors must be designed. One
way to solve this problem would be to use quantum detectors that are very
sensitive to small changes in the concentration of chemicals in the blood. Quan-
tum detectors can be designed by generating weak electromagnetic signals that
would propagate through the body, get scattered according to a pattern that
is dependent upon the permittivity and permeability distribution of the blood
which in turn depends upon the concentration of the various chemicals in the
blood. The variations in the scattered electromagnetic field will be very weak
and to detect these variations, we must have atoms/molecules in the detector
whose behaviour gets affected by even very weak electromagnetic fields. Such
atoms and molecules will have electrons whose Hamiltonian gets altered in the
presence of weak electromagnetic fields, say on the quantum scale like what one
encounters in quantum electrodynamics. The quantum electromagnetic field
scattered by the blood will be described by photon creation and annihilation
operators modulated by appropriate functions of the space and time coordinates
with the structure of these functions being dependent upon the blood composi-
tion parameters and by these fields can cause the wave functions of the electrons
within the detector to get altered say by making transitions to different states.
The change in the wave function is amplified by the detector and converted
into electric signals which can be read using ordinary voltage or current me-
ters. In fact, it is known that the change in the wave function will alter the
electron probability density and probability current and measurements of these
quantities can be made after appropriate amplification.
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Chapter 11

More Problems in Classical
and Quantum Information
Theory

11.1 Problems

[1] If X is a Gaussian random vector with covariance R, then since the normal
distribution maximizes the entropy of a probability distribution with second
moment constraint, it follows that for any random variable Z having covariance
R, we have
H(Z) < H(X) = (n/2)log(2me) + (1/2)log|R]
or equivalently,
|R| < (2me)~"/2.exp(2H(Z))

In particular, if Z is any scalar random variable with variance o

0% < (2me)~Y2exp(2H(Z))

2 we have

[2] Let X = (Xy,...,X,) be a Gaussian random vector with independent
components having zero mean and variances 02,i = 1,2,...,n. Let V. = (V1,..., ;)
be another Gaussian random vector with independent components having zero
mean and variances a%,i =1,2,...,n. Assume that the input variances {012} are
variable subject to the total power constraint

then with Y = X 4+ V', we have
I(X:Y)=H(Y)-HY|X)=HX+V) - HV) = (1/2) ) _log(1+0}/a})

171
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Maximizing this w.r.t to o;,7 = 1,2, ..., n subject to the above power constraint
using Lagrange multipliers based on the function

gives us
oi/(0? +0) = Aoy, i=1,2,...n

and hence for each i, either o; = 0 or else

2 _ -1 2
o; =T — o

Since we require in addition that o > 0 and since log(c? + a?) increases with

increasing o?, it follows that

o? =max(0 —a?,0)= (0 —a?)T,i=1,2,...,n,0 = 1/\

17
The Lagrange multiplier A or equivalently € is determined by the power con-
straint
S0 - a2t =nP -~ (1)
K3
and the channel capacity of this special kind of Gaussian channel (in which
the source is Gaussian with independent samples and the noise is also Gaussian

with independent samples and the source and noise are independent) with power
constraint is given by

C =maz(I(X,Y)) = (1/2) Zlog(l +(0—a2)t/a2) - ——(2)

where 0 is determined by (1).

[3] Let X(n),n € Z and V(n),n € Z be mutually independent stationary
Gaussian processes with power spectral densities Sx (w) and Sy (w) respectively.
Let

Y(n)=X(n)+Vn)

Then, Y (n),n € Z is a stationary Gaussian process with power spectrum
Sy (w) = Sx (w) + Sy (w)
and if A(X),h(Y),h(V), h(Y|X) denote entropy rates, for example
hY) =lim,HY (1),...,Y(n))/n,h(Y|X)=HY@1),...Y(n)|X(1),..,X(n)/n

etc., then the mutual information rate (per sample) between input X and output
Y is given by

I(X,Y) = h(Y) = h(Y]X) = h(Y) = h(V) = (47) 7" /7r log(Sy (w)/Sv (w))dw

—T
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T

= (4m)~" [ log(1+ Sx(w)/Sv(w))dw

-7
Maximizing this w.r.t. Sx(w) subject to the power constraint

(2m) ™t ! Sx(w)dw < P

—T

in the same way as in the previous problem gives us the channel capacity of the
stationary Gaussian channel with power constraint:

C =maxI(X,Y) = (47) log(1+ (6 — Sy (w)) /Sy (w))dw
where 6 is chosen so that
/ (0 — Sy (W) dw/27 = P

—T

[4] Let K, K be positive definite matrices. Show that the map K — log(|K +
Ky|/|K]) is convex.

Solution: Let K7, K5 be two positive definite matrices and let 0 < p < 1.
Let 6 be a r.v. with P(@ = 1) = p,P(§ = 0) = 1—p. Let V;,V5, X, 0 be
independent r.v’s such that X = N(0, Ky),Vs = N(0,K;),V2 = N(0, K2) and
define V(0) = Vi + (1 — 0)Va. Then V(6) has zero mean and covariance
pK; + (1 — p)K2 = K say. Note that V() is not normal. Define Y (6) =
X+V(0),Y1 =X +V,Ys = X + V5. Then Y () has covariance Ky + K while
Y1, Y3 are respectively N (0, Ko + K1) and N(0, Ko + K3). Now, write

fEK) = (1/2).log(| Ko + K|/|K])
Then,
I(X :Yy) = H(Yy) — H(Vi) = (1/2)log(|Ko + K|/ |Kk|),k = 1,2
I(X;Y/(0)) = H(Y(0)) — H(V(0))
On the one hand since conditioning reduces the entropy,
(X : Y(0)l9) = H(X|9) — HX|Y(6),0) > (X) — H(X|Y(6)) = [(X : Y(6)
while on the other,
I(X 1 Y(0)|0) =< H(X)—H(X|Y (0),0)
=H(X)-H(X|Y1,0 =1).p—H(X|Y2,0 =0)(1—p)
=H(X) - H(XY1).p— H(X[Y2).(1 - p)
= p-(H(X)=H(X[Y1))+(1=p).(H(X)—H(X|Y2)) = p.I(X : Y1)+(1—p).I(X : ¥2)
=p(H(Y1) — H(V1)) + (1 —p).(H(Y2) — H(V2))
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=p.f(K1) + (1 —p)f(K2)
Thus,
I(X :Y(0) <p.f(K1)+ (1-p)f(K2)

Now let U,V be two random vectors. Minimize I(U : V') over all joint distribu-
tions p(U, V') subject to given covariance constraint on [UZ, V1] by variational
calculus. Note that I(U : V') is a convex function of p(U, V') and hence it will
attain its minimum when its variational derivative w.r.t p(U,V) equals zero.
Then since

U V) = / p(U, V)log(p(U, V) /1 (U)pa(V))dUdV
where
n(U) = / (U VYAV, ps(V) = / p(U, V)dU

we get
61/6p(U,V) =

og(p(U, V) +1—log(py (U)pa(V)) — / (U, V)1 py (U))dV

- [ o0 /e
=1og(p(U,V)) + 1 — log(p1 (U)p2(V)) — 2

Thus, if I(U : V) is minimized w.r.t p(U, V) subject to second moment con-
straints E(UT, V)T (UT,VT)) = R. Then we would get using Lagrange mul-
tipliers,

p(U.V) = p1(U)p2(V).exp(Q(U, V)

where Q(U,V) is a quadratic form in (U, V). If we are further given that U is
Gaussian, then it would follow that

p(U, V) = pa(V).exp(Q(U,V))
where @ is now another quadratic form in (U, V). Integrating this equation over
V gives us

n(U) = / p2(V).exp(Q(U, V')AV

Since p1(U) is the exponential of a quadratic form in U it follows then that either
U,V are independent in which case I(U : V') = 0 or else po (V) is the exponential
of a quadratic form in V, i.e.,, V is also Gaussian so that p(U,V) becomes a
joint Gaussian distribution. Note that if the second moment constraint is such
that Cov(U, V) L 0, then the latter case must hold, i.e, (U, V') must be jointly
Gaussian. In our case, taking U = X, Y =Y (0) = X +V(6), we see that U and
V' are not independent since Cov(U, V) = Cov(X) and hence, the latter case
must hold, i.e,
I(X:Y(09)) > I
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where I is the mutual information between two jointly Gaussian random vectors
(U, W) having the same joint covariance matrix as that of (X,Y(0)). This is
the same as saying that (U, W) is of the form

U=XW=X+V

where X = N(0,K),V = N(0,K(0)),K(0) = Cov(V(0)) and X,V are inde-
pendent. For such U, W, we find that

Io=1I(U:V)=HV)-H(V|U)
= (1/2).log(|Ko+K(0)])—(1/2)log(|K(0)|) = f(K(0))

where

K(6) = Cou(V(8)) = pKi + (1 — p)Ka

[5] Channel capacity theorem, direct part and converse.

Direct part: Encode a w € {1,2,...,2"%} chosen with a uniform distri-
bution into an input channel codeword X™(w) having pdf p(X™) = IL;p(x;)
where X" = (x1,...,2,). In other words, the code C is a random code so
that X" (w),w = 1,2,...,w™? are iid with distribution p(X™). Transmit each
such input codeword over the channel. If w is the message, let Y™ (w) be the
channel output, ie, the sequence received by the receiver. Then since the noise
in the channel is independent of the input, it is clear that according to this
random code, (X™(w),Y"™(w)),w = 1,2,...,2"7 are iid pairs with each pair
having the distribution p(X"™, Y") = IL;p(x;, y;) where p(z;, y:) = p(yi|z:)p(z;).
Here, p(z) is some chosen input symbol distribution and p(y|z) is the tran-
sition probability of the discrete memoryless channel (DMC). The decoding
process is to decode Y™ as w if (X™(w),Y™) is jointly typical for the distri-
bution p(X™,Y™) = ILp(y;|z;)p(x;). Thus if = 1 is the message sent, then
a decoding error occurs iff either (X™(1),Y™(1)) is not typical or else if for
some w 7 1, (X™(w),Y™(1)) is typical. Noting that (X™(1),Y™(1)) has the
distribution p(X™,Y™) while X™(w) and Y™(1) are independent and hence
(X™(w),Y™(1)) has the distribution p(X™)p(Y™) where p(X™),p(Y™) are the
marginals of p(X™,Y"™) and noting that the set of pairs (X™, Y™) that are jointly
typical has a cardinality < 277 (X:Y)+€) it follows by the union bound that the
probability of decoding error P(n,e) satisfies

P(n,e) < P((Xn,Yn) ¢ A(TL,E)) + '2nR27n(H(X)7e).27n(H(Y)7e)'2n(H(X,Y)+e
where A(n, €) is the jointly typical set. Hence this probability converges to zero
if

R<HX)+HY)-H(X,Y)— 3¢

since the probability of (X™, Y™) ¢ A(n,¢) converges to zero by Chebyshev’s
inequality. Thus, R is achievable if there exists an input symbol probability
distribution p(z) such that

R<H(X)+H(Y) - H(X,Y)
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Converse part: Suppose the input code rate R is achievable, ie, P(n,e) — 0.
The process of encoding the message to and input codeword followed by its
transmission over the channel and finally followed by decoding can be described
by the Markov chain

w— X"(w) =YY" —>w=fY")

Using Fano’s inequality and the data processing inequality, we have when w is
uniformly distributed over {1,2,...,2"%} that

nR=H(w)=Hw|Y")+I(w:Y") < Hw|®)+I(w:Y") <nen)+I(w:Y™")

<ne(n) +I(X":Y") =ne(n)+ HY") - HY"X")

< ne(n) + ZH(Yi) - HY"|X,)

S

=ne(n) + » (H(Y;) — H(Y;|X;))

Il
-

3 .

=ne(n) +n Z I(X;,Y:) <ne(n) +n.C
ri=1
where we only use the fact that the channel is DMC so that H(Y"|X") =
Yo, H(Y;|X;). We do not assume any specific form of the encoding process
like the input X" is iid etc.

[6] Multiple access channels, capacity region for several sources: Let the
input sources be numbered as 1,2, ...,m. The message transmitted by the i*"
node is w; € {1,2,...,2"Ri},i = 1,2,...,m. The message w; is randomly en-
coded into the input source sequence X! (w) having the probability distribution
pi(X?) = ILp;(x;;. This code is random, ie, if wi,...,w,, are messages at
the m nodes, then (X (w;),i = 1,2,...,m) has the distribution II/*,p;(XT)
and the sequence m-tuples (X" (w;),i = 1,2,...,m) as (wy, ..., w,,) varies over
xm {1,2,...,2"%} are independent. If (wy, ..., w,,) is the message m-tuple sent,
let Y™ (wy, ..., w,,) denote the received sequence. It is clear from our random
code assumption that (X(w;),i = 1,2,...,m, Y™ (w1, ..., wy)) as (w1, ..., W)
varies over x™ {1,2,...,2"%} are mutually independent (m+1) sequence tuples
and that the distribution of the (m-+1)-tuple (X™(w;),i = 1,2, ..., m, Y™ (w1, ..., Wy, ))
is (I p(X)p(Y"™| X, i = 1,2,...,m). Note that the channel is assumed to
be memoryless so that

p(Y"|X( i =1,2,....,m) = I}_yp(y;|zij,i = 1,2,...,m)

where
Xin = (l‘ij,i = 1,27...,7%),}/” = (yj,j = 1,2, ,n)

The decoding process involves decoding the message m-tuple as (wq, ..., Wy, ) if
(XM (w;),i=1,2,...,m,Y™) is jointly typical. Thusif (w; = 1,...,w,, = 1) is the
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message set sent so that the received sequence is Y™(1,1, ..., 1), then a decoding
error occurs iff either (X(1),7=1,2,...,m,Y"™(1,1,...,1)) is not typical or else
if for some (wi,...,wy) # (1,1,..,1), (X (w;),i = 1,2,..,m, Y"(1,....1)) is
typical.

[7] Slepian-Wolf noiseless coding/compression theorem for correlated sources.

Let (X™,Y™) = {(X;,Y;)}, be iid bivariate (generally dependent) random
vectors. If we tried to compress this data using the usual noiseless Shannon cod-
ing theorem for joint sources, ie encoders of the form (X™, Y™) — h, (X", Y"),
we would require the joint coding rate to be R > H(X,Y) for asymptotic er-
ror free decoding. On the other hand, if we tried to compress individually
the sources X™ and Y™ by encoders X" — f,(X") € {1,2,...,2"%} and
Y™ — g, (Y") = {1,2,...,2"72} then for error free decoding, it would be suffi-
cient to have Ry > H(X),Re > H(Y). The theorem of Slepian-Wolf is that,
suppose we use only individual encoders X" — f,(X") = I,, € {1,2,...,2"f1}
and Y™ — ¢, (Y") = J, € {1,2,...,2"%2} but with a joint decoder (I,,,J,,) —
(X™(Iy, Jn), Y (I, Jo)}. Then it is necessary and sufficient for asymptotic error
free decoding that Ry > H(X|Y),Re > H(Y|X),R1 + Ry > H(X,Y).

Proof of the direct part, ie, achievability /existence of a code with rates sat-
isfying the stated constraints of Slepian and Wolf. Let P(X™ Y™") = I;p(x;, y;)
be the distribution of (X", Y™). For each X™, Y™ generated by the joint source
according to this probability distribution, choose I, = f,(X"™) randomly in
{1,2,...,2"%} in accordance with the uniform distribution an choose J, =
gn(Y™) randomly in {1,2,...,2"72} again in accordance with the uniform dis-
tribution. This forms constitutes the random code. The decoding process is to
choose X" (I, J,) = X" and Y"(I,,, J,) = Y™ if (X' ™,Y'™) is jointly typical
for the distribution P(.,.) and further if f,(X") = I,,, go(Y' ™) = J,. Assume
that X™, Y™ is the generated source word pair. Then a decoding error occurs
iff either (X™ Y™) is not typical or else if (X™,Y™) is typical and there ex-
ists a pair (X/”,Y/") that is typical such that X ™ = X" or Y'® = Y™ but
(X)) = I, = fu(X™) and g,(Y'") = J,, = go(Y™). Thus, using the union
bound, the probability of decoding error can be upper/bounded as foflows:

P(n,e) < P((X™,Y"™) & A(n,e)+

+ Y P YT > Plgn(Y') = gn(Y™)| X", Y™)
Xn)yn Y (X", Y')EA(n,e),Y'£Y ™

+ ) pP(XTYT) > P(fa(X") = fu(X"))IX", V™)

Xnyn XX, Y ) EA(n,e), X/ #£X

> P(X"Y™) > P(fu(X') = fu(X™), gn(Y")

Xnyn X' Y'(X Y )EA(n ), X/ £X P Y/ £Y ™
= gn(Y")[ X", YT)

The first terms converges to zero by the weak law of large numbers. The second
term is bounded above by

2n(H(Y|X)+e)2—nR2
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because if (X™,Y”) is jointly typical, then X™ is typical and then the num-
ber of Y’ for which (Y’,X™) is jointly typical for such an X" is bounded
above by 2(HY1X)+€) Noreover, by our random coding scheme, for Y/ # Y™,
the random variables g, (Y"), g,(Y™), X™ are independent and thus for a given
X" Y™ and Y/ # Y™, the probability that g,(Y’) = g,(Y") is 27"F2. Like-
wise, the second term is bounded above by 2MH(X[Y)+e) 9=nRi  Ripally, the
last term is bounded above by 27(H (X" Y')+e) g-n(Ri+R2)  (For given X", Y™
there are (2" — 1).(2"F2 — 1) possible choices for f,,(X’), g,(Y’) for which
fu(X) = fu(X™), g0 (Y') = gn(Y™) and when X' # X" Y’ # Y™, the random
variables f,(X’),g,(Y”’) are independent and independent of f,(X™), gn(Y™)
and uniformly distributed over {1,2,...,2"%1} and {1,2,...,2"%2} respectively.

Note that this probability of decoding error actually represents the average of
the decoding error probability over all the ensembles of the random code. There
are two sources of randomness in this averaging, the first is the randomness in
the random variables X™ Y™ output by the source and the second is in the
randomness of the code f,, g,.

This shows that when Ry > H(X|Y),Ry > H(Y|X),R1 + R2» > H(X,Y),
the average decoding error probability over all random codes converges to zero
and hence there exists a sequence of codes for which the decoding error prob-
ability will converge to zero. Now we must prove the converse, namely that if
sequence of (deterministic) codes exists such that the decoding error probability
converges to zero, then the above Slepian-Wolf bounds on the coding rates are
satisfied.

Consider the coding-decoding scheme

X" = (X" =1,Y" = g, (Y") = J,
The decoding scheme is
(I ) = (X" (L Ju), Y (s )

where f,, g, are deterministic maps from x" and Y™ into {1,2,...,2"%1} and
{1,2,...,2"F2} respectively where x is the alphabet in which X; assumes values
and ) is the alphabet in which Y; assumes values. By assumption, the decoding
error probability converges to zero and therefore by Fano’s inequality,

H(X™ Y"1, J,) < HX™, Y™ X", Y") < n(Ry + Ro)P(e,n) + 1
with P(e,n) — 0. We write ¢(n) for any sequence that converges to zero. Thus,
H(X",Y"|I,,J,) = ne(n)

Also since
H(X™I,, Jn), HY" I, J,) < HX",Y"|IL,, J)

we get
H(X"I,,Jn), HY"I,,J,) =0
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and so we can write

H(X"I,,J,) =ne(n), HY"|I,, J,) = ne(n)

Then,
nRy > H(I,) > H(L,|Y")=I(I,: X"|Y")+ H(I,| X", Y")
=1(I, : X™|Y") + ne(n)
= H(X"Y") - H(X"I,,Y") + ne(n)
Now,

H(X™"I,,Y") < HX"|I,,J,) = ne(n)
since J,, = gn(Y"™). Thus we get
nRy > H(X™Y") 4+ ne(n) = nH(X|Y) + ne(n)

and dividing both sides by n and then letting n — oo gives
Ry > H(X[Y)

Interchanging X™ and Y™ and I,, and J,, in this argument gives us
Ry > H(Y|X)

Finally,

Ri+ Re > H(ILy, Jp) =I(Ipn, Jn : X™,Y™) + H(I,, Jo| X", Y™)
=I(I,,J,: X", Y")

since

H (L, Jo| X™,Y") =0

because I, = f,(X™),J, = gn(Y™) for deterministic maps f,, g,. It follows
that

Ri+ Ry >I(I,, Jy : X, Y™) = H(X™,Y™) — H(X",Y"|I,., J,))
= H(X™",Y") —ne(n) =nH(X,Y) — ne(n)
which gives on dividing by n and letting n — oo,
R+ Ry > H(X,Y)

This completes the proof of the converse part of the Slepian-Wolf theorem.

[8] Converse part of the achievability region for a multiple access channel
with two inputs.

We have to show that if the error probability P(n,e) — 0, then there exists
a probability distribution @ such that (X1, X»,Y, @) has a joint distribution of
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the form p(q)p(x1|q)p(z2|q)p(y|a1, x2) with the rates Ry, Ry satisfying the fol-
lowing inequalities (Note that Wi, W5 are independent messages and hence the
corresponding codewords, X7 = X7'(W;) and X§ = X7 (W2) are also indepen-
dent. Note that the codes Wy — XJ?(Wy), k = 1,2 are deterministic mapping
of stochastic messages Note also that each Y; can be regarded as a function
of X4;, X5; and an iid noise sample by nature of of the DMC. More precisely,
conditioned on (X7, X¥), the distribution of Y™ has the form IL;p(Y;| X 14, X2;)).
So

Ry < I(Xy:Y|X2,Q),Ry < I(X5:Y|X1,Q), Ry + Ry < I(X1, X2 : Y|Q)
Now,
nRy = HWy) < HWy) = HWA|Y™) + I(Wy : Y™|) = ne(n) + I(Wy : Y™)
<mne(n)+I(X7:Y"™)
= ne(n) + H(XT) — H(XT[Y™)
< ne(n) + H(XT') — H(XT[Y", X5)
= ne(n) + H(XT|Xy) — H(XT[Y", X3') = ne(n) + I(X7": Y[ XY)
=ne(n) + H(Y"|X3) — H(Y"|XT, X3)
< ne(n +Z (Y| X3) — HY™| XT, X3)(

= ne(n +ZHY|X ZHY|X1“X21)
< ne(n) + Z (Yi|X2:) — H(Y;| X145, X2:))

= ne(n) + ZI(XM Bap.cH

Thus,
Ry <e(n) +n™ 'Y I(Xy; 1 Yi|Xy;)
i=1
Define a r.v Q which assumes the values 1, 2,...,n with equal probabilities of
1/n independently of X7, X7, Y™. Then, we can write

nt Y I(X0; 1 Y| Xo) ZP I(X10 : Yo|X20,Q =)
i=1

= I(XlQ : YQ|X2Q,Q)

and hence the achievability region for R; follows. Likewise for Ry. For Ry + Ra,
we have

n(R1 + RQ) = H(Wl, WQ) = H(W17W2|Yn) + I(Wl,WQ : Yn)
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=ne(n) + (W, Wy :Y")
<ne(n)+ (X7, X3 :Y")
=ne(n) + HY™) = H(Y"|X],X3) < ne(n) + Y_H(Y;) — HY"|X]', X3)

)+ Z H(Y;[X14, X2;))

= TLG(TL) + ZI(XlinZi : Y;)

and hence
Ry + Ry < e(n) + I(X1q, X2q : Yg|Q)

and this completes the converse part of the achievability proof.

Direct part of the achievability proof: The independent messages wy; €
{1,2,...,2""} = By and wq € {1,2,...,2"%2} = E, are encoded as X7'(w;) and
X7 (we) respectively and transmitted over the channel. This code is assumed to
be a random code, ie, the random vectors (X7 (w1 ), X5 (w2)), w1 € E1,wy € Fy
are assumed to be iid random vectors with the product distributionlIl;py (z1;)p2(x2;) =
PP (X7)p5(X%). When the message (w1, ws) is transmitted, the receiver receives
Y (w1, we) which conditioned on (X7 (wy), X5 (w2)) has the pdf p(Y"| X7, X§) =
ILp(yi|z1i, x2:). Assume that w; = 1,ws = 1 is the message transmitted. The
receiver receives Y™ (1, 1) and decodes the message pair as (wy, ws) provided that
(X7 (wr), XZ(we),Y™(1,1)) is jointly typical. A decoding error occurs if wither
(X7 (1), X5(1),Y™(1,1)) is not typical, the probability of which goes to zero by
the WLLN, or else if for some (wy,ws2) # (1,1), (X7(w1), X3 (we2),Y™(1,1))
is jointly typical. The probability of this happening is bounded above (in
view of the union bound) by the sum of the probabilities of the events (a)
(X7 (1), X5(1), Y™ (1, 1)) is typical for some wy # 1, (b) (X} (1), X3 (w2), Y"(1, 1))
is typical for some wy # 1, (¢) (X7 (w1), X5 (w2),Y™(1,1)) is typical for some
wy # 1,wo # 1. This sum is bounded above by the sum of

gnRig—nH(X1) 9—nH(X3,Y) gnH(X1,X2,Y) _ gn(Ri—1(X3,Y:X1)
27L(R2—I(X1,Y:X2)

and
2n(R1+R2) 2—TLH(X1)2—TLH(X2)2—7LH(Y) .2nH(X1,X2,Y)

— 2TL(R1+R2)'27’H,I(X1,X2:Y)
Note that since X1, X5 are independent, we can write
I(XQ : Y|X1) = I’I()(Q|)(1)—I’I(AXV2|YV7 X]_) = H(XQ)—H(XQD/, X]_) = I(Xl,Y : Xg),

I(Xl : Y|X2) = I(XQ,Y : Xl)

Thus the average decoding error probability converges to zero provided

R1 < I(Xl : Y|X2),R2 < I(X2 : Y‘X1)7R1 +R2 < I(Xl,XQ : Y)
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for some product probability distribution p;(z1)p2(x2) for (X1, X2) so that the
joint probability distribution of (Xi,X2,Y) becomes pi(z1)p2(z2)p(y|a1,xs)
where p(y|z1,z2) is the transition probability distribution of the discrete mem-
oryless multiple access channel. It is easily seen that the above achievability
region for (R, Ry) is convex and therefore it follows that if this region is the
same as the region Ry < I(X;7 : Y[X2)g,R2 < I(X2 : Y|X31,Q),R1 + R2 <
I(X1,X5 : Y)g where the above mutual informations are computed using
p1(x1|q@)p2(x2|@)p(y|z1, 22) for some r.v. Q and then averaged w.r.t the proba-
bility distribution of @), ie,

I(X):Y|X2)o = I(X,Y : X1|Q), [(Xs : Y|X1)g = I(X1,Y : X5|Q),

](X17X2 : Y)Q = I(Xl,XQ : Y|Q)

for (X1, X5,Y, Q) having the joint distribution pg(¢)p1 (x1|q)p2(z2]q)p(y|z1, z2).
Remarks:
Let

I = (11,12713),11 = I(Xl N Y|X2),12 = I(X2 N Y|X1),I3 = I(Xl,XQ N Y)

Then we write C(I) for the set of all pairs (R, R2) which satisfy Ry < I1, Re <
I, Ry + Ry < I3. C(I) is the achievability region for the vector I. We see that
C(I) is a convex region using the fact that I3 > I, I because

Is— I = HY) - HY|X1, Xo) - HY|Xy) + HY| X1, Xo) = I(Y : X3) > 0

and likewise I3 — I = I(Y : X1) > 0. By convexity of C(I) we mean that if I’
is another vector satisfying I — I1,I5 — I > 0 and ¢ € [0, 1], then

CtI+ (1—-t)I')=tC)+ (1—t)C(I")
The containment
tC()+(1—-t)c(I")cC@tI+ (1—-t)I")

is trivial. Going the other way, we observe that C'(tI + (1 —t)I’) is a convex set
whose extreme points are the corresponding convex combinations of the extreme
points of C(I) and C(I"). Since a convex set is the convex hull of its extreme
points, it then follows that

CHI+(1—-t)I")yctCU)+(1—-t)C)

proving our claim. It therefore follows that

C(Z Po(9)ly) = ZPQ(Q)C(L])

where by I, we mean the triplet (I1q,Ioq, I34) with Iy = I(X;1 : YV|X2,Q =
Qg =1(X2: Y|X1,Q = q), [3g = [(X1, X2 : Y[Q = q). Now if (R1(q), R2(q)) €
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C(1I,) for each ¢, then since each I, is obtained using a product distribution
p1(x1]q)p2(x2q) for (X1, Xs), (R1(q), R2(q)) is achievable for each ¢. By a result
that we shall prove in the next remark, it follows then that (X, Pa(@)Ri(a)s , Pa(a)R2(q))
is achievable, ie, we’ve shown that each point in the region ¢ ,re(a)C(1,) is
achievable. But then it follows from the above equality that o(s , Po(g)l,) =
C(Iq) is achievable where I = pq(q)1.

Remark: If R = (Ry,R2) and R’ = (R, R}) are achievable rate pairs and
t € [0,1], then t.R + (1 — t)R’ is achievable. This follows by representing the
first message w; € {1,2,...,2"%1} as (w1, wie) where wyy € {1,2,...,2" 1}
and wyg € {1,27...72"(1_t)R1} and likewise representing the second message
wy € {1,2,...,2"F2} as (w1, wez) where woy € {1,2,...,2"F2} and wey €
{1,2,...,2"(1"5)32}. Then, encode the wi; into the first nt bits of X7 and
wa into the first nt bits of X3 in an achievable way and likewise encode wa;
into the last n(1 — ¢) bits of X} and wayy into the last n(l — ¢) bits of X¥
again in an achievable way. This is possible since (R1, R2) is an achievable pair.
Then if a decoding error occurs, it must occur either in the first nt bits or in
the last n(1 — t) bits an hence the union bound implies that the probability of
decoding error occurring cannot exceed the sum of the probabilities of decoding
error occurring in the first n¢ bits and in the last n(1 — ¢) bits each of which
converges to zero as m — oo. From this fact it is clear by induction that if
(R1(q), R2(q)),q € E are achievable rate pairs and if pg is a probability distri-

bution on Q, then 3, po(q) (R (q), Ra() = (X, pe(@)R1(), X, pa(a)Ra(q)
is achievable.

11.2 Examples of Cq data transmission

[9] Problem: Consider the Fermionic field equations for the Hartree-Fock model:
H(t)= (71/2m)/¢s(t,r)*(VJrieA(t,r))i/Js(t,r)d3r+/Vs(r)ws(t,r)*ws(t,r)d?’r

+/ Vs (T7 T/)'L/)s (t, T)*ws (t, 7‘)'(/}5’ (t, T’)*iﬁs’ (tv r/)dgrl

where summation over the repeated indices s, s’ is implied. The Fermionic field
satisfy the canonical anticommutation relations (CAR):

{s(t,7), s (t, 1)} = 6(5,8)8% (r — 1)
Calculate the Heisenberg equations of motion
dips (tv 71)/dt - Z[H(t)a s (ta 7”)}
using the CAR. Assume that the initial state of the Fermionic field is p(0).
After time ¢, what is the state of the field p(¢) ? How much entropy has the
external vector potential field A(t,r) pumped into the system assuming it to
be a stochastic field. As an approximate computation, you may assume the
density at time ¢ = 0 to be the Gibbsian distribution exp(—8H (0))/Z(3) where
H(0) is evaluated with A(0,7) = 0. After time ¢, the state of the system
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is E(exp(—BH(t))/Z(B)). This is a special case of a more general situation in
which the state of the system is of the form p(¢, #) where 6 is a random parameter
with probability distribution F'(f). The output state at time ¢ should be taken
as p(t) = [ p(t,0)dF (). The entropy of this state is H(p(t)). The conditional
entropy of the output state given the parameter is [ H(p(t,0))dF(8) and hence
the total entropy/information transmitted from the source which generates the
random variable 6 at time ¢t = 0 to the output at time ¢ must be taken as

I(Fplt,.)) = H(p(t)) — / H(p(t,0))dF (0)

:H(/ (t,0)dF(0) /H (t,0))dF(0)

This situation is also valid for the transmission of classical messages using a
quantum electromagnetic field over a noisy channel. It can be described as
follows:

Assume that the transmitter wishes to transmit a random variable 6. He
encodes this message into a quantum electromagnetic field A(t,r|0), ®(t,r|0)
which he sends to his transmitter which can be regarded as a cavity resonator
antenna. This cavity resonator consists of particles like electrons, positrons and
photons whose state gets altered when this quantum electromagnetic field is
incident upon it. After time ¢, the state of these particles as a result of this
interaction becomes po(t,60). This state is transmitted over a quantum noisy
channel described by a TPCP map T so that the received state is

T(pO (ta 0)) =P (ta 0)

The net information transmitted at time ¢ over the channel is then
H([ p1(t.0)dr ) - [ H(p:(2.0)aF(0)

and this can be maximized over all probability distributions F' to yield the capac-
ity of this Cq channel. Another way to realize this transmission of information
is to consider the channel to be a Hudson-Parthasarathy noisy Schrodinger bath
that generates an evolution operator U (t) satisfying the gsde

dU(t) = (—(iH(t,0)+P(t,0) dt+z J(t,0)dA; ()~ M;(t, 0)dA; (1)*
+8;(t, 0)dA; (1)U (t)

The parameter vector 6 characterizes the channel structure and requires to be
estimated. Further the input system state at time ¢t = 0 is po(¢) while the
channel is assumed to be in a coherent state |e(u) >. Here, ¢ is a random
parameter that characterizes the random source at the transmitter end. Both 6
and ¢ require to be estimated. The state received after time ¢ is given by

pr(t,0,6) = Trs(U(t,6) (po(9) @ le(u) >< e(w))U(t,6)°)
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and this can be represented using the action of a TPCP map T'(¢,6) upon the
initial system state:

From measurements on this output state, the parameters 6, ¢ require to be es-
timated. As usual, we can calculate the information transmitted to the receiver
by the channel about the source as well as about its own parameters assuming
that the source parameter ¢ has a probability distribution F'(¢) while the chan-
nel parameter 6 has a probability distribution G(€) independent of the source.
The net information transmitted about these parameters by the channel to the
receiver is then

H( / pr (.0, 6)dF (9)dG(6)) — / H(py(t, 6, 6))dF(0)dG (6)

and we can use Cq theory based on transmitting tensor product states to es-
timate these parameters with good accuracy in the asymptotic limit as the
number of tensor products becomes infinite.

A more general formulation of the Cq information transmission problem is
via the use of quantum filtering theory developed by Belavkin based on the
Hudson-Parthasarathy quantum stochastic calculus. Assume that at the source
end, the classical message to be transmitted is the random vector 6. The initial
state of the quantum system at this transmitter end is pso(). The state is
transmitted through the channel which constitutes the bath and alters the state
of the system and bath at time ¢ to

p(t,0,0) = U(t, 9)(pso(0) @ le(u) >< e(u)|)U(t, ¢)"

Here, |e(u) > is the coherent state of the bath at time ¢ = 0. The receiver
wishes to estimate the state of the system

at time ¢t from noisy non-demolition measurements. For that purpose, the trans-
mitter also transmits and input noise process Y;(t) through the channel bath.
This noise process commutes with all the system observables. At the receiver
end, the receiver measures the process

Yo(t) = U(t, ¢)"Yi()U (¢, ¢)

and this forms the non-demolition process. Its time samples mutually commute
and Y, (t) also commutes with the future values of the Heisenberg observables
U(s,$)*XU(s,¢),s > 1 where X is any system space observable. It should be
noted that the system here consists of the transmitter and the receiver while
the bath is the channel. The bath interacts with the system, ie, with both
the transmitter and the receiver. From measurements of Y,(.), the receiver
estimates the system state p,(t,0,¢) on a real time basis as ps(t) using the
Belavkin filter with some convenient initialization. Thus, the state ps(t) is
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available to the receiver and the receiver takes measurements on this state at
times t; < t3 < ... < ty using a POVM to obtain measurement outcomes
a1, ...,an with probabilities P(ay,...,an,t1,...,tx). These probabilities can be
matched to the explicit form of the true probabilities based on the true system
state ps(t,0,0) = Tra(U(t, ¢)(pso(0) @ le(u) >< e(u)|)U(t, ¢)*) Note that the
receiver cannot make measurements on the true system state p;(t) because this
state is hidden from him by noise. He can make measurements only on the
filtered state ps(t) as it is this state which he obtains from the noisy non-
demolition measurements Y, (.). Having thus calculated the above probabilities,
the receiver can obtain maximum likelihood estimates of the source and channel
classical parameters ¢, 6.

Remark: It should be noted that actually, the receiver has an explicit for-
mula for the filtered state ps(t,6) with him in terms of the non-demolition
measurements Y,(s) : s < ¢ and the initial estimate pso(#) using the Belavkin
filter and he can decode 0, ¢ from this formula by matching it to the explicit
form of this filtered state using the formula for U(t, ¢) in the expression for
Y,(s) =U(s,¢)*Yi(s)U(s,$), s < t. This formula for 0, ¢ will thus be a function
of the receiver measurements Y,(.) and the input noise process Y;(.). A final
averaging over the input noise process Y;(.) can then be carried out to yield
smoothened estimates of 6, ¢.

A better way for the receiver would be to estimate 0, ¢ by using his formula
for ps(t) in terms of Y,(.) based on the Belavkin filter to calculate the average of
some set of system observables X, « € I at time ¢ and to match this average to
the true average of these observables based on the true system density matrix
at time ¢, namely on pq(t, 0, 6) = Tro[U (¢, 6) (p.0(0) @ [e(u) >< e(u) U (1, §)"].
In this latter formalism, we can intialize the Belavkin filter with some estimate
of pso(f) so that it is guaranteed that as time progresses, the state estimate will
eventually converge to a good estimate of the true system state.

A third method of estimating 6, ¢ would be to use the maximum likelihood
method applied to the Belavkin filtered state. The Belvakin filtered state at
time ¢ ps(t) is available in terms of the output measurements. If me take the
output measurements at different times but do not note their outcomes, then
we have available with us the Belavkin filtered state at different times prepared
to take POVM measurements. We take take these measurements at different
times taking into account state collapse after each measurement and allowing
for Belavkin evolution between any two successive measurements and let the
outcomes of these measurements at times tq,...,ty be aq,...,an respectively.
We now calculate the joint probabilities of these outcomes as follows. At time
t1, we calculate the Belavkin filtered state ps(t1,0, @) terms of 0, ¢ starting from
ps0(0) using the explicit formula for the Belavkin filter with Y,(s) = Y,(s,¢) =
U(s, ) Yi(s)U(s, ¢),s <ty substituted. From this formula, we can evaluate the
probability of getting a; at time ¢;. Taking into account state collapse at tq,
we calculate the Belavkin filtered state at time to starting from this collapsed
state at t; using the explicit formula for the Belavkin filter with Y, (s) = Y, (s, ¢)
substituted and then calculate the conditional probability of getting as at time
to from measurements on this filtered state conditioned on a; at ¢t;. The process
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is thus iterated N times, to obtain an explicit formula for
P(al,...,aN,tl,...,tN|9,¢) = P(al,tl)P(ag,t2|a1,t1)
P(a3,t3|a1,tl,ag,tg)...P(aN,tN|a1,t1,...,aN_l,tN_l)

This formula for the joint probability is then maximized over 6, ¢ to yield max-
imum likelihood estimates of these parameters.
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Chapter 12

Information Transmission and
Compression with Distortion,
Ergodic Theorem, Quantum
Blackhole Physics

12.1 The individual ergodic theorem

[1] Prove the ergodic theorem along the following lines. Let f € L'(Q,F, P)
and let T': (Q,F, P) — (Q,F, P) be a measure preserving transformation. We

have to prove that
n—1

limn ™ Z F(T'w)
i=0

exists P almost surely. First establish the maximal ergodic theorem:
[a] Let S, = 20 foT?,n=1,2,..., Sy = 0. Define

M, = maz(Sk : 0 <k <n)
Then show sequentially that on the set {M,, 11 > 0},
M, 11 = maz(0, 51, ..., Spy1) = max(Sy, ..., Sny1) = f+maz(0, 5,07, ..., S,0T)

=f+ Mol < f+ My, 10T

and hence deduce that

/ M, 41dP = / M, 41dP < / fdpP + / My 41dP
Q My 1>0 My 11>0 Q

Conclude that
/ fdP >0,n=1,2,...
My, >0

This is called the maximal ergodic theorem.

189
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[b] In the previous step, write M, (f) for f to show the explicit dependence
of M, on the function f. Let E be any invariant set, ie, T~1(E) = E. Then
consider the function ¢ = fxg. Show that application of the maximal ergodic
theorem to this function, we get

/ gdP >0
M, (g)>0

Show that

and hence deduce that

/ fdP >0,n=1,2 ..
{M,(f)>0}NE

[c] Now consider the set
E\ = {Supnzln_ls’n(f) > A}
where A is a real number and S, (f) = 2?2—01 foT*. Show that

E\ = {supnzln_lSn(f —A) > 0} = {supp>15,(f — ) > 0}

Let E be any invariant set. Show by application of the result of step [b] that

/ fdP > A\.P(E N Ey)
E\NE

[d] Now let —0o < a < b < oo and define the set
Eou(f) = {liminfn='S,(f) < a < b < limsupn™ 'S, (f)}

Show that E,; is an invariant set and that if Ey = E)\(f), A € R are sets as
defined in [c], then

Eap(f) C Ep(f)

Hence, deduce using the result of [c] that

/ AP > b.P(E,y(f))
Eqv(f)

Likewise with f replaced by —f and noting that

E—b,—a(_f) = Ea,b(f)
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deduce that
_ / fdp = (=f)dP > —a.P(Eqy(f))
Equ(f) E_y _a(=f)

and hence deduce that
(a = b)P(Eap(f)) >0

Conclude that
P(Eq.p(f)) =0Va < b

and by allowing a, b to run over rationals, deduce the individual ergodic theorem
of Birkhoff.

12.2 The Shannon-Mcmillan-Breiman theorem

[2] Deduce the Shannon-Mcmillan-Breiman theorem using the Martingale con-
vergence theorem and the ergodic theorem: Let u be a stationary ergodic mea-
sure on A% under the shift transformation where A is a finite alphabet. Then

n~og(pulen, n—1, ...,z1] = H(p)
where H (1) is the entropy rate of the measure/stationary process defined by

H(u) = limH(zp,...,x1)/n = H(zg|lr_1,2_2,...)
where
H(xp, xp-1,...,21) = —Elog(u]zn, ..., x1])

- _ Z [Ty, ...y x1]log(plzn, ..., 1])

or equivalently, using the Cesaro theorem,

H(p) = —E(log(plxolr—_1,7_2,...]))
Prove this theorem along the following steps:
[a] Show that

log(p[zy, ..., x1,x0]) = Z log(plzk|xg—1, ..., x0]) + log(u[zo])
k=1

Define the following measurable functions on A%

fk(x) = log(u[$0|x713 .‘.,.’E,k]),k = 1727
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Let T denote the shift transformation on AZ. Show that
fk(Tkx) = log(plxg|Tr—1, .., x0]), k > 1

Show that
log(u[n, ..., x1, 7o) Z x) + log(p[xo))

[b] Define the measurable function

F(@) = log(ulzolz_y,x_s, ..)

Deduce using the Martingale convergence theorem that

limfi(z) = f(x), pa.s.

[c] Use the ergodic theorem to deduce that

n—1
n Y J(TF) = Bf(a) = —A(n)
k=0
Define the functions
gn (%) = supi>n|fi(z) — f(z), N =1,2,...

Show that for any fixed N and all n > N,

n—1 n—1
n Y (T ) =0Ty f(T)
k=0 k=0

N-1
<07 Y (fu(The) = f(TF)))
k=0

+n~t Z gn (T )
k=N

Apply the ergodic theorem to gy to deduce that

n—1 n—1
limsup,|n~! Z fo(TFz) —n~t Z f(T"z)
k=0

k=0
< E(gn (7))
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From step [b] and dominated convergence, deduce that
limyE(gn(z)) = E(limygn(z)) =0

and hence deduce the Shannon-Mcmillan-Breiman theorem for ergodic sources.

12.3 Entropy pumped by the bath into a quan-
tum system as measured by an observer
making noisy non-demolition measurements

[3] This problem is about calculating how much entropy is pumped into an atom
with an electron bound to it by a random electromagnetic field.

[4] This problem is about calculating how much entropy is pumped into
a quantum field consisting of electrons, positrons and photons within a cav-
ity resonator by the surrounding bath described by creation, annihilation and
conservation processes in both the Bosonic and the Fermionic domain.

The resonator has the Hamiltonian

Hp = f(k)a(k)"a(k)+g(k)b(k)"b(k)+Y _[(ha(k, L, m)b(k)*b(1)+
k

klm
ha(k, 1, m)b(k)b(D)+hs (k, 1, m)b(k)*b(1)*a(m)+h.c]

The first summation describes the field energy of the Bosons and the Fermions
while the second terms describes the interaction field energy between the Fermionic
current and the Bosons. The interaction Hamiltonian between the cavity field
and the surrounding bath field is given by

Hi(t) =i [La({a(k),a(k)*,b(m), b(m)"})dAu(t) /dt—Ma({a(k), a(k)",
b(m), b(m)*})"dAa(t)" /di+Sa({a(k), a(k)", b(m), b(m)"})dNa(t)/di]

We use the shorthand notation a, a*, b, b* for the operator aggregates {a(k)}, {a(k)*},

{b(k)}. {b(k)"}
respectively. Then, we can write the Hudson-Parthasarathy noisy Schrodinger
equation as

dU(t) = [-(tH+P(a,a*,b,b"))dt+L,(a,a", b, b*)dA,(¢)
—M,(a,a”,b,b*)dA,(t)"+S.(a,a*, b, b*)dA,(t)]U(t)
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The observer wishes to measure how much entropy the bath has pumped into the
cavity resonator system. For that he takes noisy non-demolition measurements
on the input bath noise passed through the system cavity and uses the Belavkin
filter to determine on a dynamical basis a filtered estimate of the system state.
The Belavkin filtered state in the absence of Poisson noise satisfies Belavkin’s
stochastic Schrodinger equation when the bath is the vaccum coherent state:

dpp(t) = Oo(pp(t))dt+(pp(t) M+M"pp(t))—Tr(pp () (M+M"))pp(t))(dYo(t)

~Tr(pp(t)(M+M"))dt)
where 6y is the Hamiltonian operator with Lindblad correction terms, ie the

generator of the quantum dynamical semigroup of the GKSL master equation.
The entropy of the Belavkin filtered state at time ¢ is given by

Sp(t) = —Tr(ps(t).log(ps(t)) = =Tr(ps(t)Z(t))

where

Z(t) = log(pp(t))

Application of the rule for differentiating an exponential of a matrix (a standard
result in linear algebra) yields

pp(t) = pu(t)g(ad(Z(t))(Z'(t))

or equivalently,
Z'(t) = g(ad(Z(t)) " (p(t) " p(1))

where

g(x) = (1 —exp(—2))/x =1 —2/2'+ 2% /3! + ... + (=1)"z"/(n + 1)! + ..

We can using this formula, develop a Taylor expansion for g(x)~! in the form

and we get

Tr(pp(t)Z'(t) = Y c(r)Tr(pp(t)ad(Z(1)) (pp(t) " pp(t)))

r>0

Since
ad(Z(t))(pp(t)) =0
it follows that
ad(Z ()" (pp(t)~") =0
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and therefore by application of Leibniz rule for differentiation,
pi()ad(Z(t)) (pp(t) " pp(1)) =
pe(t)pp(t) " ad(Z(1)) (Pp(t)) = ad(Z(t)) (P (1)), = 0,1,2, ..

Since
Tr(pp(t)) = (d/dt)Tr(p(t)) =0
and for r > 1,
Tr(ad(Z(t))" (pp(t)) =0
because of the identity
Tr([A,B]) =0

for any two matrices A, B, it follows that
Tr(ps(t)Z'(t)) = 0

and hence the rate of entropy increase of the Belavkin filtered state is

Sp(t) = =Tr(ppt)Z(t)) = =Tr(pj(t)-log(ps(t)))

The average value of this entropy rate when the bath is in a coherent state has
to be computed. For that we require to compute the expected value of dY,(t)
in the coherent bath state. For example, writing

Yo(t) = U()Yi()U(2),
we find that
dY,(t) = dY;(t) + dU (¢)*dY;()U(t) + U(t)*dY;(t)dU (t)

Taking
Yi(t) =Y (cla)Aa(t) + e(a) Aa(t)” + d(a)Aa(t)

a

gives us
dU(t)*dY;(t) = U(t)*[c(a)Lidt + d(a)SidA.(t) + c(a)SidA.(t)*]
and taking adjoints,
dY;(t)dU (t) = [c(a)Ladt + d(a)SadAq(t) + c(a)SadA,(t)]U(t)

so if F(t) is any operator on system and bath noise space that is measurable
w.r.t the Hilbert space h®T',(Hy), we get for any |f >€ b where b is the system
Hilbert space,

< f@e(w)|Ft)dY,(t)|f @ e(u) >

< f@e(ug)[FO)|f @ e(uy) > (c(a)ua(t) + c(a)iq +d(a)lua(t)l2)dt
+ < f@e(uy) [F(4)U (8)*(e(a) Ly+d(a) Sy ua(t)*+E(a) Syt (6)U (t)|| foe(uy) > dt
+ < f@e(uy) |[F(6)U ()" (c(a) Lo+d(a)Sa|ua(t)*+e(a) Saua () U (8)] foe(uy) > dt

Using this formula, we can derive an expression for the average rate of entropy
increase in the Belavkin filtered state.

(t

)
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12.4 Prove the joint convexity of the relative
entropy between two probability distribu-
tions along the following steps

[a] Let {a1(i)}, {a2(d)}, {b1(7)}, {b2(i)} be four probability distributions on the
same finite set. let « € [0,1] and define the probability distributions

a(i) = zay (i) + (1 — x)az (), (i) = xby (4) + (1 — x)ba ()
Show using the convexity of the function f(z) = z — z.log(xz) on R, after

noting that
by (3)/b(i) + (1 — 2)ba () /b(3) = 1
that

zay (i).log(way (i) /2b1(2)) + (1 — w)az(i)log((1 — w)as(i)/ (1 — x)ba(i))

= ab1(i) f(a1(9)/01(2)) + (1 = 2)ba (i) f (a2(7) /b2(2))
= b(@) (b1 (1) /b(2)) f (a1 () /b1 () + (1 = 2)b2(4) /b(7)) f (a2(4) /b2 (7))
2 b(@)(f (b1 (4) /b)) (ar (i) /b1 (2)) + (1 = 2)b2(7) /b(2)) (a2 (i) /b2(2))))
= b(i) f (zar (i) /b(i) + (1 — 2)ba (i) /b(2)) = b(i) f (a(i)/b(2))

Summing this inequality over i results in the desired convexity of the relative
entropy function.
Remark: Let a(7),b(i),i = 1,2,..., N be positive numbers. Then we have

more generally, with
a=> a(i),b=>Y b
the inequality,

> (ali)/b).log(a(i) /b(i)) =D (b(i)/b)(ali)/b(i)log(a(i) /b(i))

= Z(b(i)/b)f(a(i)/b(i)) > f(Z(b(i)/b)(a(i)/b(i)))
— £} ali)/b) = f(a/b)
or equivalently,
3" ali) tog(a(i)/5(9) > alogla/t) = (3 a(i))log(} " a(i)/ b))

This is called the log-sum inequality.
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12.5 Quantum blackhole physics and the amount
of information pumped by the quantum grav-
itating blackhole into a system of other el-
ementary particles

The particles interacting with each other are the gravitons of the blackhole, the
electrons and positrons of the Dirac field, the photons of the electromagnetic
field and the scalar Klein-Gordon Bosons. Let the fields other than the gravi-
ton field be represented by the field operators ¢x(x),k = 1,2,..., N, some of
which are Bosonic and the other Fermionic. The gravitational metric field is
represented by xx(x),k =1,2,...,p. The Total Hamiltonian of all these fields is

Ll(Xk7 Xk#t) + L2(¢k7 ¢k,p,) + L3 (Xk» ¢ma Xk, s ¢m,u)

The first term represents the Lagrangian of the gravitational field, the second,
the Lagrangian of the other fields and the third, the interaction Lagrangian
between the gravitational field and the other fields. The field equations are
written down for all these fields and are solved perturbatively. The zeroth
order perturbation solution corresponds to solution of free wave equations for
Bosons and Fermions, the solutions to which are expressible as superpositions
of Bosonic and Fermionic creation and annihilation operators. The higher order
perturbation terms in these field equations are accounted for by solving the
field equations perturbatively. They yield the solutions to the graviton field and
the other fields as higher degree polynomials in the creation and annihilation
operators. The total Hamiltonian of all the fields is then expressed in terms of
these creation and annihilation operators. The unperturbed Hamiltonian part
in this total Hamiltonian comprises the quadratic part of the Hamiltonian of
the graviton field plus the sum of free Hamiltonians of the other fields which are
all quadratic forms in the respective creation and annihilation operators. The
perturbing component of the total Hamiltonian is a polynomial, ie, a mixed
multinomial in all creation and annihilation operators of all the fields. By
perturbatively solving the Schrodinger equation for the total evolution operator
of all the fields using the Dyson series expansion, we find that the zeroth order
term is the free unperturbed evolution operator which is the product of the free
evolution operators of the different fields. The higher order terms contain mixed
terms. We can express this evolution operator as

U(t) = Uo(t)W () = Uo1(t)Uo2 () W ()

where Upy(t) is the free unperturbed evolution operator while W (t) is the per-
turbing term. Uy (t) is the free evolution operator of the other fields while
Uoz2(t) is the free evolution operator of the gravitational field without the cubic
and higher nonlinearities in its Hamiltonian.

Let the initial state of the fields be the pure state

|p > ®[x >



198 Classical and Quantum Information Theory for the Physicist

where |¢ > is the initial state of the other fields and |x > is the initial state of
the graviton field. Then, after time ¢, the state of the other fields is

ps(t) =Tra(U(t)|¢ ® x >< ¢ @ xU(1)")
In the interaction picture, the state of the other fields is given by
psi(t) =Tra(W(t)|p ® x >< ¢ @ x|W (1))

Note that
ps(t) = Uo1(t)psr(t)Uor (t)*

The entropy pumped into the other fields by the gravitational field after time ¢
is given by
H(ps (t)) = H(psl(t))

12.6 Direct part of the capacity theorem for re-
lay channels

The relay system consists of a main transmitter 7'z, a main receiver Rx and an
intermediate relay receiver RRx followed by an intermediate relay transmitter
RTx. The transmitter T transmits one of 2"% messages w(i) from the set

FEr=1{1,2,..,2"%}

during the i time block to both RRz and Rz. RRx receives the noise corrupted
signal y (7), decodes it to give an estimate of w(i) and assigns it as falling within
the set (or rather bin) S(s(i + 1)). Here, s(i) € {1,2,...,2"5%} with Ry < R.
S(s),s = 1,2,...,2"50 is a partition of the set Fr = {1,2,...,2"7} into 2nf
disjoint sets. This decoded bin value, is then conveyed by RRx to RTx who
transmits the decoded bin value s(i) to Rz during the i** time block. Thus the
main receiver Rz during the i*" time block receives a noise corrupted version
y(i) of a combination of both the message w(i) transmitted by Tz during the
it" block as well as the bin value s(i) of an estimate of the message w(i — 1)
transmitted by RTz during the i*" block. Rz first uses his received message
y(i) during the i*" block to decode, ie, obtain an estimate of s(i), the bin in
which w(i — 1) (transmitted by Tx during the (i — 1)** block along with the
estimate of s(i) transmitted by RTz during the i'" block) fell. Then Rx uses
this bin information and his received message y(i — 1) during the (i —1)** block
to obtain a final estimate of w(i — 1). This means that at the end of the *"
time block, Rz knows w(1),...,w(i — 1) while RRx knows w(1),...,w(i) (more
precisely, these two receivers know estimates of these messages). This is natural
to expect because Rz receives signals from the relay after a delay as compared
with what the relay receives.
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Remark: During the i'" block, T transmits w(i) encoded as z(w(i)|s(i))
where s(i) is the index s of that bin in which w(i — 1) falls, ie, w(i — 1) €
S(s(i)) while during the i*" block, RT'z transmits s(i) encoded as x1(s(i)) (more

precisely it transmits an estimate §(¢) of s(i) encoded as z1(5(i))). Note that
s(7) is determined by w(i — 1).

The cycle then repeats for the messages transmitted during the succeeding
blocks. The main idea is that the relay receiver RRx is able to obtain a good
estimate of the bin in which the previous message fell because of lower noise
in his channel connecting to Tx as well as due to the fact that obtaining an
accurate estimate of the bin in which the message falls is easier than obtaining
an accurate estimate of the message itself. Further, the noise in the channel
between RTx and Rx is smaller than the noise between Tx and Rx and hence
when RTx transmits his estimate of the bin s(7) in which the previous message
w(i—1) fell, this bin information is decoded by Rx more accurately and accurate
knowledge of the bin by Rx enables him to localize the message w(i — 1) and
hence obtain a more accurate estimate of w(i — 1) based on y(i — 1) than would
have been possible based on only information received directly from Tx owing
to the fact that the direct channel between Tx and Rx is higher.

In deriving the capacity of the relay channel, we adopt a random coding
scheme. x denotes the coded message transmitted by Tz while x; that trans-
mitted by RTz.

The encoders:

First we generate a random code for transmission by RT'z. This random code
assigns at random a codeword z1(s) for each s € Eg, so that z1(s), s € Er, are
iid random vectors with each z1(s) distributed as p(zx1) = II}_,p(z1x, where
z1 = ((x1x))f_,. Here, p(xk,x1x) is some chosen joint pdf for the samples
of (z,z1). Note that (z,z1) = {(ag,x1%) : kK = 1,2,...,n} are iid with pdf
p(zk, x1x). Thus, p(xx = sz p(xk, 1x). Assign an s € Egr, randomly and
uniformly to each w € Eg. This defines a random partition {S(s) : s € Eg,} of
Epg. For a given s € Eg,, choose codewords z(wl|s),w € Egr so that these are
all iid with pdf p(z|zi(s)) = Hkp(ak|r1k(s)). This completes the description of
the encoder.

The decoders: [a] RRxz decodes an estimate w of w(¢) as that message value
for which (xz(w|s(%)),21(s(7)),y1(?)) is jointly typical. Here, we assume that
RRz has a good estimate of the bin s(4) in which w(i — 1) falls. The probability
of an error occurring in this portion of the decoder is smaller than the sum of the
probability that (z(w(i)|s(7)),z1(s(7)),y1(7)) is not typical and the probability
that for some w(i) # w € Egr, (x(w|s(i)),z1(s(2)),y1(4)) is typical. The former
probability, by the weak law of large numbers, converges to zero and the latter
probability is upper bounded by

onR Z P(x1)P(x|x1)P(y1]21)
(I7$1 ,y)EA(’rL,E)
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Here, we have used the fact that for w # w(7), x(w|s(4)) is independent of y; (¢)
conditioned on x4 (s(7)) because for fixed s(4), given 1 (s(7)) {x(w|s(7)),w € Er}
is an independent collection of random vectors (in particular, for w # w(i),
x(w|s(i)) is independent of x(w(7)|s(z)) conditioned on z1(s(2))) and y1 () is a
function of Tz — RRx channel noise, z(w(4)|s(¢)) and x;(s(¢)) and the channel
has noise that is independent of the signals transmitted. Note that the Tx
transmits during the i*" block, the message w(i) encoded as z(w(i)|s(i)).

Now, (z,21,y1) typical implies that (z,21) is typical and for such (z,x1),
P(x,x;) = 27" @21 Further, (z,z1,y1) typical implies that (x1,%1), 1,51
are all individually typical and hence y;|x; is conditionally typical and for such
x1,y1, P(yi]x) = 27"H @171 Further, the number of typical triplets (z, z1, y1)
is 27H(x.21.91)  Thus, the above probability is bounded above by

gn(R—H(z,x1)—H(y1|z1)) gnH(z,z1,91) _ on(R—H(z|z1)—H(y1|e1)+H (z,y1|x1))
_ Qn(Rfl(:E:yﬂa:l))
This probability will therefore converge to zero if

R < I(z:y1|x)

[b] The main receiver Rz decodes from his received signal y(i) during the
it" block, an estimate s of s(i) provided that (x1(s),y(i)) is typical. A decod-
ing error at this place therefore occurs if either (x1(s()),y(¢)) is non typical,
the probability of which converges to zero by the weak law of large numbers
(note that for any w, (z(w|s(4)),z1(s(7)),y(i)) has the joint pdf p(z,z1,y) =
ple)p(@lz)p(yle, z1) = p(z, z)p(yle,21) = (p(zr, 216)P(Yr Tk, T1x) and
hence (z1(s(7)),y(7)) has the joint distribution  p(z1,9) = p(z1)p(ylz1) = 3, p(z, z1.9)).
or else if for some s # s(i), (x1(s),y(7)) is jointly typical. The probability of
the latter event on noting that for s # s(i), x1(s) and y(i) are independent, is
given by

> P(z1)P(y)

s#s(1),(z1,y)EA(n,e€)

< 2nR0 27nH(x1)27nH(y)2nH(zly) _ Zn(Rgfl(mlzy))
which converges to zero provided that
Ry < I(x1:y)

Note that for s # s(i), x1(s) and y(i) are independent because y(i) is a function
of channel noise, x1(s(2)) and x(w(7)|s(i)). z1(s) is independent of x1(s(i)) for
s # s(i) by construction of the random code and x(w(i)|s(%)) is independent of
{z1(8),s € ER,}. Another way to state the same thing is that if s # s(i), then
since z1(s(2)) and z1(s) are independent, given x1(s(7)), the joint distribution of
(y(7),z1(s)) will not contain x1(s) because y(i) is built out of the data x1(s(7))
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and the data z(w(i)|s(7)) transmitted by Tz namely w(i) during the i** time
slot while x;(s) is a random function of s which represents the data transmitted
during the (i — 1)** slot and the data transmitted during different time slots
are independent by the nature of our random coding scheme. To write this
explicitly, we have

y(i) = f(v(@), 21 (s(2)), 2(w(@i) |1 (5(2)))

where v(i) is channel noise during the i*" slot. Thus,
Py(i), z1(s)|z1(s(i)) = P(f(0(i), 21 (s(2)), w(w(i)[s(0))), 21 (s) |1 (s(7)))

= P(f(v(i), 21(s(2)), w(w(i)|5(i))) w1 (s(i))) - P(1(s))
for s # s(i).

[c] The final decoding step at Rx involves Rx making use of his data y(i — 1)
available at the (i — 1) block as well as his estimate of the bin s(i) obtained in
step [b] based on y(i) (which localizes w(i—1) to fall within S(s())), to obtain his
estimate of the message w(i—1) transmitted by Tx during the (i—1)*" time slot.
Assuming that Rx has a reliable estimate of the bin index s(i), he constructs
the bin S(s(7)) and then decodes the estimate of w(i —1) as that w € S(s(i—1))
for which (z(w|s(i —1)),y(i — 1)) is conditionally typical given x1(s(i — 1)). A
decoding error occurs if either (x(w(i — 1)|s(i — 1)),y(i — 1)) conditioned on
z1(s(i—1)) is not typical, the probability of which goes to zero by the weak law
of large numbers (because y(i—1) is a function of 21 (s(i—1)), z(w(i—1)|s(i—1))
and channel noise and hence the joint distribution of (y(i — 1), z(w(i — 1)|s(i —
1), 21(s(i — 1)) s plylz, 21)p(e,21) = plylz, 21)p(alz1)p(z1)), or if for some
w(i —1) #w e S(s(i)), (x(w|s(i —1)),y(i — 1)) conditioned on z1(s(i — 1)) is
typical. This latter probability on noting that the average number of elements
in S(s(i)) is 27i=Fo) (because each element in Er has a probability 1/2m%0
of falling in a specified bin and the total number of elements in Ep is 2"%) is
upper bounded by

on(R—Ro) Z P(z|z1)P(ylr1)
(z.9)|€A(n.cle1)

— 9n(R—=Ro)g—nH(z|z1) 9g—nH(ylz1) gnH (z,ylw1)
_ 2n(R—R0)2—nI(1‘:y|x1)
which will converge to zero provided that

R— Ry < I(z:y|z1)
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12.7 An entropy inequality

[8] Problem. Show that if f is any non-random function f: R™ — RP and X is
any RP valued random variable, then

H(f(X)) < H(X)
hint:

H(X) = H(X, f(X)) = H(f(X)) + H(X[f(X)) = H(f(X))

12.8 Entropy pumped by a random electromag-
netic field and bath noise into an electron

[9] Consider Schrodinger’s equation with a Lindlbad term in the position domain
for mixed state dynamics:

i0ip(t,71,72) = (=1/2m)(V,, +ieA(t, 1))
(Vi —ieA(t, 12))*)p(t,r1,72)—e(d(t, 1) —B(t,72))p(t, 71, 72)

+34. / O(r1, mo|ry, ) p(t, vt rh)d>rid>3ry

Show that when 6 = 0, the entropy of the state remains constant in time.
Evaluate using first order perturbation theory, the change in the state as a
function of time t caused by the Lindlbad term.

hint: Show that when § = 0, the dynamics actually in abstract Hilbert space
corresponds to

i0ip(t) = [H(t), p(t)]
where
H(t) = (p + eA(t,r))*/2m — eg(t, 1)

where r, p satisfy the canonical commutation relations:
(24, p5] = @635, = (z3)}=1, P = (pi)iz,

Show that if O(e?) terms are neglected, then the above Schrodinger equation
can be expressed as

iatp(tv 1, 7“2) = (_1/2m)(v$1 - viz)p(ta 1, TQ)
(_ie/m)((A(t7 7‘1), V’ld) + (A(ta TQ)? V’l'z))p(tv 1, TQ)
_€(¢(t7 Tl) - ¢(t7 TQ))p(ta T1, 7"2) + 60(/)) (t? 71, TQ)

Taking e, ¢ as first order perturbation parameters, show that on writing

p(t,r1,m2) = po(r1 —12) + 6p(t, r1,72)
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we can write using first order perturbation theory,
10:0p(t,m1,12) = (—1/2m)(V%1 — V%z)(Sp(t,rhrg)

(—ie/m)((A(t, 1), Vi) + (A(t,72), Vi, ))po(r1 — 72)
—e(o(t,r1) — o(t,r2))po(ri — 12) + 8.0(po)(11,72)

Note that po(r — 1 — r3) for any function po(r) will satisfy the unperturbed
Schrodinger equation
(V3 = Vi )po(ri —r2) =0

Now assume that
A(t,r) = Apexp(i(wt — k.r)), d(t, 1) = ¢g.exp(i(wt — k.r))
and write
op(t,r1,m2) = f(r1 —r2).exp(i(wt — k.(r1 +12)/2))

Show on substitution that
—wf(r) = (=1/2m)((V, — ik/2)> = (V, +ik/2)?) f(r)

—(ie/m)(exp(—ik.r/2) — exp(ik.r/2))(Ao, Vy)po(r)
—e(exp(—ik.r/2) — exp(ik.r/2))dopo(r) + d.exp(ik.(r1 + 12)/2)0(po)(r1,72)
In order to obtain a meaningful solution to this equation for the function f(r),

we must assume that 6(po)(r1, r2) has the form

0(po)(r1,72) = exp(—ik.(r1 +12)/2)g(r1 —12)

In particular, in this situation, we can ask the question, what is the difference
between the entropies of the state py which in kernel form is represented by
po(r1 — r2) and the state p = pg + dp(t) which in kernel form is represented by
po(r1 —r2)+0p(t,r1,r2). The difference between these entropies will tell us how
much entropy does the combination of the electromagnetic field A(¢,r), ¢(t,r)
and the coupling to the bath defined by the Lindlbad operator §(.) pump into
the quantum system comprising the free particle of mass m.

12.9 Some problems in the detection and trans-
mission of electromagnetic signals and im-
age fields using quantum communication
techniques

[1] This problem involves detecting a weak electromagnetic field specified by

the potentials A(t,r), ®(¢,r) by exciting a system of quantum particles with
this field. Let the masses of the particles in the quantum system be my,k =
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1,2,...,N and let their joint wave function be 9 (t,r1,...,7n). Let the charges
of these particles be —ep, k& = 1,2,...,N. This wave function satisfies the

Schrodinger equation
N

(> (=h?/2mi) (Vo +ieA(t, ) /7)? Zekfl) (t, i)t 71, s TN)

k=1
= ihob(t,r1, ...y TN)

When classical Brownian noise is taken into account, this equation gets modified
to a stochastic Schrodinger equation:
N

dep(t,r1, i) = (D (ih/2m) (Vi +ieA(t, i) /h)?
k=1
N N
+Z(7f€k/h) (t Tlc Z t , T, ...,T’N)dBk(t)fff(l)
k=1 1

—P(t,r1, ey i) dt|0(E, 71, ooy )

where By, ..., By are independent standard Brownian motion processes and

N
P(t,ry,.rn) = (1/2) Y Vi(t,r, o)

is the Ito correction term that ensures that an initially normalized wave function
1 will always remain normalized, or equivalently that the evolution of the wave
function is unitary. The electromagnetic fields A, @ satisfy the Maxwell equa-
tions corresponding to a known known nonrandom charge and current source
dependent upon some unknown parameters 6 plus a purely random white Gaus-
sian noise source component. We can write these Maxwell equations as

07 ®(t,r) — V20(t, 1) = po(t, 7[0(1)) + pu(t, ) — —(2)
DPA(t,r) — V2A(t,r) = Jo(t,7|0(t)) + Ju(t,7) — —(3)
equations (1), (2), (3) along with the parameter equations
do(t) = dW (t)

where W (.) is another vector valued Brownian motion process independent of
B(.) constitute our extended state equations for the extended state vector

[A7 @7 1/)7 9]

and the measurement model is obtained by considering the average value of a
quantum observable X in the state |¢(¢) > having position space representation

V(t, 71,y TN) =< T1, oo, TN |O(E) >
The measurement model is thus

dZ(t) =< ()| X|(t) > dt + dV () — — — (4)
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The problem involves estimating the extended state vector and hence the electro-
magnetic field on a real time basis from the measurements. More observables can
also be included in these measurements. Alternately, our measurement model
can be based on starting the quantum system in an initial state [¢»(0) > and
measuring the transition probability after time ¢ | < ¢[1(f) > |* to another
given state |1 >.

[2] This problem involves compressing a time varying classical image field in
the quantum domain, ie, by transforming the classical image field at each time to
a pure quantum state and then fitting the parameters of Schrodinger’s equation
with classical noise to the measurement of the average value of an observable
X made on the time evolving quantum state. Let X; = ((X¢(n,m)))1<nm<n
be the classical image field at time t. By applying a C — @ transformation,
transform it into a pure quantum state [¢(t) >€ C2""x1, Then compress this
pure state by encoding it as parameters in the Hamiltonian and the Lindblad
operators of a stochastic Schrodinger equation. The stochastic Schrodinger
equation is

dp(t) >= (=(iH(t,0) + P(t,0))dt + Y Li(0)dBx(t))[tb(t) > — — —(1)
k

where

H(t,0) = Ho(t) + Y 0u(t)Vi(t), Li(0) = > 0;(t) L,
k J

P(8) = (1/2) ) Li(9)
k

We take measurements on the pure quantum state [1)(¢t) > obtained after the
C' — (@ transformation. This measurement process

dZ(t) =< Y (t)|X(t) > dt +dV (t) — — — (2)
The dynamics of 6(t) is
do(t) =dWw(t) — — — (3)

From the extended state model (1),(3) and the measurement model (2), we
have to estimate 6(t) on a real time basis using the EKF. This forms the image
compression algorithm based on quantum measurements taken on the state
obtained by C' — @ transformation of the classical image field.

[3] This problem involves exploiting the correlations between two image
fields to predict the second image field based on measurements of the first
image field in the quantum domain. We are given two classical image fields
X1t = ((X1¢(n,m))) and X9y = ((X2¢(n,m))). We transform the first field
into a quantum state |11 (t) > and the second field into another quantum state
[1h2(t) >. We model the first state vector using a classical stochastic Schrodinger
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equation with unknown parameters 1 (t) and likewise the second state vector
using a classical Schrodinger equation with another set of unknown parameters
02(t). These dynamics are

dly1 (t) >= (=(iH (61) + P(61))dt + > Li(61)dBuy (1)) |11 (t) >,
P

do, (t) = dWi (1),

dls(t) >= (=(iH(02) + P(02))dt + Y _ Li(02)dBax(t))[¢1(t) >,
k

d0y(t) = dWa(t)

The parameters #; and 6y are estimated on a real time basis using the EKF
applied to these two state models with the measurement models being noise
corrupted versions of average values of observables in the evolving states:

dZ,(t) =< 1 (1) X1 |1 (t) > dt + dVi(t),

dZQ(t) =< ’lﬁg(t)|X2|’lb2(t) > dt + d‘/g(to

let 61,605 denote respectively the converged parameter estimates obtained using
this scheme. We repeat this process for several image pairs (X1, Xot) where it
is assumed that in each pair, the second field has the same relation to the first
field, ie, the same sort of correlation structure exists between the parameters
of the two components. This constitutes the training process. let the training
set of pairs be (XF,, X5) k = 1,2,..., M and let the corresponding parameter
estimate pairs be denoted by (0%,605),k = 1,2, ..., M respectively. We construct
a regression model between the two parameter vectors in a pair based on the
hypothesis that the two image fields are correlated. The regression model is

01 = @92 +n
Alternately, if we have just one pair of image fields, we can estimate ®,7n by
minimizing
T
| 16x®) - 6a(t) |
0
where 01(t),02(t) are repectively the EKF estimates of these parameters as a

function of time.
With the regression matrix and vector ®,n obtained via a least squares fit:

ming., » || 0 — @05 —n |?
k

Our aim is then to make use of this regression model to estimate the second
image field component from the first component of a fresh sample pair. This
is made possible by substituting for 6, its expression in terms of #; based on



Classical and Quantum Information Theory for the Physicist 207

the regression model into the stochastic Schrodinger equation for |4 (t) > ob-
tained from the first component image field X; after the C — @ transformation
process:

dlp1(t) >= —(iH(®02(t)+n)+ L1 (P02(t)+n))dt
+) Lik(D0a(t)+n)dBux (1) 11 (t) >,
k

d0y(t) = dWs(2)

with the measurement model
dZy(t) =< 1 ()| X[¢1(t) > dt + dVA(t)

This modified extended state equations and measurement model enables us to
estimate 0 (t) based on measurements Z1 (.) on the quantum state obtained from
the first image field component X1;.

[4] Application of Belavkin quantum filter to estimating the second compo-
nent of an image field pair based on the first component. First transform the
first classical image field component X;; into a quantum state |t (t) >. Like-
wise transform the second component Xs; into the quantum state |¢9(t) >. We
transmit these two states over a quantum noisy channel described by a bath in
the coherent state |¢(u) >. When the state |1, (¢) > is transmitted, it gets cou-
pled to the bath coherent state via a tensor product so that this coupled state
becomes |5 (t) ® ¢(u) >. Suppose that these states are sampled and transmit-
ted at times t; < ty < ... < ty. The state received at a time t € [t,, tp41) is
denoted by pg(t). It is given by

pi(t) = Tr2(U(6)pr (U (1)")
where U (¢) satisfies the Hudson-Parthasarathy noisy Schrodinger equation
dU (t) = (—(iH+P)dt+LdA(t)—L*dA(t)"+SdA()U(t),t € [tn,tnt1), U(tn) =1

Our aim is to estimate the state py(t). However, what the receiver can actually
measure is only an output non-demolition process Y,(t) received at his end
when an input process Y;(t) is transmitted at the transmitter end over the
noisy channel bath. This output non-demolition process is given by

Yo(t) = U) YU (t), € [t tusr)

From these measurements, the receiver applies the Belavkin filter to estimate
pr(t) as ppp(t),t € [tn,tnt1). In the absence of channel noise, the true state
that the receiver receives would have been

pro(t) = exp(=i(t — tn) H)|r(tn) >< P (tn)lexp(i(t — tn) H),t € [tn, tni1)

By matching prp(t) to this state pgo(t) for t € [tn,tnt1), the receiver can
estimate the transmitted state |1y (t,) > at time ¢, and hence by a Q — C
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transformation, he can get to know a good estimate of the classical image field
Xy, at time t,, for each £ = 1,2. From knowledge of these two component
image fields at times ¢,,,n = 1,2, ..., N, he can design the training algorithm for
calculating the regression model and hence design a filter that would estimate
the second component based on the first component for a fresh image pair.

The whole point in this exercise is that the receiver can receive only a quan-
tum state transmitted over the noisy channel bath described by the Hudson-
Parthasarathy noisy Schrodinger equation and can make only non-demolition
measurements and fromt this, he must be able to obtain a reliable estimate of
the input transmitted quantum state and hence of the input classical image field
for doing further processing.

12.10 The degraded broadcast channel

Let wo € {1,2,...,2"%2)} = FEy wy € {1,2,...,2"%} = E,. Generate iid ran-
dom vectors U™ (wsz), ws € Ey such that each U(ws) has the pdf p(u) = Ip(u;)
where p(u;) = >, p(wi,u;). Conditioned on U™(ws), generate independent
X™(wy,ws),w; € Fy with the pdf p(X™|U™) = W;p(x;|u;). Here, (u,z,y1,y2)
form a Markov chain in the order u — x — y1 — y2 so that (u,x,y1,y2) has
the pdf p(u)p(z|u)p(y1|z)p(y2ly1). Note that p(yi|x) and p(yz|y1) are proper-
ties of the degraded broadcast channel. Messages w1, ws are to be transmitted
through the channel by encoding them into the input codeword X™(wi,ws).
For this message pair, the receiver Rz receives Y{"(wq,ws) while the receiver
Rzo receives Yg'(wy,ws) so that conditioned on X" (wy,ws), Y™ (wy,ws) has
the distribution p(Y"|X™) = IL;p(y;|x;). The random code involves the gener-
ation of the iid r.v’s U™(wz),ws € Eo with pdf p(U™) = II;p(u;) and for given
we, U™ (ws), the generation of iid r.v’s X™(wy,ws), w; € F; having the condi-
tional distribution p(X™|U™) = IL;p(x;|u;). The decoding process involves the
following steps:

[1] From the received sequence Y3* at Rxo, decode the second message as wo
provided that (U™(wz),Y3") is typical ie, € A(e, n).

[2] From the received sequence Y7" at Rzy, decode the first message as wy
provided that for some wy € Ey, (U™(w2), X™ (w1, ws),Y7") is typical.

Assume without loss of generality that (wy,ws) = (1,1) was the transmitted
message pair. if a decoding error occurs, then one of the following must happen:

[a] (U™(1),Y3(1,1)) is not typical.
[b] (U™(w2),Y35*(1,1)) is typical for some wq # 1.
[e] (U™(1),X™(1,1),Y7*(1,1)) is not typical.
[d] (U™(w2), X™(wy,ws), Y{*(1,1)) is typical for some (wq,ws) # (1,1).

By the WLLN, the probabilities of [a] and [c] converge to zero. Since for
wy # 1, U™ (ws) and Y3'(1, 1) are independent, it follows that the probability of
[2] is bounded above by

onRs 9—nH(U) og—nH(Y2) onH(U,Y2) _ on(Rz—I1(U:Y2))
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because, if (U™(w2), Y3*(1,1)) is typical then so are U™ (wy) and Y5'(1,1) indi-
vidually typical and hence p(U"(wy)) = 2-™1U) p(v3(1,1)) = 27 "H02) while
the number of typical (U™ (wy), Y5*(1,1)) for fixed wy is 27 (V:Y2) and the num-
ber of possible wy # 1 is 2772 — 1. Thus, the probability of [b] converges to zero
provided that Ry < I(U : Ya).

If [d] occurs, then either

[e] (U™(w2),Y7"(1,1)) is typical for some wy # 1,

of

[f] (U™(1), X™(w1,1),Y{"(1,1)) is typical for some wy # 1, or

lg] (U™(w2), X™(w1,ws),¥7*(1,1)) is typical for some wy # 1,wy # 1.

The probability of [e] is bounded above by

2nR2 2—TLH(U) .Q—HH(Yl) .QHH(U,Yl) — 2’!L(R2—I(U:Y1)
which will converge to zero if Ry < I(U : Y1) and since U" — X" — Y{" — YJ!
is assumed to form a Markov chain, I(U : Y3) < I(U : Y1), so Ry < I(U : Y>)
implies Ry < I(U : Y7).
The probability of [f] is bounded above by

gnRi 9—nH(U) o—nH(X|U)g—nH(Y1|U) onH(U,X,Y1)
— on(Ri—H(X|U)=H(Y1|U)+H(X,Y1|U)) _ on(R:i—I(X:Y1|U))
which will converge to zero if
R, < I(X : Y1|U)
Finally, the probability of [g] is bounded above by
on(Ri+R2) 9—nH(U,X) g=nH(Y1) gnH(U,X,Y1) _ g—n(Ri+Rz) 9—nl(U,X:Y1)
Note that
(U, X :Y1)=HU,X)+H(Y1)—-H(U, X,Y1)
— H(X|U)+H(Y)~ H(X, a|U) > H(XU)+H(Y|U)~H(X, i |U) = I(X : Y1|U)

Also because the channel is degraded, U — Y; — Y5 is a Markov chain and
hence I(U : Y2) < I(U : Y1) and hence

I(X - NU)+I(U : Yy) < I(X : Y1|U)+I(U :
Y1) = HWY|U)-H(Y1|X,U)+H(Y1)-HMY1|U) = HY1)-H(Y1|X,U) = I(U, X : Y1)

Hence, the conditions Ry < I(U : Y2) and Ry < I(X : Y1|U) together imply
Ry + Ry < I(U,X : Yy). Thus, we conclude that the probability of [g] will
converge to zero if
Ry <I(U:Ys), R <I(X:1|U)———(1)

In conclusion, if there exists a r.v U such that U — X — Y; — Y5 forms
a Markov chain, or equivalently, if (U, X,Y1,Y3) has a joint pdf of the form
p(w)p(x|u)p(yr|c)p(yz]y1) and for this joint distribution, (1) is satisfied, then
there exists an encoding scheme for the two messages being transmitted at
rates R; and Rs respectively such that the decoding error probability can be
made arbitrarily small by choosing the length n of the codewords sufficiently
large.
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12.11 Rate distortion with side information

Let (X;,Y;),i =1,2,...,n be iid bivariate pairs. For each i, X;,Y; are mutually
dependent. Let X” = (Xi)?:l, Y™ = (Y;)7-,. We assume the existence of a r.v.
W such that the joint distribution of (W, X,Y") has the form p(w|z)p(z|y)p(y) =
p(w|z)p(x,y). Thus, let W;,i = 1,2,...,n be such that if W" = (W;)"_,, then
(Wn, X™ Y™) has the joint distribution

p(W™, X" Y™) = ILip(wi|z:)p(zi|yi )p(y:)

Let
By ={1,2,..,2""} By = {1,2,...,2"%}

We define a random code {W"(s) : s € E1} of size 2% that encodes the 2"
sequences X" as follows. W™(s),s € Fj are iid random vectors with the pdf
p(W™) = IIp(w;) where

= Zp(wi\wi)P(%) = Zp(wuxi)
Equivalently,

p(W ZpW"\X" (X™) ZpW”X"

The random encoding process is to select for each sequence X™ an s € Fp so
that (X™, W"(s)) is typical. Here, we are assuming that there exists a unique
s € Ey such that (X™ W™ (s)) is typical. If there exists more than two or more
such s’s, then select the minimum value of s. If there exists no such s, then
assign a given fixed sg € E; to X™. In this way, we have assigned to each
sequence X" a unique s € Fj so that our code is well defined.

The next step is to generate a random partition of E; into 2”72 bins in the
following way. Assign each s € F; to an i € E5 with a uniform distribution. In
other words, if s € E; falls is assigned the value i(s) € Eo, then i(s), s € E; are
iid random variables, each uniformly distributed over Es. For a given j € Fj,
let B(j) be the subset of Es comprising of precisely all those s € F; for which
i(s) = j. Then B(j),j = 1,2, ...,2"%2 defines our random partition of E; into
2772 disjoint bins. It is clear that since the probability of each s € E falling in
a specified B(i) is 1/2"#2  the average number of elements in each B(i) equals
on(F1—=F2) = The next stage in our random encoding process is to identify the
bin B(i) in which s falls and to encode X™ as ¢ and transmit it. Thus, our
random code has a size of 2"%2. We assume that Ry > I(W : X), Ry = (W :
X)—I(W:Y). Hence, Ry — Ry > I(W :Y).

The decoding process involves knowledge of Y™ apart from the bin number
i transmitted by the encoder. The decoder selects s so that s € B(i) and
(Y™, W"(s)) is typical and then estimates X" as X" = (X;)", where X; =
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f(Y;, Wi(s)) where we assume that f and p(w|z) are selected so that for a
prescribed distortion D,

Eld(z, f(y,w))] =Y _ dl@, f(y,w))ply, z,w) = _ d(=, f(y,w))p(w|z)p(x|y)p(y) < D

and of course, for this p(w|x),
Ri>IW:X),Re=1I(W:X)-I(W:Y)

If a decoding error occurs, then one of the following must happen.

[a] (X™, Y™) is not typical.

[b] X™ is typical but there does not exist any s’ € F; for which (X™, W™(s'))
is typical.

[c] (X™, W™(s)) is typical but (Y™, W™(s)) is not typical.

[d] (X™,Y™) is typical but there exists another s’ # s with s’ € B(i) such
that (Y™, W™(s")) is typical.

By the WLLN, the probabilities of [a] and [c] converge to zero. Note that
Y™ — X™ — W"(s) forms a Markov chain by the way in which we have con-
structed the unique s € E; for the given X" and the way in which we have
defined W"(s) as a function of X™ and the random code set. Hence, typical-
ity of (X™, W™ (s)) implies typicality of (Y™, X™ W™(s)) implies typicality of
(Y™, Wn(s)).

Remark: (X™ W™(s)) is typical and (Y, X™) has the distribution p(Y", X") =
ILp(yi, 2i) = Wip(ys|ai)p(a;). N(a,b,c|Y™ X™ W™) is the number of times that
(a, b, c) appears in the corresponding positions of (Y™, X™ W™). This is same
as the number N(a|Y}".), where Y, is that segment of Y™ comprising those
Y/s for which (b, ¢) apf)ears in the c’orresponding positions of (X", W"), ie, for
which X; = b,W; = c. Let X' denote that segment of X™ for which ¢ appears
in the corresponding positions of W™, ie, X' consists of those X; for which
W; = c¢. Then since the reversal of a Markov chain is also a Markov chain,
Wn(s) = X™ — Y™ also forms a Markov chain and hence by the law of large
numbers

N(a,b,cfY™, X™, W) /n = (N(alYyl)/N (] X)) (N (b]Xe) /N (| X)) (N (W) /n)

~ py|x (alb).pxw (blc)pw (¢) = py xw(a, b, c)

proving thereby that (Y, X", W"(s)) is typical. In particular, (Y™, W"(s)) is
also typical. This means that the probability of [c] converges to zero.
Probability of [b] is

S ) pW™(s))

XneA(e,n) (X, Wn(s'))A(e,n)Vs'€Ey
Y p(X"vep > p(W"(s"))
XneA(e,n) (X7, Wn(s"))A(e,n)

= Y p(X")yep, (1 - > p(W"(s)))

XnecA(en) (X, Wn(s"))€eA(e,n)
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_ Z p(X™)(1 - 2nH(W|X).27nH(W))2”R1
XneA(e,n)
< Zp(Xn)exp(72n(R17[(W:X))) _ ezEp(72n(lel(W:X))
Xﬂ.
which will converge to zero if Ry > I(W : X).
Finally, the probability of [d] is upper bounded by

> op(v™) > p(W™(s"))
<

s'€B(1),Wn(s"):(Y",Wn(s"))eA(e,n)

< Zp(yn)zan(W) .2nH(W\Y) _2n(R17R2)
Y‘n
— on(R1—Re—I(W:Y))

which will converge to zero if
Ri— Ry <I(W:Y)
ie, if
Ry >Ry —I(W:Y)
Since we are assuming that Ry > I(W : X), such a pair Ry, Rp will exist iff
Ry >I(W:X)—IW:Y)

which proves the achievability part of the rate distortion theorem with side
information.

Remark: For any s’ € Ey, (even if s’ is dependent upon Y™), W"(s') is
independent of Y™ by the way in which we have constructed the random code
W"(s),s € Ey. Further, for any given ¢ € Es,

E|B(7)| = 2"
Var([B(i)) = 2" (27"=)(1 — 27""%2)
These equations can also be expressed as
E(|B(i)|/2" = )] = 1, Var(|B(i)| /2" 2)) = 27nUfam i) (1 — g7z
In particular, we find that
(B2 ) 51— — — (1)

in the mean square sense and it is also easily shown using the Borel-Cantelli
lemma applied to the Chebyshev inequality,

P(||B(i)] /2"~ 1] > ¢) < Var(|B(i)] /2"~ 1=)) /¢
— 2_n(R1_R2)(1_2_nR2)/62
which is summable over n and hence the convergence (1) also holds in the almost
sure sense. Hence
n~tlog(|B(i)| = Ry — Raa.s.

Finally, for a given typical Y™, the number of sequences W™ for which (Y™, W™)
is typical is &~ 2" (H(WIY) " This is proved by the usual typical sequence argument.
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12.12 Proof of the Stein theorem in classical hy-
pothesis testing

Under Hi, the r.v’s X(n),n = 1,2,... are iid with pdf p;(z) while under Hy,
they are iid with pdf po(z). The aim is to test H; versus Hy based on data
X(n),n = 1,2,..., N with probability of false alarm P(H;|Hy) = «(N) given
and converging to zero while keeping for each N, the probability of miss 5(N) =
P(Hy|H,) converging to zero at the maximum possible rate. Stein’s theorem is
as follows: Let Z(N) denote the region in which if XV = (X (n))_, falls, we
decide H; and if X* falls in Z(N)¢, we decide Hy. Then, for any § > 0, there
exists a sequence of tests Z(N), N > 1 such that a(N) = po(XY € Z(N)) =
P(H,|H,) converges to zero while

limsupN ~.log(p1 (X € Z(N)®)) = limsupN ~.log(P(Ho|H))

= limsuprl.log(B(N)) < —D(polp1) + 6

and conversely, if for any sequence of tests Z(N), limsupa(N) = a < 1, then

liminfN~'.log(B(N)) > —D(po|p1)
Proof: To prove the first part, we construct the optimal Neyman-Pearson test
which minimizes S(N) for a given a(NN). This test is given by setting Z(N) to
be the set of all XV for which
po(X™)/p1(XY) < n(N)

where n(N) is selected so that

Now we can also write

Z(N)={X":N 12109171 n)/po(X (n)) > t(N)}

where
t(N) = log(n(N))/N
Note that

! Z log(p1(X (n)/po(X (n)) = N~ log(p1(X™)/po(X™))

By the law of large numbers, we have that

po(limy N~V 1og(pr (XN /po (X)) = —D(polp1)) = 1

and
pr(limy N~ 1og(pr (X™) /po(X™)) = D(p1lpo)) = 1
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Now, if we choose
t(N) = —D(polp1) + 0

then XV € Z(N)¢ implies
N~"og(pi(X™) /po(X™)) < =D(polpr) + 0
implies
pr(XY) < po(XN).exp(=N(D(polp1) — 9))
so that summing over X~ € Z(N)¢ gives
P1(Z(N)) < exp(=N(D(polp1) — 9))
while on the other hand,
Po(Z(N)) = po(N ™ log(pr(X™)/po(X™)) = —=D(polp1) +8) — 0

as we saw by the law of large numbers. This proves the first part of Stein’s
lemma. For the second part, let Z(N) be any sequence of tests with

po(Z(N)) »a<1
Define the sets

T(N,8) = {X" : [N log(p1(X™)/po(X™)) + D(polpy)| < 6}
Then, X~ € Z(N)*NT(N,J) implies
N~ log(p1(X™)/po(XY)) = =D(polp1) + 6

implies
pr(XY) = po(X™N).exp(=N(D(polp1) - 9))
so that we get on summing over X~ € Z(N)*NT(N,$),

P1(Z(N)°) = pi(Z(N)‘NT'(N,6))
> po(Z(N)*NT (N, 6)).exp(—N(D(polp1)—5))——(a)
On the other hand, by the union bound,
po(Z(N)*NT(N,0)) = po(Z(N)°) = po(T(N,6)°)
and by the law of large numbers
po(T(N,6)°) =0

while by hypothesis,
po(Z(N)°) - 1—a>0

Thus, we get from (a),
liminf N~ .log(p1(Z(N)¢) > —D(po|p1) + 6

and letting § — 0 gives us the desired conclusion of the converse part of Stein’s
theorem.
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12.13 Source coding with side information

X™ is an iid source. Y™ is side information, (X;,Y;),i = 1,2,...n is assumed to
be an iid bivariate sequence. Let U be a r.v. with p(uly) prescribed. Thus,

p(u, z,y) = p(uly)p(z,y) = p(uly)p(ylz)p(x)

so that
p(U™, X", Y"™) = TLip(uilyi)p(yilei)p(e;)

The marginal distribution of U is

p(u) = pluly)p(y)

so that
p(U™) =Y pU"Y") = Tip(u,)
Yn

Now let
By ={1,2,..,2"} By = {1,2,...,2"F2}

The encoding process is as follows. Let U"(s),s € Fs be iid random vectors
each one having the pdf p(U™) = I;p(u;). For each X™ € A™ let i(X™) be
uniformly distributed over E;. Thus writing

B(j) ={X" € A" :i(X") = j},j € By

In this way, the set A™ of all sequences X™ has been randomly partitioned into
2781 bins. It is clear that for any j € Ey,

E|B(j)| = a™/2" ,a = |A],j € E4
More generally, for any set £ C A",
E(|ENB(j)) = |E|/2""

The encoding process involves generating the source word X" and choosing
the bin number j to which X™ belongs, i.e, X™ € B(j). Apart from this bin
information, side information from Y also has to be transmitted via an encoding
process. Thus we generate Y (so that (X", Y") has the joint distribution
p(X™,Y™) = ILip(x;, y;)) and choose the index s € Ey so that (Y™, U"(s)) is
typical. If there are more than one such s’s, we send the minimum s for which
(Y™, U™(s)) is typical. If there is no such s, we fix some sy and transmit it.

Thus, the output of the encoder of the source and side information is the
pair (j,s) with ¢ € Ey,s € F5. The decoder thus knowing (j, s), chooses that
X" € B(j) for which (X™,U"(s)) is typical.

Analysis of the error probability: If a decoding error occurs, then one of the
following must happen.

[a] (X™,Y™) is not typical.
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[b] (Y™, U™(s")) is not typical for any s’ € Es,

[c] (X', U"(s)) is not typical for any X" € B(j).

[d] (X™,U™(s")) is typical for some s" # s,s" € B(j)

The probability of [a] converges to zero by the weak law of large numbers.
The probability of [b] is estimated as follows.

Plb] = > P((Y™,U™(s)))

YU (s):(Y U (s') € A(e,n) Vs’ € B

_ Z P(Y"yep, (1 — Z P(U”(S/))

YneA(e,n) Un(s"):(Un(s"),Y")EA(e,n)

< Z PY™(1 - 2*”H(U).2nH(U|Y))2"R2
Y'n.

=(1- 27nI(U:Y))2"R2 < el,p(72n(R27[(U:Y))

which converges to zero provided
Ro>I(U:Y)
Remark: Firstly, given Y, U"(s'), s’ € E5 are independent random vectors:
P(Y™,U"™(s"),s € Ey) = P(Y")P(U"(s'),s" € Eo|Y™)

= P(Y")P(U"(s'),s" € Ey) = P(Y")yep, P(U"(s"))

Secondly, given that (Y™, U™(s')) is typical, we have that Y and U"(s') are
typical and that for such a Y, the number of U™'s for which (Y™, U™) is typical
is 271 (UIY) while the probability of a typical U”(s') is 2-H(U),

Now since (Y™, U™(s)) is typical and (X™,Y™) has the pdf p(X™, Y") =
ILip(zi,vys), it follows from the fact that X™ — Y™ — U™(s) is a Markov
chain (because of the definite way in which U"(s) is generated from Y™) that
(X™,U™(s)) is also typical. Moreover X™ € B(j). Thus P[c] = 0.

Finally, if (X™,U™(s')) is typical, so is X™ and hence P[d] is upper bounded
as

Pld] < |B(j) N Ax (n, €)|2H(X) g=nHU) onH(X.U)
< (|AX (n7 6)‘/2nR1).27nI(X:U) — 27nR1+nH(X)7nI(X:U)

— 2—77,R1+"LH(X|U)
which converges to zero provided
Ry > H(X‘U)

Remarks: Let E,, C A™ be a sequence of non-random sets. Write B,,(j) for
the random set B(j) showing its explicit dependence upon n. Then,

E|En N Bn(])| = |En|/2nR1
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Further, for any € > 0, we have
P(log(|En N Bn(j)])/n —log(|Enl)/n+ Ry > €) =

P(|En N Bu(5)[2"7 /|1 En| > 27°)
< (E|Bn 0 Ba(G)|/|Bnl)2" 277
—gne
which is summable. Therefore, by the Borel-Cantelli lemma,
limsup(log(|En N B (5)[)/n — log(|Enl)/n + R1) <0
so that
limsup(log(|E, N By (4)])/n < liminflog(|Eyn])/n — Ry
In particular, taking
E, = Ax(n,¢)

the typical sequence for X", we get for large n,
|E, N Ba(5)] < |Ax (n, €)[27 "1 = gnH(X)-nk

Remark: By choosing the smallest s € FEy so that (Y",U"(s)) is typical
or if there does not exist such an s, choosing a fixed sy € Fs, in effect, we are
encoding the Y™ sequences using nRs bits. Likewise, by choosing the bin j € E;
so that X™ € B(j), we are in effect encoding the X™ sequences using nR; bits.
Therefore, if there exists a r.v. U so that (U,Y, X) has the joint distribution
p(ulx)p(z,y), we can achieve any rate pair (Ry, Rgy) with

Ry >H(X|U),R2 >I(Y:U)

for decoding X" with negligible error probability from the codes s,j of X", Y™
as n — 0o. This completes our discussion of source coding with side information.

12.14 Some problems on random segmentation
of image fields

[1] Let ((x(n,m)))1<n,m<n be a random image field. Suppose we segment this
image field into two disjoint subsets F, F°. Assume that F is a random subset
of I? where I = {1,2,..., N}. Such a random subset is defined by the probability
distribution of Z = |E|, the number of elements in E and conditioned on Z = r,
the probability that F will comprise of precisely the elements (ng,my),k =
1,2,...,r. Let us denote this latter probability by

P.((ng,my) : k=1,2,...,7]
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and

Obviously we have

1<ng,mp<N,k=1,2,....,r

and
N2
> Q) =1
r=0

The functions
P.:(I*)" —[0,1],r =1,2,...,N?
and

Q:{1,2,..,N?} - [0,1]

completely specify the statistics of the random set E. Suppose we wish to
compute the statistics of the mean intensity of the set of pixels in £. This mean
intensity is given by

z
f(E) =z! Z X(nk, mk)
k=1
its expected value is given by
N2
E(f(E)) = Qr)r™" Y > Pr((rm) ok =1,2,...,7) X (g, my)
r=1 1<I<r 1<n; mp<N,k=1,2,..., T

Note that P, is symmetric under all permutations, ie, for each r» = 1,2, ..., N2
and each permutation o of {1,2,...,r}, we have

Pr((noksmor), 1 <k <71) = Po((ng,my), 1 <k <)

This is because P, is a function of subset of (I?)" and a subset does not depend
upon the order in which its elements are written down. Thus we simplify the
expression for the expected mean intensity to be

N2
E(f(E)) =) _ Q(r)yr > X (ny,m1) P((ng,mp), L < k < 7)
r=1 1<ni mpr<N,k=1,2,...,r
N2

= Z X (n,m)Q1((n,m))

n,m=1
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where
nlaml ZQ Z P’r’((nlvml)7'“7(n’r7m’r))
1<ni ,mr<N,k=2,3,...,r

Note that the quantity

ﬁr(n,m) Z Pr((nlaml)v"'7(nT?mT))

equals the probability that one of the pixels in the set E equals (nq,m) condi-
tioned on the event that |E| = r. In terms of this function, we can write

N? R
= Z Q(r)r~'P.(n,m)

An elementary example of a random segmentation which appears in proving
many kinds of coding theorems is the following: We assign each pixel (n,m) in
the image a value 1 or 0 with probability p and 1 — p respectively independently
of the others. This means that we define N? iid Bernoulli random variables
i(n,m),n,m =1,2,..., N such that

P(i(n,m) =1) =p, P(i(n,m)=0) =q=1-p

Then the random set E is defined to be the set of all pixels (n,m) that have
been assigned the value 1, ie,

E={(n,m) :i(n,m) =1}

It is easy to see that
N

Bl =Y i(n,m)

n,m=1

and hence |E| is a binomial random variable with parameters (N?2,p). Thus,

N2
P(E =) = < )pquan <r<N?
T
and

E(|E|™) = ZrmP |E| =7)
The moment generating function of |E| is

#(2) = E(21P)) = (pz + @)™
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Suppose that the image intensity values in this example X (n,m),n,m =1,2,..., N
are iid random variables each with a probability density g(z). Then the mean
intensity of the pixels in the set E is given by

N2
FE)=1EI7 Y X(nom)=E[" ) i(n,m)X(n,m)
(n,m)eE n,m=1

_ me i(n,m)X (n,m)
2 nm H(n,m)

Note that the set of r.v’s {X(n,m) : 1 < n,m < N} is independent of the
set of random variables {i(n,m) : 1 < n,m < N}. Conditioned on the event
that |E| = r, it is easy to see that f(FE) has the moment generating function
([ exp(sz/r)g(x)dz)" and hence it follows immediately that the moment gener-
ating function of the mean intensity f(F) is given by

2 (N? .
() = Bleap(es () = 3 57~ (V) ([ eaplse/migtertey
)
The moment generating function of the total intensity |E|f(E) of the image
pixels within F has a simpler expression:

Ma(s) = Bleap(s|EIf(E)) = (v [ eaplso)gla)ds +0)™

From these expressions, all the moments of f(F) and |E|f(FE) can be evaluated.
A less trivial example is the situation in which the i(n, m)’s are not independent
but we specify their joint moments

M, ((ng,mg), k=1,2,....r) = EQIL}L_1i(ng, my))

where (ng,my),k = 1,2,...,r are distinct ordered pairs in I?. We assume that
these moments are symmetric under all permutations of the ordered pairs. Then,
conditioned on |E| = r, we have that the moment generating function of f(E)
is again given by

( / exp(sz/r)g(z)de)”

but the probability P(|E| = r) cannot be given a simple expression like the
binomial distribution. A direct way would be to compute

E(|EI"f(E)) = E(Y_ i(n,m)X (n,m))")

n,m

= > E(yi(m, ma))E(T_ X (ng, )

M1, MLy ey My

= S Mo((nymi) k= 1,2, ) E(ITGZ X (ng, my))

M1, MLy T, M
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This expression for the moments of the total intensity |E|f(F) of the pixels
within E is very general, it does not even require the r.v.s X(n,m),n,m =
1,2,...,N to be independent. The only assumption for this expression to be
valid is that the set of random variables {i(n,m) : n,m = 1,2,..., N} should
be independent of the set of random variables {X(n,m) : n,m = 1,2,...,N}.
In other words, the random set E should be independent of the set {X (n,m) :
n,m=1,2 .., N}

Now consider the more general problem of generating a random partition into
r disjoint subsets of an image field X (n,m),1 < n,m < N. This involves assign-
ing a random variable i(n,m) to the (n,m)" pixel where i(n,m) € {1,2,...,7}.
Then, the random sets B(j),j = 1,2, ..., defined by

B(j) ={(n,m) :iln,m) =j},j =1,2,..,r

form a random partition of I? = {(n,m) : 1 < n,m < N}.

12.15 The Shannon code

Let the source alphabet be
A={1,2,..,N}

Let p(x),z € A be probability distribution on the source alphabet. Define

F(x) =Y ply),z €A

y<z

ie, F is the cumulative probability distribution function of the source r.v. Define

F(z) =) ply) +px)/2 == Fz — 1)+ p(z)/2 = F(z) - p(z) /2,2 € A

y<z

Clearly, since we are assuming that p(x) > 0Vx € A, it follows that
F(x) € (F(x —1),F(z))
Let [u] denote the least integer > u for any real number u. Thus, if
n<u<n+l1

for an integer n, then
[ul =n+1
Define
l(z) = [log(1/p(x))] + 1,2 € A

Clearly,
I(x) > —log(p(z)) + 1
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and hence

271) < p(2)/2 = F(a) — F(x — 1) = F(z) - F(x)

Now,
F(z) = F(z) —p(z)/2 < F(x) — 9~ lz)

Let [u]; denote the truncation of the binary expansion of the positive real number
u to [ binary places. Clearly, if the binary expansion of u is

u = 0.uguus...
then
w = 0.ugug.y... < 0ay.aylll.. = 0.ay..uy +1/20 = [u], +1/2

Thus,
u—1/2" < [u];

and hence,
F(x)=1/2'" < [F(@)lia) < Flz) = F(z—1)+p()/2 = F(z) = p(z)/2 < F(x)
In other words,
[F(@)ua) € [F(2) = 1/2'®) F(x)),2 € A
and since 271 < p(x)/2, it follows that
[F(@)ia) € [F(2)=1/2'"), F(x)) C [F(z)—p(2)/2, F(x)) C (F(z—1), F(x)),z € A

In particular, the numbers [F(z)](,), 2 € A, all fall in non-overlapping intervals
and hence are all distinct. We wish to show that these codewords, in addition,
satisfy the no prefix condition. Before proving that we observe that

Zl(m Zp [—log(p(x))]+1) <Zp (—log(p(x))+2) = H(p)+2
€A

Now observe that we also have

[F ()i + 1/2'® < F(z) +1/2'®) < F(2) + p(x)/2

= F()

and hence - - -
[F(@)i(zy C [F(@))ia)s [F (@i + 1/21)
C(Flx—1),F(x)],ze€ A
and hence the intervals

[F @)y, [F @)@y +1/2")), 2 € A
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are all non-overlapping. In order to show that the codewords [F(m)]l(x), r€eA
form a no-prefix code, it suffices therefore to show that if there are two positive
integers | < m such that for some binary fractions

z=0.2129...21,u = 0. uruz...Up,

we have that
[z, 2 4+ 1/2)and[u, u + 1/2™)

are non-overlapping , then z cannot be a prefix of w. For suppose z is a prefix
of u. Then we can write
u=0.21..20U4+1.. U,

and in particular,
z<u

Since the above intervals are non-overlapping, it then follows that
z+1/2 <
However,
U =z+ ul+1/2l+1 +otuy /2" <z+ 1/2H‘1 +=z4+ 1/2l

which is a contradiction. Hence the claim is proved.

Remark: The converse is also true, namely if z, u are as above with [ < m and
2 is not a prefix of u. Then [z, z +1/2!) and [u,u + 1/2™) are non-overlapping.
For suppose they are overlapping. Then since [ < m, the second interval has
length no larger than the first and hence three cases are possible:

[a] z<u<u+1/2m<z+1/2

Thus,

0.21..20 < 0.Up. iy, < 0.27.0.2p + 1/2F 4 4 1/2m

The first inequality implies that if 7 is the smallest integer such that z; = 1 and
j is the smallest integer such that u; = 1, then ¢ < j. The second inequality
on the other hand implies that ;7 > 7. Hence, j = 7. Similarly, if ¢’ is the
second smallest integer such that z; = 1 and j’ is the second smallest integer
such that u;; = 1, then the first inequality would imply that ¢ > j’ while the
second inequality would imply that j° > /. Continuing in this way, we would
get 7' = 1’ etc and hence finally, we would conclude that z must be a prefix of
u, a contradiction.

bl u<z<u+1/2m

This option may be ruled out since we can assume that z < u because the
length [ of z is < the length m of u. We have then that

0.u1... U < 0.21...21 < 0.uq...uy, 111...

Let 7 be the smallest integer for which u; = 1 and j the smallest integer for
which z; = 1. Then the first inequality implies that ¢ > j and the second
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one implies that 7 > i. Likewise for the second smallest integers for which the
corresponding entries of z and u are one and so on. Continuing in this way, we
deduce that z must be a prefix of u.

Remark: Note that we can have a situation in which z is not a prefix of u
but z = u + 1/2™. Then

0.21...21 = 0.ug...up, 11111...
Let ¢ be the last index for which u; = 0(¢ < m). Then
Oulumlll = 0.u1...ul—_11
Hence the condition implies
O.Zl...Zl = ().ul...ui_ll
which implies that | =1, 2; = 1,2z, = ux, k = 1,2,...,7 — 1. Indeed in this case,
the required semi-open intervals are still non-overlapping and z is not a prefix
of u.
[du<z+1/28 <u+1/2m.
This means that

0.%1 . Uy < 0.217..21111... < O.4q...up, 111,

Let ¢ be the smallest integer for which w; = 1 and j the smallest integer for which
z; = 1. Then the first inequality implies that ¢ > j and the second implies that
j >isoi=j. Likewise for the second smallest integer and so on. Since I < m,
it follows then that 0.z1..z; = O.uy..uy, ie, z is a prefix of u, a contradiction.

12.16 Some control problems involving the the-
ory of large deviations

[1] Let X (n),n > 1 be a discrete time Markov process with transition probability
density my(z,y) dependent upon a vector parameter 6. Thus,

P(X(n+1)e B|X(n)=2) = / mo(x,y)dy
B
The rate function for the empirical density
N
In(x) =N"'> " 6(z — X(n))
n=1

of the process is well known and is given by

In(q) = supu>o/l09( u(a(:) )q(z)dx

mou(x)
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where
rou(z) = / 0, y)u(y)dy = Eg(u(X (n + 1)) X (n) = z)

where £y denotes conditional expectation w.r.t the transition probability density
mp. Assume that 6 is known except for a small perturbation §6:

0 =0+ 60
We can then expand
mou(x) = mou(z) + 00(k)mipu(z) + (1/2)860(k)660(m)mopmu(x)

where
mou(z) = mo,u(x),
87T'9
Tk = 5?(1{)'9:90’
0T
T gaoam)
Then,

log(meu(x)/u(x)) = log(mou(x)/u(x)) + 60(k)(miru(z)/mou(z))
+00(k)30(m)[mopmu(z)/2mou(z) — Tpu(z)Tomu(z)/2(mou(z))?]

This expansion is valid upto quadratic orders in 6f. Summation over the re-
peated indices k,m is implied. So with this approximation,

1q) = ~infusol [ alalog(rou(e) u(w)ds +56(1)
[ a0 (o) (1121860 50(m) [ a(w)ons(z)ds)

where
$1(2) = mpu(@)/mou(x), Porm ()

= Topmu(z) /mou(z) —mipu(2) Tomu(z) /(mou(x))? ———(a)
We wish to design the parameters §6 so that the probability that the empirical
distribution Iy = (In(x)) will take a given value py = (po(z)) is maximized.
This probability is approximately given by exp(—N.I(pg)) and hence we seek to

determine 66 so that I(pg) is a minimum. With the above approximation, §6 is
chosen as

argmaas(;ginfu>o[/ po(x)log(mou(z)/u(z))dx+60(k)

/po(x)qblk(x)d:r+(1/2)69(/€). m)/po(x)qbgkm(x)dm]

36(
— infusoargmazss| / po(2)log(mou(z) fu(z))de+66(k) / po(@)bu(z)dz
+(1/2)80(k).50(m) / P0(2) i ()] ———(b)

Note that ¢1x(x) and ¢1xm () are functionals of u(.) as is evident from (a).
Setting the gradient in the above expression w.r.t §6 to zero gives us for a given

u, / @) (x)dx + Z 50(m / ) bopm (2)dz = 0
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This is a linear set of equations for 66 and solving them gives us §6 as a functional
of u. This value of 46 is then substituted back int (b) and minimized over u to
get the optimal u which is substituted into the expression for 66 to obtain the
value of the control parameter perturbation 6.

Examples of controllers based on the ldp.
In continuous time, we consider a one dimensional diffusion process

AX(t) = F(X(0)dt + 9(X (£))dB()
The generator of this diffusion is
L = f(x)d/dx + (a(z)/2)d*/dz? a(z) = g(z)?
The rate function for the empirical density of X (.) is given by
Ia) = ~infuso [ afe)(Lu(e) /u(e))da
Now

/Q(m)LU(w)dw/U(w) = /[Q(w)(U’(w)/u(fC) +a(@)u” (z)/2u(z))]dx

— [l @) /uta) = o (2) (a(e)at@)) /20(e) - ale)ala)u(2)/2u(w))ds
- / (g — (ga)' /200 + gav? /2)dx

where
v(z) = ' (z)/u(z)

This is easily minimized w.r.t v to give

qav + (¢ — (ga)’/2) =0



Chapter 13

Examination Problems in
Classical Information Theory

[1] In a relay channel, let Tx and Rz denote respectively the main transmitter
and receiver. Let RRx denote the intermediate relay receiver and RTx the
intermediate relay transmitter. Tz transmits x after encoding a message while
RTx transmits x, after appropriate encoding. RRz receives y; while Rx receives
y. Note that these signals received by both RRx and Rz are channel noise
corrupted versions of some combinations of z,z;. In other words, RRzx and
Rx both receive messages from Tz and RTx via after channel noise corruption.
The relay channel is thus completely specified by the transition probabilities
p(y, y1|z, 21). We assume a special case of this channel namely a degraded relay
channel in which

p(y, yilz, z1) = p(yilz, z1)p(ylz1, y1)

In such a channel, RRx receives signals directly from both Tx and RTx after
channel noise corruption while Rx receives messages directly from Tz and RTx
after noise corruption. Thus Rx does not receive signals directly from Tz. It
receives signals indirectly from Tz via RTx and RRx. Note that we can write
for such a degraded channel,

y1 = filz,z,wi),y = f(w1,91,w2) = f(or, f(z, 21, w1), w2)

where w,ws are channel noise processes. From this expression, knowing the
channels f1, f and the statistics of the noise (wy,w), it is easy to calculate
p(y,y1|x,z1). Now prove the following statements:

[a] The relay random encoder RTz generates 2"%0 iid codewords z7(s), s €
Eo with pdf p(27) = IL;p(x1;). Here, Ey = {1,2,...,2"H0},

[b] For each s € Ey, conditioned on the codeword x(s) generate in the
relay, the main transmitter T generates 2" iid codewords z"(w|s),w € E
with condition pdf

p(z"|z7(s)) = Wip(xi|r1i(s))

227
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where
E=1{1,2,...2"%}

[c] A random partition of E into |Eg| = 2"%0 cells S(s), s € Ey is generated
by assigning to each w € E an s € Ey with uniform distribution. In other
words, if s(w) denotes the element of Ey assigned to s € E, then s(w),w € Ey
are iid random variables with each s(w) being uniformly distributed over Ej.
Then for any given s € Ey, the bin S(s') C E is defined by

S(s') ={w € E|s(w) = s'},s" € E
It follows that S(s'),s" € Ey is a random partition of E with
E[S(s)] = 2"75)

Var(|S(s')]) = 2"F(27nko) (1 — g7 nfo)) — gn(B=Ro)(] _ 9g=nko) ¢/ ¢ B,

[d] At time ¢ — 1, Tz sends w;—; and at time 7 w;. We denote by s;, the
bin index of w;_1. Thus, assuming that the relay (RRxz, RTx) has successfully
decoded w;_1, it can generate the bin index s; with good accuracy. Note that
W;—1 € S(Sl)

[e] At time block 4, the relay transmitter sends x1(s;) (ie 27 (s;)) and at
the same time block 4, the main transmitter Tx sends z(w;|s;) (ie, " (w;|s;)).
The corresponding signals received in the " time block by RRx and Rz are
respectively y1(i),y(2). Thus, (x7(s;), x™(ws|s:),y7(2),y™ (7)) is jointly typical
since it has the given distribution

p(@?)p(a"27)p(y", yi' 12", 27) = Ip(z15)p(xil21)p(yisle, 25)p(yles, yis)

[f] The relay receiver RRz estimates w; as that w € E for which

(z(wl]si), z1(si), y1(4))

is typical. Note that here we are assuming that the relay receiver has a good
estimate of w;_1 and hence of s; (the bin number in which w;_; falls). Note
that both the main receiver and the relay receivers are in knowledge of the codes
s = z7(s) and (w,s) — a™(w|s). Using the fact that (z(w;|s;),z1(s:),y1(2))
is typical (ie jointly typical) and hence that (z1(s;),y(¢)) is typical (and hence
x1(s;) typical and y; (7) is conditionally typical given x1(s;)) and that for w # w;,
conditioned on s; and z1(s;), x(w|s;) is independent of y; (i), show that the
probability of the relay receiver not estimating w; correctly converges to zero
provided that
R < I(z:yi|z1)

Remark: if (U™, V™) = {(U;,V;)}, is typical, then so is U™ and V"™ is

conditionally typical given U™. This is because since U" is typical,

p(vnlUn) _ p(V", Un)/p(Un) ~ 2—nH(U,V)/2—nH(U) — 2—nH(V\U)
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[g] Rz estimates the bin number s; (to which w;_; belongs) from his received
signal y(i) in the i*" time block as that s € Ey for which (z1(s),y(i)) is typical.
Show using the fact that (z1(s;),y(¢)) is typical and that if s # s; 21(s) is inde-
pendent of y(i) (because y(i) = f(z1(s;), x(w;|s;),n) and that (z1(s;), z(w;|s;)
is independent of x(s) for s # s; because x1(s;) is independent of z(s) and
conditioned on x1(s;), x(wj|s;) is independent of x1(s) when s # s;) that the
probability of RRx making an error in estimating s; correctly converges to zero
provided that

Ry < I(x1 : y)

[h] Assume that s,k < i have all been decoded correctly at Rz as in [g].
We've seen that this is true if Ry < I(x7 : y). Rz constructs the bin S(s;)
and knows that w;_1 € S(s;). Rz also knows the codeword 1(s;—1) since
s;—1 has also been correctly decoded by him. He then estimates w;_; as that
w € S(s;) for which (z(w|s;—1),x1(si—1),y(i — 1)) is typical or equivalently
since x1(s;—1) is typical (by construction of the random codeword x;(s;_1) as
having the pdf p(z7) = p(x1;)) as that w € S(s;) for which (z(w|s;—1),y(i —
1)) is conditionally typical given x1(s;—1). A decoding error occurs regarding
w;_1 therefore if either (z(w;—1)|s;—1),y(i — 1)) conditioned on z(s;—1) is not
typical (the probability of which converges to zero) or else if (z(w|s;—1),y(i —
1)) is conditionally typical given x(s;—1) for some w # w;_1,w € S(s;) (the
probability of which converges to zero provided that R— Ry < I(z : y|z1). This is
because the number of elements in S(s;) behaves as 2"(1=10) asymptotically on
the logarithmic scale, ie, n=1log(|S(s;)|) — R— Ro and further that conditioned
on z1(s;—1), x(w|s;—1) is independent of y(i—1) when w # w;_; since y(i—1) =
f(z(wi—1]si—1),z1(si—1),n)). Hence, conclude that the rate region is given by

Ro <I(z1:y),R— Ro < I(z:ylw1)

[2] Let X™ be iid with distribution either P; or Py. We wish to test whether
the distribution is P; or Py. Define

A(n,e) = {X™ : In"Llog(Py(X™)/Py(X™)) + D(Py|Py)| < €}

Show that
PO(‘A(TL’ 6)) — 17 P()(A(TL, 6)0) -0

Define
Z(n) = {X" :n"tlog(P (X"™)/Py(X™)) > —D(Py|Py) + ¢}

Show that
Z(n) C A(n,e¢)°

and hence
Py(Z(n)) =0
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Show that
P (X™) < Py(X™).exp(—n(D(Py|P1) —€)), X™ € Z(n)°¢
and hence that
Pi(Z(n)°) < exp(—n(D(Fy|P1) — €))
and hence that

limsupn™".log(Py(Z(n)¢) < —D(Pp|P) + €

Conversely, suppose Z(n) is any region of A™ where A is the alphabet in which
X; takes values. Suppose

liminfPo(Z(n)) =a<1
Then show that
Pi(Z(n)°) > Pi(Z(n)°NA(n,e)) > Po(Z(n)° N A(n,€)).exp(—n(D(Po| P1) + €))

> (Po(Z(n)°) = Po(A(n, €)°)).cxp(n(D(Fo|P1) + €))

and hence conclude that
liminfn™*log(P1(Z(n)¢) = —D(Po|P1)
What are the physical implications of these results ?

[3] Let X be a random vector taking values in R™. Prove that conditioned on
E(XXT) = Kx, H(X) attains its maximum value when X = N (0, Kx). Using
this result, deduce that for any random vector X € R", the following inequality
holds:

|Kx| > (2me) " exp(2H(X)/n)

[4] Let a memoryless Gaussian multiple access channel be described by the
encoders
wy — XM (wy),w; = 1,2,...,2"%

wo —r X;L(wg),’ZUQ = ]., 2, ceny 2nR2

and the channel
Y = a1X1 +a2X2 +Z

where Z = N(0, N). Under the power constraints || X7 (w1) ||< nPy, || X3 (w2) ||<
nPs, calculate the maximal optimal regions for the rate pair (Ry, R2). Also prove
that the probability distribution of the source symbols X7, X5 corresponding to
this maximal optimal regions is that for which X7, X5 are independent Gaussian
distributions N (0, P1), N (0, Py).
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Generalize this result to the case of m > 2 message inputs with power
constraints:

= XM wy),w; =1,2,...,2™% j=12..m

| X2 (w)) [P< nPjj=1,2,...m
with the channel

Y = ia(j)Xj + 2,7 = N(0,N)

j=1

In these expressions,

X ||*= ZX2 X" = ((X5))j=

[5] [a] Prove the converse of the Slepian-Wolf theorem for distributed source
coding with two sources X,Y so that (X", Y") = {(X;,Y;)}™, is iid bivariate.
The distributed encoders have the form

X" fo(X™) =1, € {1,2,...,2""}
Y™ = go(Y™) = J, €{1,2,...,27%=}
and the decoders have the form
X" = hn(In, Jn), Y™ = kI, Jy)

If the decoding error probability converges to zero, then show using Fano’s
inequality that
n H(X",Y"|I,,J,) — 0

and then deduce that
Ry > H(X|Y),R, > HY|X)

[b] Let U,V be independent r.v’s U = N(0,07),V = N(0,0%). Let X =
aU+bV,Y = cU +dV with a, b, ¢, d, ad — bc all non zero. Calculate the Slepian-
Wolf rate region for distributed encoding of (U, V') and then for (X,Y’). Which
rate region is larger and why ?

[6] [a] Prove that conditioning reduces entropy, ie, H(X|Y) < H(X). What
is the physical meaning of this result in terms of knowledge and uncertainty ?
[b] If X - Y — Z — W is a Markov chain, then show that

I(Y:2)>I(X:Y)

and interpret this result.
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[c] If { X, }nez is a stationary stochastic process, then show that
H(Xo| X1, X0y X_p) =
H(X,|Xn-1,...,X0) and that this is a decreasing function of n. Deduced that
its limit
H(X) = limns oo H(Xp| Xn_1, ... Xo) = H(Xo|X_1, X_o, ...)

exists that
H(Xn7 X’nflv ceey Xl)

n

H(X) = limy 00

[d] Let X,, € RP,n € Z be a zero mean stationary Gaussian p-vector valued
process with power spectral density matrix S(w) € RP*P. Let R(n) denote the
np x np correlation matrix ((E(X;1xX])))o<k<n—1. Show that R(n) is also the
correlation matrix of the np x 1 vector

xr xr .o x1T

n—1»

Let Rx(m) = E(X,, 1., XI) € RP*P. Show that R(n) can be expressed in p x p
block structure form

R(n) = (Rx (i = j)h<ij<n

Prove using the definition of entropy of a random vector in terms of its pdf that
H(Xp,....X1) = —E[llnfx(Xn, ..., X1)] = (1/2)In(|R(n)]) + (np/2)In(2me)
H(Xn‘anh B8] Xl) = _E(Zn(fX(XnLXanlv (X3} Xl))

= (1/2)in(|R(n)|/|R(n = 1)|) + (p/2)In(2me)

Show that the eigenvalue equation
R(n)v = M
can be expressed in block form as

n—1

Z Rx(k—m)v(m) = v(k),k=0,1,....n—1

m=0
By taking the DFT on both sides and assuming Rx (k) to be periodic with
period n, show that this eigenvalue equation can equivalently be expressed as

S2nk/n)V (k) = AV (k),k=0,1,..,n—1

wher {V(k)} is the n-point DFT of {v(k)}. Hence, deduce that the product
of all the eigenvalues of R(n) assuming Rx (k) to be n-periodic is given by
I} det(S(2nk/n)), ie,

det(R(n)) ~ I}Z det(S(2nk/n)),n — oo
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Note that in the limit n — oo, there is no loss of generality in assuming n-
periodicity for an aperiodic sequence. Thus, deduce that the entropy rate of a
p-vector valued stationary Gaussian process is given by

H(X) = limp_00(2n)~ Zlog (27k/n)) + (p/2)In(2me)

= (471-)_1/0 ! log(det(S(w))dw + (p/2).log(2me)

[e] Show that the relative entropy map

(p,q) = D(plq) = Zp )-log(p(x)/q(x))

for two probability distributions p, ¢ on a given finite set A is jointly convex, ie,
if p1, P2, q1, g2 are four probability distributions on A and 0 < ¢ < 1, then

D(tp1 + (1 — t)p2ltqr + (1 — t)g2) < tD(p1lqr) + (1 —t)D(pa2lqz)

[7] Let {X;}5°, be iid r.v’s with continuous probability density f(x). For
€ > 0, define

T(nye) = {X" : [n~"dog(fu(X™)) + H(X)| < ¢}

where
X" = (X3)iny, [u(X7) = L, f(XG)
and
- [ #a)tog( @)z
Now prove the following statements:
[a]

ex[(—n(H(X) +¢€) < fn(X") <expx (—n(H(X) —¢)), VX" € T(n,¢€)

[b]
P(X™ € T(n,e)) >1—0%/ne, 0? = Var(log(f(X1))

[c]
(1 —o?/ne?)exp(n(H(X) —€)) < Vol(T(n,e)) < exp(n(H(X) +¢))

where for any Borel subset E of R",

Vol(E / d"X



234 Classical and Quantum Information Theory for the Physicist

is its Lebesgue volume.
(d]

T
umswlz'mn%olog(vo“n () _ pix)

[e] Explain the concept of Shannon’s noiseless source coding theorem for
sequences continuous iid random variables using [b] and [d].

[8] Let {X,,} be a stationary stochastic process. Prove along the following
steps that the entropy rate

H(X)=H(Xo|X_1,X_o,..) =limn *H(X,,..., X;)

of this process given the autocorrelation lags R(K)E(X, 1 X,),k =0,1,...,p is
a maximum when {X,} is a Gauss-Markov process of order p, ie, when X,
satisfies the difference equation

Xp=— Z a(k)Xn—k: +Zn,m2>p

p
k=

=

with [Xo, ..., X,—1]7 having the N(0,R,) distribution independent of Z,,n > p
which is iid N(0,0?), where a(1), ...,a(p),c? are obtained by solving the p + 1
linear equations

R(m)+ Y _a(k)R(m — k) = 0®6[m],m = 0,1, ..., p
k=1

Here,
R, = ((R(i = j))i<ij<p
[a] Let Y;, be a zero mean stationary Gaussian process with same autcorre-
lations as those of X,,. Then, show that

H(Xp, .., X1) < H(Y,,..,Y1)¥n > 1

[b] Show that

3

H(Y,,Y,-1,..,Y1) < H(Yi|Yi-1,..Y7)
k=1

and
H(Y) =limn 'H(Y,,...Y1) = HY,|Y_1,Y_5,...)

< H(Yy|Y_1,...,Y_})
with equality iff Y,, is Gauss-Markov of order p. Show further that H(Yy|Y_1,...,Y_,)
is completely determined by R(k),k =0,1,...,p.

[9] State and prove Fano’s inequality and give its application in proving the
converse part of Shannon’s noisy coding theorem.
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[10] let A be an alphabet and let (X;,Y;, Z;),i = 1,2,..., be iid random
vectors with values in A x A x A. For a,b,c € A, let N(a,b,c|X™, Y™ Z™)
denote the number of times that a, b, c appears at the corresponding positions
of X", Y7, 2" e,

N(a,b,c) = N(E)
where
E={i:X;,=a,Y;=bZ;=c¢,1<i<n}

Let € > 0 and let
Axyz(n,G) = {(Xn,Yn,Zn) :
IN(a,b,c)X™, Y™, Z") /n—pxyz(a,b,c)| < eVa,b,c e A}
Also put
Ayz(n,e) ={(Y", Z") : IN(b,c|Y™, Z")/n — pxyz(a,b,c)| < Vb, c € A}
If X; — Y, = Z; is a Markov chain ie, if

pxyz(a,b,c) = px(a)py|x (bla)pzy (c|b)

then show that Z; — Y; — X, is also a Markov chain and hence deduce that
(Y™, Z™) € Ay z(n,€) implies

()(n7 Y", Zn> S Axyz(n, 5)
where § = d(¢) — 0 as € — 0. In other words show that
N(a,b,e|X™, Y™, Z™)/n — pxyz(a,b,c)
For proving this result, you must apply the law of large numbers to the idenitity
N(a,b,c| X", Y", Z")/n = (N(a| X3.)/N(OY) (N (IY) /N (c| Z™))(N(c|2") /n)
and use the Markovianity Z — Y — X to deduce that
N(e|Z™)/n = pz(c),

N(bY)/N(c|2") = py)z(ble),
N(alXp.) /N (BIY") = pxiyv(alb)

The notation is that Y is that segment of Y™ in for which ¢ occurs in the
corresponding positions of Z™ and Xy is that segment of X™ in which (b, ¢)
occurs in the corresponding positions of (Y, Z"):

Y!={Yi:Zi=c}, Xy . ={Xi:Yi=bZ;=c}
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13.1 Converse part of the achievability result for
a multiterminal network

Consider a newtork with m nodes numbered E = {1,2,...,m} where each node
can transmit as well as receive messages and decode them. The i** node wishes
to send a message

W(ij) S Eij = {1727 -~-a2nRU}ai7j =12..,m

to the j** node. The set of all messages sent by the i*” node is therefore

Wi={W%.j=1,2.,m}
The encoded message sent by node 7 at time k is of the general form

XUk)=X;(WLYH(D),l =1,2, ..., k—1) = X (WY,
i J=1,2,m, Y (1), j < k=1)———(1)

In this expression, Y (1) is the message received by node ¢ due to transmission by
all the nodes j # i after taking into account channel noise which is assumed to
be iid in time. The form (1) of the encoded signal at time & finally transmitted
by node i is thus a function of all the messages Wi = (W% : j = 1,2,....,m)
that node i wishes to transmit and also of all the output signals that node i
receives before time k. In other words, we allow for a causal output feedback
mechanism at each node in generating the signal to be finally transmitted at
any given time. Let S be a set of nodes and S¢ = {1,2,....,m} — S =FE — S its
complement. Let {R¥ :i,j € E} be a set of achievable rates, ie, rates for which
there exist feedback codes of the above form which assure asymptotically zero
error of decoding probability as n — oo. Note that the decoders at each node
are assumed to have the following form:

W9 =Wi(yI wi)=Ww9 (Y Wi l=1,2,..,m)

where by X*, we mean all its time samples {X*(k) : & < n} and by Y*, likewise,
we mean {Yi(k) : k < n} and {X%(k) : K < n}. Since the decoding error
probability converges to zero as n — oo, it follows from Fano’s inequality that

HW4|YJ, W9) =0

Note that the decoder at node j, while decoding the message W transmitted
by node i to him, is allowed to make use of only the signal Y7 received by him
as well as all the messages W7 transmitted by him to the other nodes. From
the above convergence, it is easily deduced that

HWTYS  wiy/n—0

where
SCE,and T =5 x 5¢, so that

WT=w5 ={W":ieS, jes}
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is the set of all messages transmitted by the nodes in S to nodes in S¢,
WTC _ WSC,S U WSC,SC _ WSC _ WSC,E

is the set of all messages transmitted from S¢ to some node of E. Note that the
decoders for all messages sent from .S to S¢ are located in S and these decoders
only use the received noisy signals Y°° = (Y7,5 € §¢) and the messages sent
from S° to some node in E. We can also therefore safely write the condition
that the decoding error probability goes to zero as

HWTYS  wry = HWSS |y¥ W) /n =0

Note that Y is a function of X¥ and iid channel noise with the channel con-
sisting of all the m(m — 1) directed paths joining the different nodes. Now we
assume that the W% ,i,j € E,i # j are all independent random variables with
W being uniformly distributed over E;;. Then for any subset S C E, we have
with T'= 8§ x §°¢,

nR% =n Y RI<HWT)=HW"|W")
1€S5,jESC

since by hypothesis the messages transmitted by different nodes are independent
and hence W7 is independent of W7*. Note that

WT _ WS,SC WTC _ WSC _ WS’S U WS,SC _ WS’E

Now,
HWTwWTY = HWTyS w4 twT . yS |jwT)

and we have already seen that since the decoding error probability converges to
Zero,

HWTYS W) /n—0
Further,
IWT .y W™y = Hy S |wT) — HY S |(wT, wT)
= Z HYS (W)YS (j),j < k=L, WT)=HY (k)]Y(j).j < k=1, WT, W)

Z(H(Y IS (5),5 < k=1, W X5 (B)J-H(Y® (W)Y (), < k=1, WT,WT)
k

(because X5 (k) is a deterministic function of (Y5°(5),5 <k —1,W5")

<Z HYS (R)[X (k) = HY S (R)Y (), 5 < k= 1,WE,WT)

(because conditioning reduces entropy)

—<Z HYS (k)| X5 (k) —H(YS (k)Y (4), 5 < k=L, WT, W™, X5(k), X% (k))
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(because conditioning reduces entropy)

=D (HYS ()X (k) = HY (k)X (k), X5 (k)
p

(because Y5 (k) is a function of X ¥ (k) = (X3(k), X3°(k)) and channel noise at
time k and therefore since the channel noise is iid, and independent of X (k),
it follows that conditioned on X7 (k), Y5 (k) is independent of Y5°(5),j < k —
1L, WT, WT). Now define a r.v Q that assumes values 1,2, ..., n with probability
1/n each and is independent of X¥(k),YE(k),k =1,2,...,n, ie, is independent
of X¥(k),N¥(k),k =1,2,...,n where N¥ is the network channel noise. Then,
we get from the above that

IWT Y W) < HY 9 (Q)1X%(Q),Q) — HY (Q)X%(Q), X% (Q),Q)
<HY(Q)X5(Q) — HY* (Q)X®(Q), X (Q))

because conditioning reduces entropy and secondly, conditioned on X BQ),
ys*© (Q) depends only on the iid network channel noise and is hence independent
of Q. Specifically, given the event

{Q=0,X"(Q) =z} ={Q=1i,X"(i) =z}

the distribution of Y#(Q) equals that of Y# (i) whose distribution under this
conditioning, depends only on x and the distribution of the channel noise N (i)
which owing to the iid nature of the channel noise, is independent of i.

13.2 More Examination Problems in informa-
tion theory

[1] Consider a degraded broadcast channel with input = and successive outputs
Y1, Y2, so that £ — y; — yo forms a Markov chain. The source and channel are
thus characterized by the joint pdf

p(z,y1,92) = p(x)p(y1]2)p(y2ly1)

We introduce an auxiliary r.v U so that the joint distribution of (U, X, Y7, Y5)
becomes

p(u, z,y1,y2) = p(w)p(x|w)p(y1|z)p(y2|y1)
ie,
U= T =y — Yo
forms a Markov chain. Choose iid words U™ (ws),wy = 1,2,...,2"%2 with pdf
p(U™) =TIp(u;). For each wy given U™ (ws), choose iid words X" (w, ws), wy =
1,2,..., 2" with pdf p(X"|U™(w2)) = Hip(a;|ui(ws)). Thus the rate of trans-
mission, or code rate is Ry for this random code. We can look upon this degraded
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broadcast channel as transmitting two messages wy, wo at rates R; and Ro re-
spectively. If (wy,ws) is the message pair to be transmitted, then, the transmit-
ted codeword over the broadcast channel is X (wy,ws) and the received signals
are respectively (Y7 (w1, ws), Ya(w1,ws)). Assume that channel noise is iid and
independent of all the sources. Then show that (X (w1, ws), Y1 (w1, ws), Ya(wy, we)),

wy =1,2,..., 2", =1,2, ..., 272 are 2n(F1+R2) jndependent random vectors.
As- sume that (1,1) is the transmitted message pair.

Now decode ws at receiver two as that wq for which (U(ws), Y2(1,1)) is typi-
cal. Explain the fact that a decoding error occurs here if eithey (U(1),Y5(1,1)) is
not typical or else if (U(wz), Y2(1,1)) is typical for some we = 1. Show that the
decoding error probability at receiver two converges to zero if Ry < I(U : Y3).

Now decode w; at receiver one as that w for which (U(ws), X (w1, w2),¥1(1,1))
is typical for some wy. Explain the fact that a decoding error 0c01}rs here implies
one of the following: (a) (U(ws),Y1(1,1)) is typical for some ws = 1. Show that
the probability of this happening converges to zero if Ry < I(U : Y7). Show
that degradedness of the broadcast channel, ie, X — Y; — Y5 is a Markov
chain implies I(U : Y1) > I(U : Y3) and hence the condition Ry < I(U :
Y3) implies that this error probability is guaral}teed to converge to zero. (b)
(U(1), X(w1,1),Y(1,1)) is typical for some w; = 1. Show that the probability
of this happening converges to zero if Ry < I(X : Y1|U). Combine these results
to state the achievability region for a degraded broadcast channel.

[2] We wish to compress an iid source sequence X™ using available side in-
formation Y™. Assume (X", Y") = ((X;,Y;))’ is an iid bivariate sequence.
Encode X" at rate Ry to f,(X") = i = 1,2,...,2"% . The decoder has ac-
cess to the code f,(X™) and the side information Y in the form of another
codeword ¢, (Y™) =i = 1,2,...,2"%2 and thus decodes X" as X" = hy,(i,s) =
o (fr(X™), g (Y™)). We wish to select the endoders f,,, g, and the decoder h,,
so that the decoding error probability P(X "X ™) converges to zero simultane-
ously keeping R;, R minimal. Any such R;, Re which leads to zero asymptotic
decoding error probability is called achievable. Show that if there exists a r.v.
U such that X — Y — U forms a Markov chain then the achievable region is
Ry > H(X|U),Ry > I(U : Y). Your proof can be based along the following
lines:

[a] Generate iid random vectors U™ (s),s = 1,2, ...,2"% with pdf p(U") =
Ip(u;). Partition the X™ sequences into 2% bins uniformly in an iid way, ie
define iid uniform random variables i(X™) € {1,2,...,2" "1} X" € A", Let B(j)
denote the set of X™ for which i(X™) = j. Show that if E is any set, then the
average number of elements in £ N B(j) for any fixed j equals |E|/2"f.

[b] If (Y™, U™(s)) is typical for some s = 1,2,...,2"%2 then encode Y™ as
the minimum of all such s. If (Y™, U"(s)) is not typical for any s, then encode
Y™ as some fixed sg. Thus unique decoding of Y from s fails in the latter case.
Show that the probability of this happening converges to zero if Ry > I(U : V).

[c] Assuming that Ry > I(U : Y'), we can thus assume that (Y™, U"(s)) is
typical and hence since X — Y — U is a Markov chain, (X™,U"(s)) is typical.
Encode X™ as i where ¢ = i(X™), ie, 7 is the unique index for which X™ € B(3).
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[d] The decoder has the pair of indices (i,s) available to him. He de-
codes X" as that sequence X" € B(i) for which (X', U"(s)) is typical.
Since we have already seen that (X, U™(s)) is typical for the true sequence
X™ a decoding error can occur only when there is some X'n #* X”,X/" €
B(i) for which (X'™ U™(s)) is typical. Show that the probability of this hap-
pening is bounded above by |Ax N B(i)|.27"/(U:X) which for large n equals
(|AX|/2nR1)2—nI(U:X) _ 2—n(R1+H(X)—I(U:X)) _ 2—n(R1—H(X|U)) and it con-
verges to zero if Ry > H(X|U). Here, Ax denotes the set of sequences X
which are typical (corresponding to the probability law p(X™) = Ip(z;)).

[3] Consider the problem of compressing X™ data with allowed distortion D
and with the decoder allowed to make use of side information. The iid data
with side information is (X™,Y"™) = {(X,,Y;)}"_; where X, is correlated with
Y;. Y forms the available side information. Let d be a metric on the X-space.
Let

Ri=I(X:W)+e,Re=I(X:W)=IY :W)+e

Let

where (X,Y,W) has the distribution of any one sample of the iid vectors
(X;,Y;, W;),i = 1,2,...,n. Choose iid data W"(s),s = 1,2,...,2"% with pdf
p(W™) = IIp(w;). Encode X™ as the minimal s for which (X™, W"(s)) is typ-
ical. Show that the probability of there being no such s converges to zero if
Ry > I(X : W) which we have assumed to satisfy. Show that (Y, W7 (s)) is
typical as a consequence of the assumption that Y — X — W is a Markov
chain. Now assign to each s’ = 1,2,...,2"%1 a number i = 1,2,...,2"%2 in an
iid random uniform way. Let B(j) denote the set of all s’ which have been
assigned the number j. Show that B(j),j = 1,2,...,2"%2 is a random par-
tition of {1,2,...,2"f1} with E(|B(j)| = 2""=F2) for any given j and show
further that Var(|B(j)|) = 2"F1—F2)|(1 — 277f2) and that this fact implies
that n=og(|B(j)|) — (R1 — Rg) converges to zero almost surely as n — oo.
Now choose that i = 1,2,...,2"7% for which s € B(i). In this way X" has
been assigned a unique i € {1,2, ..., 2"} with probability converging to one as
n — 00. The decoding process involves decoding from ¢, the value s and hence
recovering X ™. This decoding process involves selecting that s’ € B(i) for which
(Y™, W"(s')) is typical. s’ is then the desired estimate of s. Explain the fact
that a decoding error will occur only when there exists an s’ # s in B(4) such
that (Y™, W™(s')) is typical. Show that the probability of such an event taking
place is bounded above by 27(F1—F2) 9=nI(Y:W) anq that this probability will
converge to zero when Ry > Ry —I(Y : W) > I(X : W) — I(Y : W). Show fur-
ther that the typicality of (X", W"(s)) and the Markovianity of ¥ — X — W
implies the typicality of (Y, X™, W™ (s)) and hence this triplet has the required
distribution, namely II;p(y;, x;, w;) and hence by the weak law of large numbers,
its average distortion n=' 3" | d(z;, f(yi,w;)) & D. Conclude the result that
by encoding at the rate of I(X : W) — I(Y : W) the given data X™ as n — oo,
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we are able to achieve data compression with retrieval within the limits of the
given distortion D.

More examination problems on information theory

[1] [a] State and prove Fano’s inequality.

[b] Give an application of Fano’s inequality to proving the converse part
Shannon noisy coding theorem for discrete memoryless channels, namely if the
error probability for a sequence of codes of increasing length converges to zero,
then the rate of information transmission must be smaller than the channel
capacity.

[2] Let A, B be finite alphabets. Let {(X;,Y;)}; be an iid bivariate se-
quence. For € > 0, define the Bernoulli typical sets

Ax(n,e) ={X" € A" : [N(a|X™)/n — px(a)| < eVa € A}
and likewise Ay (n,e€),
Axy(n,e) = {(X™,Y") : [N(a,b| X", Y")|/n — pxy(a,b)| < eVa € A,b € b}
and conditionally Bernoulli typical set
Ayix(n,e) ={Y" € B": (X", Y") € Axy(n,€)}

Prove that

[a] px (Ax(n,€)) = 1, [b] pxy(Axy(n,€)) — 1,

[c] For large n, |Ax(n,¢)| € [27HX)+9) 9=n(H(X)+9)] where § = d(e) — 0
as e = 0, [d] pyx(Y"|X") ~ 27" HYIX) for Y™ € Ay x(n,€), X" € Ax(n,e),
[e] If Y" has the same iid distribution as Y but is independent of X", then
Pr(Y"™ € Ay|x(n,€)|X") ~ 271X,

[3] [a] A Gaussian discrete memoryless multiple access channel has two inputs
X1, X and output Y. The channel characteristics per symbol is defined by
Y = a1 X1 + as X5 + Z where the channel noise Z is N(0, N). Calculate the rate
region for (Ry, Ry).

[b] If X,Y are independent and we define U = a; X + a2V, V = 0; X + bV
will the Slepian-Wolf capacity region for distributed encoding of the iid bivariate
source (U™, V™) be greater than or lesser than that of (X™,Y™). Explain your
result.

[4] [al] Prove the inequality

o alj) > a(d)
ZG(J)log(m) > () ali) log(Z b(]))

J J

for positive numbers {a(j),b(j)}}—;-
relative entropy

D(plq) = Zp (i)log(p(i)/q(i))

Using this, deduce joint convexity of the
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between two probability distributions p, ¢ on the same set.

[a2] State and prove the data processing inequality for a four stage Markov
chain and give one application of this.

[b] Explain how in a relay system, by transmitting bin indices at lower rate
from the relay terminal, how one is able to achieve a higher capacity. State the
difference between a relay channel and a physically degraded relay channel.

[5] [a] Given five symbols in a source with probability distribution

p(1) > p(2) > p(3) > p(4) > p(5)

such that

p(3) > p(4)+p(5),p(1) > p(4)+p(4)+p(5) > p(2),p(2)+p(3)+p(4)+p(5) > p(1)

write down the optimal Huffman code.

[b] Let {X;} be iid N(0,Kx) random vectors in R? with the eigenvalues of
Kx being P, ..., P;. Show that the rate distortion function R(D) for X is given
by

D
R(D) = (1/2)mingp, Zmax(log(Pi/Di),O)
i=1

where the minimum is over all positive {D;} with Z?:l D; = D. Using Lagrange
multipliers, calculate the optimal values of {D;}. Show that these are given by
D; = A\.O(P; — \) where 6(x) is the unit step function and A is chosen so that
Zle AO(P; — A) = D. Note that the distortion metric being used here is
d(X,X) =E || X — X ||2 where || . || is the Euclidean norm.

Also explain how rate distortion theory gives more compression than com-
pression without distortion and how rate distortion with side information gives
even more compression. Do this by comparing the compression values in all the
three cases in terms of entropy and mutual information.

Problems in Statistical Signal Processing

[1] A uniform linear array consists of 3 sensors receiving signals from two
sources. Assume the source directions to be 0,k = 1,2. Show that if the three
sensors are located at points 0,d, 2d along the z-axis then the array steering
vector along the direction 6 is given by

e() = [1,exp(j Kd.cos(0)), exp(j K2d.cos(6))]"

where K = w/c with w the centre frequency of the source signals and ¢ the
velocity of the electromagnetic signals. Show that the array signal vector can
be expressed as

x(t) = E(01,02)s(t) + w(t)
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where
s(t) = [s1(t), s2()]"

is the source signal lowpass envelope vector and w(t) is the sensor noise lowpass
envelope vector. Assuming the noise to be white in both space and time and
s(t), w(t) to be uncorrelated Gaussian signals with

Cov(w(t)) = 021, Cov(s(t)) = < P >
Derive
[a] The maximum likelihood estimator of 0,k = 1,2 from the iid measure-
ments x(tg), k=1,2,.... M
[b] The MUSIC pseudo-spectral estimator of 0,k = 1,2 and the ESPRIT
spectral estimator of 61,6s assuming a shifted array with sensors at d,2d, 3d
with same noise statistics. Take as the steering vector of the shifted array,

£(0) = exp(j Kd.cos(0))e(0)

Assume ergodicity of the sources and noise so that time averaged covariances
can be replaced by the true ensemble averaged covariances.

[2] Consider the nonlinear sequential 1-D data model
z[n] = a(n)f + eb(n)6* +vn],n =1,2,...

where {v[n]} is iid N(0,02)

[a] Calculate the maximum likelihood estimator 8] N] of § based on the mea-
surements x[n], 1 <n < N upto O(e?) using perturbation theory. How will you
cast this estimator in time recursive form 7

[b] Calculate the mean and variance of O[N] upto O(e2) and also the Cramer-
Rao lower bound on the variance of an unbiased estimator of 6.

[3] A signal z[n] = s[n]+wn] is such that s and w are uncorrelated processes,
s[n] has long range correlations Rg;[7] while w[n] has short range correlations
Ryw(7]. In the line enhancement technique, we predict x[n] linearly based on
z[n—D — k|, k =1,2,...,p where the delay D is large enough to guarantee near
uncorrelatedness of w[n| and w[n — D — k] but small enough to guarantee that
s[n] is strongly correlated with s[n — D — k]. Explain how the predicted MMSE
data for x[n] will be a good estimate §[n] of s[n]. Derive a formula for the pre-
diction error energy E(s(n)—3(n))? assuming Rys[7] = o2.exp(—a|T]), Ruww|[T] =
o2 exp(—b|7|) where a << b.

[4] Consider the time series model
z[n] = axin — 1] + wln]

where w[n] is a zero mean Gaussian process with autocorrelation R.,[7] =
oneap(—alr|).
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[a |[Show that w[n] can be made to satisfy the difference equation
wln] = cw[n — 1] + v[n]

where v[n] is white Gaussian noise and ¢ is appropriately chosen. Write down
the optimal causal Wiener filter for estimating z[n] based on y[n — k],k > 0
where y[n] = z[n] + €[n] with €[n] white Gaussian with variance o2.

[b] Write down the Kalman filer algorithm for estimating (z[n], w[n])T based
on y[n—k|, k < 0. Compare the this estimate in the steady state with the optimal
causal Wiener filter.

[5] Write short notes on any two of the following.

[a] Convergence analysis of the LMS algorithm.

[b] Adaptive echo cancellation in telephone lines.

[c] Adaptive noise cancellation.

[d] Matrix inversion lemma with applications to extended Kalman filtering.
[e] Time and order recursive RLS lattice algorithm.
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